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Abstract 

Under  the  sponsorship  of  AFOSR,  USU  carried  out  a  challenging  research  project 
to  develop  efficient  high-fidelity,  geometrically  exact,  multiphysics  structural  models 
for  synergetic  exploitations  of  static  or  dynamic  large  nonlinear  structural  deforma¬ 
tions  under  coupled  thermal,  electromagnetic,  and  mechanical  loads.  The  approach 
uses  the  concept  of  decomposition  of  the  rotation  tensor  to  systematically  capture  all 
geometrical  nonlinearities,  and  uses  the  variational  asymptotic  method  to  achieve  an 
excellent  tradeoff  between  accuracy  and  efficiency.  In  the  first  year,  we  have  carried  out 
a  critical  assessment  of  the  proposed  approach  and  developed  models  for  functionally 
graded  plates.  In  the  second  year,  we  developed  models  for  functionally  graded  smart 
plates  responsive  to  electromagnetical  fields  in  addition  to  mechanical  fields.  We  also 
developed  a  new  classical  plate  model  for  heterogeneous  plates  through  simultaneous 
homogenization  and  dimensional  reduction.  In  the  third  year,  we  initiated  the  develop¬ 
ment  for  a  geometrically  exact  plate  analysis,  a  refined  plate  model  for  heterogeneous 
plates,  and  used  the  finite  element  method  to  solve  the  multiphysics  plate  model  and 
confirmed  our  analytical  solutions. 

1  Introduction 

This  grant  has  been  active  since  August  2008.  In  this  final  report,  all  work  done 
will  be  summarized  and  papers  written  under  grant  sponsorship  will  be  appended  to 
provide  the  technical  details.  The  goal  of  this  research  was  to  advance  our  predictive 
capabilities  for  aerospace  structures  undergoing  large  deformations  in  coupled  multiple 
fields.  The  importance  of  such  a  research  stems  from  the  recent  Air  Force  interest  of 
several  novel  concepts  such  as  micro  air  vehicles,  sensorcraft,  hypersonic  vehicles,  and 
adaptive  morphing  air  vehicles  to  develop  future  aerospace  systems  for  various  missions 
such  as  intelligence,  surveillance,  reconnaissance,  and  long  range  strike.  These  new 
concepts  have  three  distinctive  features: 

•  These  structures  are  highly  flexible  and  could  undergo  large  nonlinear  deforma¬ 
tion,  which  demands  the  structural  models  to  systematically  capture  geometrical 
nonlinearity  under  quasi-static  or  dynamic  loads. 


•  These  structures  will  take  full  advantage  of  composites  and  smart  materials  which 
are  active  to  thermal  and  electromagnetic  fields  in  addition  to  the  traditional 
mechanical  field.  Behavior  of  such  structures  will  be  multiphysical,  for  example, 
a  smart  wing  actuated  using  piezoelectric  materials  or  shape  memory  alloys. 

•  These  structures  are  highly  heterogeneous  in  both  material  and  geometry,  such  as 
sandwich  structures  with  woven  composites  or  corrugated  cores.  The  local  details 
will  not  only  affect  the  global  behavior  but  also  the  pointwise  3D  fields. 

These  features  pose  formidable  obstacles  for  theoretical  prediction  of  these  struc¬ 
tures,  which  must  be  overcome  before  we  can  reap  their  full  benefits  for  future  air 
vehicles.  Furthermore,  to  rapidly  yet  confidently  assess  the  potential  and  feasibility 
of  these  new  concepts,  the  designers  must  be  equipped  with  a  versatile  computational 
design  framework  to  accurately  analyze  the  associated  physics  while  maintaining  the 
speed  of  conceptual  design  This  calls  for  efficient  high-fidelity  physics-based  models  to 
deliver  the  best  possible  accuracy  within  desirable  efficiency.  Although  the  ultimate 
accuracy  of  multiphysical  behavior  can  be  predicted  using  detailed  3D  multiphysics  sim¬ 
ulation  such  as  those  available  in  ANSYS  or  COMSOL,  they  are  too  time-consuming  to 
be  used  for  effective  design  space  exploration.  Timely  assessment  of  future  air  vehicle 
concepts  presents  a  pressing  need  for  efficient  high-fidelity  multiphysics  models  suit¬ 
able  for  geometrically  nonlinear  quasi-static  and  dynamic  analysis  of  structures  under 
combined  thermal,  electromagnetic,  and  mechanical  loads.  This  project  was  proposed 
to  meet  this  need. 

There  are  three  main  research  objectives  originally  proposed  in  the  proposal: 

1.  Formulate  the  exact  kinematics  to  systematically  capture  all  geometrical  non- 
linearities  using  the  concept  of  decomposition  of  the  rotation  tensor  (DRT)  [1], 
a  powerful  kinematic  concept  particularly  suitable  for  geometrically  nonlinear 
modeling  of  beams,  plates,  and  shells. 

2.  Construct  efficient  high-fidelity  multiphysics  plate/shell  models  using  the  varia¬ 
tional  asymptotic  method  (VAM)  [2],  the  best  known  method  for  dimensional  re¬ 
duction,  to  rigorously  split  the  original  three-dimensional  (3D)  multiphysics  prob¬ 
lem  into  a  one-dimensional  (ID)  analysis  over  the  thickness  (thickness  analysis) 
and  a  two-dimensional  (2D)  analysis  over  the  reference  surface  (surface  analysis) 
without  invoking  any  apriori  assumptions.  The  thickness  analysis  will  provide  a 
multiphysics  constitutive  model  for  the  surface  analysis. 

3.  Treat  various  type  of  material  nonlinearities,  such  as  those  inherent  in  shape 
memory  alloys  or  electrostrictive  materials,  by  coupling  the  thickness  analysis 
and  the  surface  analysis  into  an  iterative  numerical  framework. 

We  also  find  out  that  heterogeneous  plates  with  complex  microstructure  such  as  cor¬ 
rugated  sandwich  panels,  woven  or  braided  composites  are  also  extensively  used  in 
aerospace  systems.  Hence,  we  also  started  to  work  on  development  of  models  for  het¬ 
erogeneous  plates. 

2  Approach 

The  proposed  approach  is  founded  on  two  pillars:  DRT  and  VAM.  DRT  is  a  powerful 
kinematic  concept  for  systematically  capturing  all  the  geometrical  nonlinearities.  VAM 
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is  a  mathematical  method  for  asymptotical  analysis  of  the  governing  variational  state¬ 
ment.  Starting  from  the  3D  multiphysics  continuum  formulation,  we  can  first  use  DRT 
to  formulate  the  kinematics  in  a  geometrically  exact  manner.  Then  taking  advantage 
of  the  small  parameters  of  the  structure,  say  the  thickness  of  a  plate/shell,  we  can  use 
VAM  to  rigorously  reduce  the  original  3D  problem  into  a  lower-dimensional  structural 
analysis.  The  unique  features  of  the  proposed  approach  are: 

•  Use  VAM  to  avoid  apriori  assumptions,  which  are  commonly  invoked  in  other 
approaches,  providing  the  most  mathematical  rigor  and  the  best  engineering  gen¬ 
erality. 

•  Decouple  a  3D  nonlinear  problem  into  two  sets  of  analyses:  a  structural  modeling 
analysis  of  smaller  dimensions  and  a  lower-dimensional  structural  analysis.  The 
synergetic  use  of  DRT  and  VAM  allows  the  lower-dimensional  structural  analysis 
to  be  formulated  exactly  as  a  general  continuum  and  confines  all  approximations 
to  the  structural  modeling  analysis,  whose  accuracy  is  guaranteed  to  be  the  best 
by  VAM. 

•  Maintain  the  engineering  simplicity  and  legacy  by  repacking  the  refined  asymp¬ 
totically  correct  functionals  into  common  engineering  models  such  as  Reissner- 
Mindlin  model  for  plates/shells  [3]. 


3  Work  Accomplished-First  Year 

During  the  first  year,  we  have  made  two  accomplishments  which  are  summarized  as 
below: 

3.1  Critical  Assessment  of  the  Proposed  Approach 

We  collaborated  with  Prof.  Luciano  Demasi  of  the  San  Diego  State  University  to 
assess  the  performance,  including  both  the  accuracy  and  efficiency,  of  the  proposed 
approach,  against  the  models  constructed  based  on  a  priori  assumptions.  It  is  find  out 
that  our  proposed  approach  can  achieve  an  excellent  tradeoff  between  efficiency  and 
accuracy.  Our  proposed  approach  is  as  efficient  as  first-order  shear-deformation  theory, 
yet  it  is  as  accurate  as  higher-order  zig-zag  and  layerwise  models.  This  assessment  was 
documented  in  [4]  and  presented  on  the  50th  SDM  conference.  We  have  also  modified 
this  paper  for  journal  publication  and  it  is  now  in  print  with  the  journal  of  Mechanics 
of  Advanced  Materials  and  Structures  [5]. 

3.2  Modeling  Plates  Made  of  Functionally  Graded  Materials 

We  have  also  developed  efficient  high-fidelity  models  for  composite  plates  made  of 
functionally  graded  materials.  The  derivation  shows  that  the  theoretical  formulation 
is  very  similar  to  the  formulation  of  plates  made  of  layerwise  homogeneous  materials, 
although  one  has  to  pay  attention  to  the  fact  that  for  each  layer  of  functionally  graded 
plates,  the  material  properties  are  not  constant.  Several  examples  have  shown  that 
our  model  can  achieve  an  excellent  agreement  with  the  3D  exact  solution.  We  have 
also  shown  that  it  is  advantageous  to  use  functionally  graded  materials  to  smoothen 
the  discontinuity  of  in-plane  stresses  and  displacement  tangent  on  the  interfaces.  This 
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development  was  first  documented  in  [6]  and  presented  on  the  50th  SDM  conference. 
Later,  a  significantly  enhanced  version  was  published  in  the  AIAA  Journal  [7]  in  year 
2010. 

4  Work  Accomplished-Second  Year 

During  the  second  year,  we  have  made  two  accomplishments  which  are  summarized  as 
below: 

4.1  Modeling  Multiphysical  Behavior  of  Smart  Plates 

We  have  also  developed  efficient  high-fidelity  models  for  smart  plates  made  of  func¬ 
tionally  graded  materials.  By  taking  advantage  of  the  inherent  small  parameter  char¬ 
acterized  by  the  ratio  of  the  thickness  to  the  in-plane  dimension  of  the  plate,  we 
systematically  reduced  the  original  multiphysically  coupled  three-dimensional  model 
to  a  series  of  two-dimensional  plate  models.  A  companion  one-dimensional  through- 
the-thickness  analysis  provides  the  necessary  constitutive  models  needed  for  the  plate 
analysis.  For  practical  uses,  we  also  fit  the  asymptotically  correct  second-order  electro¬ 
magnetic  enthalpy  into  a  generalized  Reissner-Mindlin  model.  The  three-dimensional 
displacement /strain/stress  fields  as  well  as  the  electric/magnetic  potentials  and  fluxes 
of  the  plate  are  obtained  through  recovery  relations.  Without  introducing  any  a  priori 
kinematic,  electric,  or  magnetic  assumptions  in  the  derivation,  the  present  plate  model 
is  rigorously  derived  to  capture  geometrical  nonlinearity  and  is  valid  for  large  deforma¬ 
tions  and  global  rotations.  The  efficiency  and  the  accuracy  of  the  proposed  method  has 
been  validated  by  comparing  results  with  three-dimensional  exact  solutions  for  several 
problems  featuring  electromagnetic  and  elastic  coupling.  This  development  was  first 
presented  on  the  ASME  2009  Conference  on  Smart  Materials,  Adaptive  Structures  & 
Intelligent  Systems  [8]  and  the  51th  SDM  conference  [9].  We  have  submitted  an  up¬ 
dated  version  for  submission  for  journal  publications  [10].  We  are  currently  revising 
this  paper. 

4.2  Modeling  Heterogeneous  Plates 

We  have  also  constructed  a  classical  plate  model  for  heterogeneous  plates.  We  first 
formulate  the  original  three-dimensional  problem  in  an  intrinsic  form  which  is  suitable 
for  geometrically  nonlinear  analysis.  Taking  advantage  of  smallness  of  the  plate  thick¬ 
ness  and  heterogeneity,  we  use  the  variational  asymptotic  method  to  systematically 
obtain  an  effective  plate  model  unifying  a  homogenization  process  and  a  dimensional 
reduction  process.  This  approach  is  implemented  in  the  computer  code  VAPAS  using 
the  finite  element  method  for  the  purpose  of  dealing  with  real  heterogeneous  plates  in 
application.  A  few  examples  are  used  to  demonstrate  the  capability  of  this  new  model. 
This  development  was  first  documented  in  [11]  and  presented  on  the  16th  U.S.  National 
Congress  of  Theoretical  and  Applied  Mechanics.  Later,  an  updated  version  was  rapidly 
accepted  and  quickly  published  by  International  Journal  of  Solids  and  Structures  [12]. 
Prof.  Yu,  the  PI  of  this  project,  also  applied  this  method  to  model  textile  composites, 
a  current  interest  of  AFRL/RBSA,  through  a  summer  faculty  research  program. 
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5  Work  Accomplished-Third  Year 

During  the  third  year,  we  have  made  several  accomplishments  which  are  summarized 
as  below: 

5.1  Geometrical  Exact  Plate  Analysis 

Prof.  Hodges  of  Georgia  Tech  was  initially  supported  as  a  consult  on  this  project  to 
work  on  geometrically  exact  dynamic  analysis  of  moving  plates,  which  is  part  of  our 
second  objective.  On  the  third  year,  he  hired  a  graduate  student  for  developing  some 
code  for  preliminary  testing  of  the  theory.  Their  report  entitled  “Finite  Element  For¬ 
mulation  for  Dynamics  of  Moving  Plates”  is  attached  in  the  appendices.  Basically,  a 
finite  element  solution  technique,  based  on  a  geometrically-exact,  fully  intrinsic  equa¬ 
tions  is  presented  and  applied  to  an  homogeneous,  isotropic  cantilevered  plate.  Right 
now,  the  reasons  for  the  deviation  of  the  results  compared  to  the  exact  solution  are 
being  investigated.  Future  work  would  involve  including  the  non-linearities  and  aeroe- 
lastic  effects  and  extending  the  equations  to  study  the  dynamics  of  a  flapping  wing 

[13]. 

5.2  Finite  Element  Formulation  for  Multiphysics  Modeling 

The  multiphysics  plate  model  developed  in  the  second  year  was  solved  analytically 
with  the  help  of  a  symbolic  manipulator.  As  shown  in  our  submitted  manuscript  [10], 
our  model  provides  accurate  predictions  for  most  cases.  However,  for  some  cases,  the 
prediction  is  not  that  satisfactory.  To  confirm  that  we  solved  the  problem  correctly,  we 
developed  a  finite  element  formulation  for  the  model  and  find  out  that  the  numerical 
solution  reproduces  the  analytical  solution.  Thus  we  are  confident  to  conclude  that 
when  some  of  the  multiphysics  are  truly  3D,  they  cannot  be  accurately  captured  by  a 
plate  model.  We  are  preparing  a  paper  to  document  our  findings  of  the  limitation  in 
using  a  plate  theory  to  model  multiphysics  behavior. 


5.3  Refined  Modeling  Heterogeneous  Plates 

For  heterogeneous  plate  exhibiting  significant  transverse  shear  such  as  a  sandwich  struc¬ 
ture  with  a  soft  core,  we  find  out  that  the  classical  plate  model  we  constructed  is  not 
sufficient  and  we  extended  our  work  on  simultaneous  dimensional  reduction  and  ho¬ 
mogenization  to  construct  a  generalized  Reissner-Mindlin  model  for  plates  with  het¬ 
erogeneity.  The  theory  has  been  developed  and  implemented  using  the  finite  element 
in  a  numerical  code.  A  paper  is  in  preparation  and  will  be  submitted  for  journal  publi¬ 
cation  shortly.  We  also  applied  this  approach  to  model  integrated  thermal  protections 
which  is  actively  investigated  in  the  AFRL  In-House  research  program  entitled  “Rapid 
Insertion  and  Development  of  Hypersonic  Materials” . 

In  the  third  year,  we  also  explored  the  possibility  to  treat  various  type  of  material 
nonlinearities,  such  as  those  inherent  in  shape  memory  alloys  or  electrostrictive  mate¬ 
rials.  By  some  preliminary  theoretical  derivation,  we  found  out  that  this  can  be  done 
by  coupling  the  thickness  analysis  and  the  surface  analysis  into  an  iterative  numerical 
framework,  as  been  demonstrated  by  our  work  in  micromechanics  [14,  15]. 
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6  Conclusions 


Many  progresses  have  been  made  in  multiphysics  modeling  of  composite  structures 
of  Air  Force  interest.  The  critical  assessment  of  the  proposed  approach  with  many  a 
priori  models  gives  us  confidence  that  we  have  found  an  approach  that  can  achieve  an 
excellent  tradeoff  between  efficiency  and  accuracy  for  multiphysics  modeling  of  com¬ 
posite/smart  plates  and  shells.  We  applied  this  approach  to  construct  models  for 
functionally  graded  plates  and  great  performance  has  been  achieved  for  these  models. 
The  analytical  and  numerical  modeling  of  multiphysical  behavior  of  functional  graded 
smart  plates  provides  the  right  foundation  and  benchmark  for  us  to  develop  a  general- 
purpose  computational  tool  for  modeling  smart  structures.  Modeling  of  heterogeneous 
plates  with  complex  microstructures  significantly  boosts  the  application  of  the  ending 
result  of  this  project.  It  will  not  only  be  applicable  to  laminated  composites,  but  also 
textile  composites,  and  sandwich  structures  and  other  heterogeneous  structures  caused 
by  geometry  heterogeneity  and/or  material  heterogeneity. 

7  Personnel  Supported 

This  effort  involves  two  faculty  members:  Prof.  Wenbin  Yu  (USU)  and  Prof.  Dewey  H. 
Hodges  (Georgia  Tech),  two  postdoctoral  fellows:  Dr.  Hui  Chen  (08/2008-06/2011)  and 
Dr.  Chang- Yong  Lee  (01/2010-07/2011).  Several  students  were  also  supported  during 
the  course  of  this  project  including  Krishnan  Chathadi  (Georgia  Tech),  Nachiket  B. 
Patil  (USU). 

8  Interaction/Transitions 

During  the  course  of  this  project,  Prof.  Wenbin  Yu  has  a  very  active  interaction  with 
AFRL  researchers  at  WPAFB,  particularly  the  Air  Vehicles  Directorate  and  Materials 
and  Manufacturing  Directorate.  The  interaction  was  initiated  with  a  AFOSR/ASEE 
summer  faculty  fellowship  in  AFRL/RBSD  with  Dr.  Max  Blair  and  Phil  Beran  to 
develop  efficient  high-fidelity  structural  models  for  sensorcraft.  It  was  followed  by  a 
one-year  sabbatical  stay  with  the  same  branch  supported  by  Chief  Scientist  Innovative 
Research  Fund.  And  also  in  summer  2010,  Prof.  Yu  worked  with  Dr.  Bill  Beran 
(AFRL/RBSA)  on  efficient  high-fidelity  modeling  of  textile  composites.  In  summer 
2011,  Prof.  Yu  worked  with  Dr.  Ming  Chen  (AFRL/RXBC)  Dr.  Andy  Swanson 
(AFRL/RBSA)  on  modeling  integrated  thermal  protection  systems.  All  these  interac¬ 
tions  are  focus  on  applying  the  theory  developed  in  this  project  into  various  applications 
of  Air  Force  interest. 
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Asymptotical  Construction  of  an  Efficient 
High-Fidelity  Model  for  Multilayer  Functionally 

Graded  Plates 
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An  efficient  high-fidelity  plate  model  is  developed  for  heterogeneous  multilayer  laminates 
made  of  functionally  graded  material.  Taking  advantage  of  the  smallness  of  the  ratio  of 
the  thickness  to  the  characteristic  wavelength  of  the  deformation  of  the  reference  surface, 
we  apply  the  variational-asymptotic  method  to  rigorously  decouple  the  three-dimensional, 
anisotropic  elasticity  problem  into  a  one-dimensional  through-the-thickness  analysis  and  a 
two-dimensional  plate  analysis.  The  through-the-thickness  analysis  provides  constitutive 
relations  for  the  plate  analysis  as  well  as  the  recovery  information  for  the  three-dimensional 
fields,  reducing  the  complex  three-dimensional  elasticity  model  to  a  simple  two-dimensional 
plate  model  with  an  excellent  tradeoff  between  efficiency  and  accuracy.  The  present  model 
is  valid  for  large  displacements  and  global  rotations  and  can  capture  all  the  geometric 
nonlinearity  of  a  plate  when  the  strains  are  small.  A  few  examples  are  used  to  validate  this 
model. 


Nomenclature 


b,  base  vectors  of  the  coordinate  system  before  deformation 

B,  base  vectors  of  the  coordinate  system  after  deformation 

Cij  direction  cosine  matrix  describing  the  rotation  from  triad  to  triad  B, 

cy  through-the-thickness  average  of  in-plane  warping  functions 
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ea/3,Kai3,  e,  k  two-dimensional  generalized  plate  strains 


£ 

a  column  matrix  containing  two-dimensional  generalized  strains  £  =  \eT  kt  \ T 

&ijk 

the  permutation  symbol 

V 

a  small  parameter  used  to  denote  the  order  of  strains 

fii  Tn<y. 

generalized  forces  and  moments,  respectively 

F 

mixed-basis  deformation  gradient  tensor 

Ty 

three-dimensional  strain  tensor 

Gi 

covariant  basis  vectors  of  the  deformed  configuration 

h 

thickness  of  the  plate 

K* 

effective  bulk  modulus  estimated  by  Mori-Tanaka  scheme 

^||  j  ^3,  A3 

Lagrange  multipliers  for  enforcing  in-plane  and  out-of-plane  warping  constraints 

K. 

three-dimensional  kinetic  energy 

K-2  D 

two-dimensional  kinetic  energy 

La 

integration  constants  for  determining  the  relationship  between  £  and  cy 

l 

characteristic  wavelength  of  the  plate  deformation 

V 

characteristic  magnitude  of  the  elastic  constants 

sk 

effective  shear  modulus  estimated  by  Mori-Tanaka  scheme 

M 

plate  moment  resultants 

Af 

plate  force  resultants 

4*i 

applied  body  force 

Qi 

tractions  applied  on  lateral  surfaces 

r 

position  vector  of  a  material  point  on  the  undeformed  reference  surface 

r 

position  vector  of  a  material  point  in  the  undeformed  three-dimensional  configuration 

R 

position  vector  of  a  material  point  on  the  deformed  reference  surface 

n 

generalized  strain  measures  of  the  Reissner-Mindlin  model 
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R  position  vector  of  a  material  point  in  the  deformed  three-dimensional  configuration 

p  mass  density 

i Tij  three-dimensional  stress  tensor 

7  transverse  shear  strains  for  the  Reissner-Mindlin  model 

Ti,  pi  tractions  applied  on  top  and  bottom  surfaces 

1 1,^2  arbitrary  fixed  times 

Ui  three-dimensional  displacements 

Ui  two-dimensional  displacements 

IA  three-dimensional  strain  energy 

Uao  zeroth-order  strain  energy 

Vi  absolute  velocity  of  a  material  point  in  three-dimensional  configuration 

Vi  absolute  velocity  of  a  point  on  the  deformed  reference  surface 

SW  three-dimensional  virtual  work 

SW2 d  two-dimensional  virtual  work 

to  inertial  angular  velocity  of  triad  B, 

Q  the  reference  surface 

dfl  boundary  of  the  reference  surface 

Wi  warping  functions 

Xi  Cartesian  coordinates 


Introduction 

Functional  graded  materials  (FGM)  have  received  significant  attention  in  recent  years.  The  various 
functional  effects  of  FGM  have  been  used  to  address  a  large  variety  of  application  fields,  such  as  graded 
thermoelectrics  and  dielectrics,  piezoelectrically  graded  materials  for  ultrasonic  transducers,  and  tungsten- 
copper  composites  for  high  current  connectors  and  diverter  plates,  to  name  but  a  fewb2  One  extensively 
investigated  FGM,  typically  used  for  constructing  panels  in  aerospace  systems,  is  made  of  a  mixture  of 
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ceramics  and  metals  and  characterized  by  a  continuously  changing  of  its  mechanical  properties  using  a 
smooth  change  in  volume  fraction  of  the  constituent  materials  from  one  surface  of  the  material  to  the  other. 
The  surface  with  high  ceramic  constituents  can  provide  superior  thermal-resistance  for  high  temperature 
environments  while  the  surface  with  high  metal  constituents  offers  strong  mechanical  performance.  This  kind 
of  material  arrangement  reduces  the  risk  of  catastrophic  fracture  under  extreme  environments.  Recently, 
the  concept  of  FGM  is  actively  explored  in  the  multilayered  design  of  thermal  coatings  as  well  as  sandwich 
panels  to  overcome  the  mismatch  of  the  thermomechanical  properties  between  the  coating  and  the  substrate 
or  between  the  surface  panels  and  the  core?-6 

To  use  FGM  effectively,  we  need  to  develop  efficient  yet  accurate  models  for  structures  made  of  such 
materials  such  as  FGM  plates  and  shells.  These  structures  are  characterized  by  one  of  their  dimensions  (the 
thickness)  being  much  smaller  than  the  other  two.  Although  all  structures  made  of  FGM  can  be  described 
using  three-dimensional  (3D)  continuum  mechanics,  exact  solutions  exist  only  for  a  few  specific  problems  with 
very  idealized  material  types,  geometry,  and  boundary  conditions?’5,7-9  For  more  realistic  cases,  one  often 
has  to  rely  on  3D  numerical  simulation  tools  such  as  ANSYS  and  ABAQUS  to  find  approximate  solutions. 
However,  this  approach  is  computation  intensive  and  they  are  usually  used  in  the  detailed  analysis  due  to 
their  prohibitive  computational  cost.  In  view  of  the  fact  that  the  thickness  is  small,  analysis  of  such  structures 
can  be  simplified  using  two-dimensional  (2D)  models.  Although  many  2D  models  have  been  developed  to 
analyze  FGM  plates  and  shells  treating  different  topics,  most  of  them  rely  on  some  a  priori  kinematic 
assumptions.  Examples  may  be  found  in  the  application  of  classical  lamination  theory  (CLT)  in  thermal 
residual  stress  and  free  vibration  analyses?’10  the  use  of  the  first-order  shear-deformation  theory  (FSDT) 
in  active  control  analysis,11  and  the  implementation  of  the  third-order  shear-deformation  theory(TSDT)  in 
bending  and  buckling  analyses?2  CLT  ignores  transverse  shear  effects  and  provides  reasonable  results  only  for 
very  thin  plates.  Moreover,  in  CLT,  both  plane  strain  and  plane  stress  are  assumed  which  we  know  will  not  be 
true  at  the  same  time  for  materials  having  nonzero  Poisson’s  ratios.  A  number  of  shear  deformation  theories 
have  been  developed  to  overcome  some  drawbacks  of  CLT,  with  the  simplest  of  which  being  FSDT  (equivalent 
to  Reissner-Mindlin  theory  for  plates  made  of  isotropic  homogeneous  materials),  where  a  constant  distribution 
of  shear  strain  through  the  thickness  is  assumed  and  a  shear  correction  factor  is  required  to  account  for  the 
deviation  of  the  real  shear  strain  from  the  assumed  constant  one.  The  dependence  of  the  shear  correction 
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factor  on  the  geometry  and  material  of  the  plate  makes  it  difficult  to  guarantee  the  accuracy  of  FSDT.  By 
expanding  the  displacement  field  of  the  plate  using  higher-order  polynomials,  higher-order  shear  deformation 
plate  theories  are  developed,  which  can  account  for  both  transverse  normal  and  shear  deformations  without 
relying  on  shear  correction  factors.  However,  as  indicated  by  Bian  et.  al  [13]  and  Das  et.  al.  [6]  for  laminated 
plates  and  shells,  models  based  on  higher-order  theories  cannot  capture  the  discontinuous  slope  of  in-plane 
and  transverse  displacement  components  in  the  thickness  direction.  By  extending  a  generalized  refined 
theory  (referred  as  Soldatos  plate  theory14,15)  which  incorporates  shape  functions  to  guarantee  continuity  of 
transverse  shear  stresses  at  interfaces,  these  authors  provide  analytical  solutions  for  simply-  and  multiply- 
spanned  functionally  graded  plates  under  cylindrical  bending13  Higher-order  shear  deformation  theories  have 
also  been  implemented  using  the  finite  element  method  (FEM)  to  analyze  functionally  graded  plates.  As 
recent  examples,  Gilhooley  et.  al.16  carried  out  a  numerical  investigation  of  a  two-constituent  metal/ceramics 
thick  plate  by  combining  a  meshless  local  Petrov-Galerkin  method  and  a  higher-order  shear  deformation  plate 
theory;  while  Zhen  and  Chen1'  combined  the  higher-order  shear  deformation  theory  with  refined  three- 
node  triangular  element  for  analyzing  multilayer  FGMs.  Despite  of  the  popularity  of  the  aforementioned 
methods  in  analyzing  many  functionally  graded  plates  and  laminated  plates,  these  approaches  have  two  major 
disadvantages:  (1)  the  a  priori  assumptions  which  are  naturally  extended  from  the  analysis  of  isotropic 
homogeneous  structures  cannot  be  easily  justified  for  heterogeneous  and  anisotropic  structures,  such  as 
FGMs;  (2)  it  is  difficult  for  an  analyst  to  determine  the  accuracy  of  the  result  and  which  assumption  should 
be  chosen  for  efficient  yet  accurate  analysis  for  a  particular  plate. 

Recently,  the  variational-asymptotic  method  ( VAM) 18  was  used  to  develop  a  series  of  rigorous  Reissner- 
Mindlin  plate  models  for  heterogeneous  and  anisotropic  composite  plates  and  smart  plates)9-25  These  models 
have  excellent  compromise  between  the  efficiency  and  accuracy.  In  this  paper,  we  expand  this  method 
to  construct  an  efficient  and  high-fidelity  model  which  is  able  to  capture  the  geometric  nonlinearity  for 
multilayer  functionally  graded  plates,  where  material  properties  of  each  layer  can  be  continuous  functions  of 
the  thickness  coordinate  X3. 

In  present  work,  the  3D  displacement  field  of  an  arbitrary  material  point  of  the  plate  is  expressed  using 
the  deformation  of  the  reference  surface  along  with  unknown  warping  functions,  without  invoking  any  a 
priori  kinematic  assumptions.  The  original  3D  elasticity  problem  is  cast  in  an  intrinsic  form  so  that  the 
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theory  can  accommodate  arbitrary  large  deformations  and  global  rotations  with  the  restriction  that  the 
strain  field  is  small.  Taking  advantage  of  the  small  parameter  h/l,  we  apply  VAM  to  systematically  reduce 
the  original  3D  model  to  a  series  of  2D  models,  so  that  the  original,  nonlinear  3D  problem  is  rigorously  split 
into  a  linear  one-dimensional  (ID)  through-the-thickness  analysis  and  a  2D  nonlinear  plate  analysis.  For 
practical  uses,  we  also  transfer  the  asymptotically  correct  energy  into  the  Reissner-Mindlin  model  with  the 
transverse  shear  stiffness  calculated  through  a  least  square  scheme.  To  validate  this  model,  we  analyzed  a 
couple  of  examples  and  excellent  agreement  with  the  3D  exact  elasticity  solution  has  been  achieved  using 
the  present  model. 


Three-dimensional  Formulation 

The  elastodynamic  behavior  of  a  solid  is  governed  by  the  extended  Hamilton  principle: 


[5{/C  -  U)  +  SW]  dt  =  0, 


(1) 


where  the  overbar  is  used  to  indicate  that  the  virtual  work  SW  dose  not  necessarily  represent  variation  of  a 
function,  or  in  other  words,  there  may  not  exist  such  a  functional  W  that  its  variation  is  equal  to  the  virtual 
work  done  by  the  applied  loads. 

A  point  in  the  plate  can  be  described  by  its  Cartesian  coordinates  Xi,  see  Figure  1,  where  xa  are  two 
orthogonal  lines  in  the  reference  surface  and  x3  is  the  normal  coordinate  originating  from  the  middle  of  the 
thickness.  Throughout  the  analysis,  Greek  indices  assume  values  1  and  2  while  Latin  indices  assume  1,  2, 
and  3;  repeated  indices  are  summed  over  their  range  except  where  explicitly  indicated.  Letting  b,  denote 
the  unit  vector  along  Xi  for  the  undeformed  plate,  we  can  then  describe  the  position  of  any  material  point 
in  the  undeformed  configuration  by  its  position  vector  r  from  a  fixed  point  O ,  such  that 


r(x1,x2,x3,t)  =  r(xi,x2,t)  +  £3b3,  (2) 

where  r  is  the  position  vector  from  a  fixed  point  O  to  the  point  located  by  xa  on  the  reference  surface  at 
a  specific  time  t.  When  the  reference  surface  of  the  undeformed  plate  coincides  with  its  middle  surface,  we 
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have 


(r(x1,x2,x3,t))  =  hr(x1,x2,t), 

where  the  angle  brackets  denote  the  definite  integral  through  the  thickness  of  the  plate. 


(3) 


Undeformed  State  Deformed  State 


Figure  1.  Schematic  of  plate  deformation 


When  the  plate  deforms,  the  particle  that  had  position  vector  r  in  the  undeformed  state  now  has  position 
vector  R  in  the  deformed  plate,  which  can  be  uniquely  determined  by  the  deformation  of  the  3D  body.  We 
introduce  another  orthonormal  triad  B,  for  the  deformed  configuration  so  that: 


Bj  —  Cijhj,  Cij  —  B,  •  by .  (4) 


subjecting  to  the  requirement  that  B^  is  coincident  with  when  the  structure  is  undeformed.  The  direction 
cosines  matrix  C(xi,x2)  represents  the  possible  arbitrary  rotation  between  By  and  b, . 

After  deformation,  the  position  vector  R  in  the  deformed  state  can  be  expressed  as 


TL(xi,x2,x3,t)  =  R(xi  ,x2,t)  +  x3B3(xi,x2  ,t)  +  wi(x1,x2,x3,t)Bi(xi,x2,t),  (5) 

where  R  is  the  position  vector  of  the  reference  surface  for  the  deformed  plate  and  Wi(xi,x2,x3,t)  are  the 
warping  functions  introduced  to  accommodate  all  possible  deformations.  Equation  (5)  can  be  considered 
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as  a  change  of  variables  for  R  in  terms  of  R,  B;.  and  Wi.  Proper  definitions  of  R  and  B;  are  needed  to 
introduce  six  constraints  to  ensure  a  one-to-one  mapping  of  this  change  of  variables.  We  can  introduce  the 
following  three  constraints  for  the  warping  functions: 


Wi(x1,x2,x3,t))  =  < 

M 

f  ,  with  C||  =  i 

M 

[ 0  J 

i  C2  l 

(6) 


where  C\  and  c 2  are  functions  of  the  in-plane  coordinates  xa  and  time  t,  introduced  for  providing  free 
variables  for  the  construction  of  an  optimal  Reissner-Mindlin  model  which  will  be  described  later.  Two 
other  constraints  can  be  specified  by  taking  B3  as  the  normal  to  the  reference  surface  of  the  deformed 
plate.  It  should  be  noted  that  this  choice  has  nothing  to  do  with  the  well-known  Kirchhoff  hypothesis.  In 
the  Kirchhoff  assumption,  no  local  deformation  of  the  transverse  normal  is  allowed.  However,  in  present 
derivation  we  allow  all  possible  deformation  using  the  warping  functions.  Because  BQ  can  freely  rotate 
around  B3,  we  can  introduce  the  last  constraint  as 


Bi  •  R:2  —  B2  •  R,i, 


(7) 


where  (),a  =  d{)/dxa. 

Based  on  the  concept  of  decomposition  of  rotation  tensor26, 27  the  Jauman-Biot-Cauchy  strain  components 
for  small  local  rotation  are  given  by 

=  -(Fy  +  Fji)  —  Sij,  (8) 

with 

Fij  =  Bi  •  Gfebk  •  bj.  (9) 

Here  Gj,  =  <9R /dxk  is  the  covariant  basis  vector  of  the  deformed  configuration.  The  details  for  obtaining 
this  concise  expression  for  the  Jauman-Biot-Cauchy  strain  tensor  can  be  found  in  Ref.  [26].  To  express  the 


8  of  36 


American  Institute  of  Aeronautics  and  Astronautics 


3D  strain  field  in  terms  of  2D  plate  strains,  we  can  define  the  2D  generalized  strains  following  Ref.  [28]  as: 


f^,a:  —  Ba  ~\~  £ctp'B/3 

(10) 

=  (-Ka(3 Bp  x  B3  +  Ka 3B3)  x  B i 

(11) 

Using  this  definition,  one  can  show  that  Eq.  (7)  implies  £12  =  £21-  The  expressions  for  2D  generalized 
strained  in  terms  of  plate  displacements  and  rotations  can  be  found  in  Ref.  [28] . 

For  geometrically  nonlinear  analysis,  we  can  assume  that  both  the  3D  and  2D  strains  are  small  when 
compared  to  the  unity  and  from  which  we  can  also  conclude  that  warpings  are  of  the  order  of  the  stain  or 
smaller.  Using  Eq.  (8)  along  with  Eqs.  (9),  (5),  (2),  (10)  and  (11),  we  can  derive  the  following  expression 
for  the  3D  strain  field: 

Te  =  e  +  xsk  +  IiW\\,i  +  hw\\,2 
2rs  =  ui||  +  eiw3,i  +  e2u>3i2 
r(  =  w'3 

where  ()'  =  Qy  =  L()i  ChF,  and 


re  =  |TU,  2F12  T22\t,  2Ts  =  [2T13  2T23\t,  Tt  =  r33, 

e  =  L£ll  2£i2  £22jT,  K  =  L-^ll  Kl2+K2i  K22\t  , 


(13) 


■ 

- 

1 

0 

0 

0 

0 

1 

II 

1 

0 

1 - 

0 

1 

0 

1 

O 

1 

(14) 


Note  in  deriving  Eq.  (12),  we  have  neglected  the  products  between  warping  and  strain  because  these  terms 
are  negligible  based  on  our  small  strain  assumption.  With  the  knowledge  of  the  3D  strain  field,  we  can 
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express  the  strain  energy  as 


U  = 


T 

T 

\ 

re 

Ce 

Ces 

Cet 

re 

2  rs 

> 

r  T 

Cs 

Cst 

< 

2  Ts 

rt 

<  > 

r  T 

c-^et 

r  T 

^ st 

ct 

Tt 

<  > 

dd  =  U^dVL 


(15) 


where  Ce,  Ces ,  Cet,  Cs,  Cst.,  Ct  are  the  corresponding  partition  matrices  of  the  3D  6x6  material  matrix  which 
are  functions  of  Xi  for  functionally  graded  materials.  Here  for  simplicity,  we  restrict  ourselves  to  FGM  plates 
having  material  properties  as  functions  of  X3  only. 

To  calculate  the  kinetic  energy,  the  absolute  velocity  of  a  generic  point  in  the  structure  is  obtained  by 
taking  a  time  derivative  of  Eq.  (5)  as 

V  =  V  +  uj(£  +  w)  +  w,  (16) 


where  (  )  is  the  partial  derivative  with  respect  to  time  and  the  notation  (  )  forms  an  antisymmetric  matrix 
from  a  vector  according  to  (  )i;)  =  — eijk{  )k ■  In  Eq.  (16),  the  symbols  V,V,uj,w  denote  column  matrices 
containing  the  components  of  corresponding  vectors  in  Bj  bases,  and  £  =  [0  0  x^\T .  The  kinetic  energy  of 
the  plate  structure  can  be  obtained  by 


IC  =  l  [  PVTVdV  =  K.2D  +  1C* 

*  Jv 


(17) 


with 


K-2D  =  7:  [  +  2 uT pl;V  +  uT ju)dVL  (18) 

2  Jn 

1C*  =  —  f  p  [(Cw  +  w)t(ujw  +  w)  +  2(V  +  uj^)T(djw  +  w)]  dV1  (19) 

2  Jv 


where  p ,  and  j  are  inertial  constants  commonly  used  in  plate  dynamics,  which  can  be  trivially  obtained 
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by  taking  integral  operations  through  the  thickness: 


p  =  {p),  m£=L°  0  (*3P)jT,  j  = 


(xjp)  0  0 

0  (x\p)  0 

0  0  0 


(20) 


The  virtual  work  of  the  structure  can  be  calculated  as 


SW=  (^0  •  JR)  +  r  •  <®+  +  /3  •  (5R-J  <m+  (Q-SR)ds 


(21) 


where  (  )±  =  (  )\x3=±h/2\  4>  =  0jBj  is  the  applied  body  force;  r  =  TjBj,/3  =  /3,:B,  are  tractions  applied  on 
the  top  and  bottom  surfaces,  respectively;  Q  =  Q,;B,  are  the  applied  tractions  along  the  lateral  surfaces. 
<5R  is  the  Lagrangian  variation  of  the  displacement  field  which  can  be  expressed  as 


(5R  =  Sqi  Bi  +  x3<fB3  +  <5'(c,;B,  +  WjSRj, 


(22) 


in  which  the  virtual  displacement  and  rotation  are  defined  by 

Sqi  =  <5R  •  B,,  5Bj  =  (—Sip2 Bi  +  Si/.’ iB2  +  Sip 3B3)  x  Bt,  (23) 

where  Sqi  and  Sipi  contain  the  components  of  the  virtual  displacement  and  rotation  in  the  B;  system, 
respectively.  Since  the  warping  functions  are  small,  one  may  safely  ignore  products  of  the  warping  functions 
and  the  virtual  rotations  in  5R  and  obtain  the  virtual  work  due  to  applied  loads  as 

SW=5W2d  +  SW*,  (24) 
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where 


5W2d  =  [  (. fiSqi  +  ma5i/ja )  dfl+  f  (( Qi )  +  (. x3Qa )  Stpa )  ds, 

Jn  Jan 

8W*  =  f  ({4>i5wi)  +  Tidwf  +  PiSw~)  dCl+  f  (QtSwi)  ds, 

J  n  Jan 


with  the  generalized  forces  fi  and  moments  ma  defined  as 


fi  =  { <t>i )  +  n  +  Pi,  ma  =  ( X3(j>a )  +  -(ra  -  pa). 


(25) 

(26) 


(27) 


The  second  integration  in  Eq.  (26)  accounts  for  the  virtual  work  done  through  warping  functions  along  the 
lateral  boundaries  of  the  plate.  This  term  is  necessary  for  the  edge-zone  problem,  which  is  an  important 
subject  in  its  own  right  and  beyond  the  scope  of  the  present  paper.  For  simplicity,  we  will  drop  this  term 
hereafter.  With  the  knowledge  of  Eqs.  (17),  (15),  and  (24),  the  extended  Hamilton’s  principle  in  Eq.  (1) 
becomes 


S(IC2D  +  1C*  -  U)  +  SW2d  +  SW* 


dt  =  0 


(28) 


So  far,  we  have  presented  a  3D  formulation  for  the  plate  structure  in  terms  of  2D  displacements  (represented 
by  R  —  r),  2D  rotations  (represented  by  b;  and  B,),  and  3D  warping  functions  (wj).  If  we  attempt  to  solve 
this  problem  directly,  we  will  meet  the  same  difficulty  as  solving  any  full  3D  problem  with  the  additional 
difficulty  coming  from  the  anisotropy  and  heterogeneity  of  functional  graded  materials.  The  main  complex¬ 
ity  comes  from  the  unknown  3D  warping  functions  Wi.  A  common  practice  in  the  literature  is  to  use  a 
priori  assumptions.  However,  for  plates  made  with  general  anisotropic  and  heterogeneous  materials  such  as 
functionally  graded  materials,  imposition  of  such  assumptions  may  introduce  significant  errors.  Fortunately, 
VAM  provides  a  useful  technique  to  obtain  Wi  through  an  asymptotical  analysis  of  the  variational  statement 
in  Eq.  (28)  in  terms  of  small  parameters  inherent  in  the  problem  which  will  be  described  in  the  next  section. 


Dimensional  Reduction 


The  dimensional  reduction  from  the  original  3D  formulation  to  a  2D  plate  model  can  only  be  done 
approximately.  One  way  to  accomplish  this  is  to  take  advantage  of  the  small  parameters  in  the  formulation 
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to  construct  a  2D  formulation  so  that  the  loss  of  accuracy  can  be  minimized. 

In  order  to  apply  VAM,  we  first  need  to  assess  the  order  of  quantities  in  terms  of  small  parameters.  As 
mentioned  previously,  the  ratio  of  the  plate  thickness  to  the  characteristic  wavelength  of  the  deformation  of 
the  reference  surface  is  small,  i.e.  h/l  -C  1.  The  strain  is  also  small  if  we  only  interest  in  a  geometrically 
nonlinear  but  physically  linear  2D  theory,  i.e.,  eap  ~  hnap  ~  77  1.  From  the  plate  equations  of  equilibrium, 

we  can  estimate  the  orders  of  the  following  quantities  corresponding  to  the  order  of  strains: 

h(f) 3  ~  r3  ~  (33  ~  [i(h/l)2r],  h(j>a  ~  ra  ~  /3a  ~  n(h/l)rj, 

Qa  ~  AM7)  Q3  ~  v{h/l)r],  (29) 


We  can  choose  the  characteristic  scale  of  change  of  the  displacements  and  warping  functions  with  respect  to 
time  in  such  a  way  that  K*  is  much  smaller  than  other  terms  in  Eq.  (28).  In  other  words,  here  we  are  only 
interested  the  accurate  description  of  low  frequency  dynamic  problems. 


Zeroth-order  approximation 


To  clearly  illustrate  the  application  of  VAM  for  FGM  plates,  we  first  construct  a  classical  FGM  plate  model. 
By  applying  VAM,  the  zeroth-order  approximation  of  the  variational  statement  in  Eq.  (28)  can  be  obtained 
as 


rWictD-  f 


5{K-2d  —  I  Uaoc1£1)  +  6W2D 
n 


dt  =  0 


(30) 


where  Uao  can  be  obtained  from  Eq.  (15)  by  dropping  the  derivatives  with  respect  to  xa  in  Equation  (12), 
resulting  in 


2UAq  =2  ((e  +  x3k)t  (Cesw\\'  +  Cetw3')  +w\\TCstw3) 

+  ((e  +  x3k)t  Ce(e  +  x3k)  +  w\\T  Csw\\  +  w3Ctw3)  +  o  ^(y  )°?72^  ■ 


(31) 


It  is  obvious  that  the  warping  functions  Wi  can  be  obtained  by  solving  the  following  variational  statement 


SUA0  =  0, 


(32) 
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along  with  the  constraint  equation  expressed  in  Eq.  (6).  The  corresponding  Euler-Lagrange  equations  are: 


(e  +  x3  n)TCiet) 
(e  +  x3k)tC<» 


./O)  Mk) 

u  II 


w  3 


—  A3, 


■  wT)Tc^  +  w'Sk)C^T 


=  All> 


k=  1,2,3,.  ..,N 


(33) 


where  Ay  and  A3  are  Lagrange  multipliers  corresponding  to  the  in-plane  and  out-of-plane  constraint  equations 
expressed  in  Eq.  (6);  (*)(fc)  denotes  functions  (•)  for  the  fcth  layer.  The  boundary  conditions  as  well  as  the 
interlaminar  continuous  conditions  are: 


(e  +  x3k)t Cet  +  w[|  Cst  +  w'3Ct 
(e  +  x3 k)t Ces  +  rcy  Cs  w'3CstT 


(34) 


and 


[^3]  =  0, 


hi]  =  °» 


(e  +  x3n)TCet  +  u)||  Cst  +  w3Ct 
(e  +  x3k)t Ces  +  w[|  Cs  +  w3Cst 


on  f 
on  ilt. 


(35) 


respectively.  Here,  fit  denotes  the  interfaces  between  the  ith  layer  and  i  +  1th  layer;  i  =  1 ...  N  —  1  with 
N  denoting  the  total  number  of  layers;  the  bracket  [■]  denotes  the  jump  of  the  enclosed  argument  on  the 
interface.  From  these  conditions,  we  can  solve  w.,'  from  Eq.  (33): 


(e  +  x3K)r(7«Cf>  \ 


w 


'(*) 

3 


(e  +  X3k) 


(36) 


with  the  hatted  quantities  being  expressed  as: 

=  c<£  -  c^c^T/c[k\  c w  =  cik)  ~  cjMcw-'c™, 

(j(k)~ (j(k) 


(37) 
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Substituting  Eq.  (36)  into  Eq.  (31),  we  obtain  the  zeroth-order  strain  energy  as 


2^ao 


I  B 

bt  d 


«(<T>V 


(38) 


with 


A  =  (Ce),  B  =  (x3Ce ),  D  =(xiCe),  Ce  =  Ce-CesC~1Cjs-CetCjt/Ct. 


(39) 


With  Uao  expressed  in  Eq.  (38),  the  original  3D  problem  in  Eq.  (1)  has  been  rigorously  reduced  to  a 
2D  formulation  in  Eq.  (30)  which  approximates  the  original  problem  asymptotically  correct  to  the  order  of 
(j)°.  If  we  define  the  force  resultants  Af  and  moment  resultants  A4  by 


Af 


dUA  o 
de  ’ 


M  = 


dUA  o 
8k 


(40) 


we  obtain  a  2D  constitutive  model  for  the  classical  plate  analysis  of  FGM  plates,  expressed  as 


AT 


A 


M 


Bt 


(41) 


It  is  clear  that  although  the  plate  is  made  of  functionally  gradient  materials,  the  2D  plate  model  of  the 
zeroth-order  remains  the  same.  Despite  the  similarity  with  CLT,  the  present  model  is  asymptotically  correct 
and  has  the  following  features  in  contrast  with  CLT: 


1.  The  normal  line  of  undeformed  plate  does  not  remain  straight  and  normal  to  the  deformed  plate; 
rather,  it  deforms  in  both  the  normal  and  in-plane  directions  in  response  to  plate  deformation  (e  and 
«)■ 

2.  This  model  can  handle  general  functionally  gradient  materials  with  full  anisotropy. 

3.  It  can  be  easily  observed  that  neither  the  normal  strain  nor  the  transverse  shear  strains  vanish.  The 
transverse  normal  and  shear  stresses  can  be  shown  to  vanish,  which  are  not  assumed  a  priori  but  can 
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be  concluded  from  the  derivation. 


It  is  worth  to  emphasize  that  no  a  priori  assumptions,  such  as  setting  the  transverse  normal  strain  equal  to 
zero,  were  used  in  the  derivation. 

For  the  zeroth-order  approximation,  the  3D  strain  field  can  be  recovered  using  Eqs.  (12)  by  neglecting 
those  terms  of  order  higher  than  ( j )  ° : 


r°e  =  e  +  x3n,  2r°  =  wy',  r°t=w3'.  (42) 

Up  to  this  point,  the  zeroth-order  solution  Wi  in  Eq.  (36)  as  well  as  the  2D  strain  energy  in  Eq.  (38)  are 
valid  for  FGM  plates  with  fully  populated  6x6  material  matrix  C.  As  most  real  materials  have  at  least  a 
monoclinic  symmetry  about  their  own  mid-plane,  hereafter,  monoclinic  material  matrix  characterized  by  13 
independent  material  properties,  implying  Ces  =  0  and  Cst  =  0,  will  be  used  for  the  rest  of  derivation.  This 
leads  to  much  simpler  expressions  for  the  zeroth-order  approximation  of  warping  function: 

tujjfc)  =  0,  wf)  =  C{l)£,  k=  1,2,3,...,  N  (43) 

where, 

cf°=  L-C^)T/cf}  -x3G^T /c[k)\,  £=Le«JT,  (Ol>=0.  (44) 

(k) 

Note  that  inter-lamina  continuity  of  C]_ ;  must  be  maintained  due  to  the  continuity  of  warping  functions 
to  produce  a  continuous  displacement  field.  It  should  also  be  pointed  out  that  we  have  constrained  in¬ 
plane  warpings  to  vanish  ((wy)  =  0)  as  the  free  constants  in  Eq.  (6)  will  be  absorbed  in  the  first-order 
approximation . 

First-order  approximation 

To  obtain  the  first-order  approximation,  we  simply  perturb  the  zeroth-order  warping  functions  as 

,  w3  =  v3  +  C±£+o  (45) 
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Substituting  Eq.  (45)  back  into  Eq.  (12),  and  using  Eqs.  (28),  (15)  (24)  and  (26),  one  can  obtain  the  leading 
terms  for  the  first-order  approximation  of  the  variational  statement  in  Eq.  (28)  as 

^ni  =  (v'^CsSv^  +v'3CtSv'3  +  (e  +  x3K)TC\\I0,6v\\<a  +  (eaC±£ia)T  Cs6v\\  -  ^(y)V 

(46) 

where  C\\  =  Ce  -  CetCjt/Ct. 

It  can  be  easily  observed  that  V3  is  decoupled  from  uy.  Considering  the  warping  constraint  in  Eq.  (6),  V3 
only  has  a  trivial  solution.  The  stationary  conditions  of  the  functional  given  in  Eq.  (46)  are 


(<?j*S  +  C™eaC™  £j  =  D'™£a  +  g'™  +  Ay 

(Csv  y  +  CseaC±£,  a)+  =  ry  (47) 

(Csuy  +  CseaC±£,a)  =  — /3y 

where  D'™  =  —I^\C™  a;3C|jfe^J,  g'™  =  and  Ay  are  Lagrange  multipliers  to  enforce  the  constraints 

in  Eq.  (6).  The  continuity  conditions  on  the  interfaces  can  be  derived  as: 

[uy]=0,  [Cs{v[\  +  eaC±£t  a)]  =  0  on  f2i(  (48) 

The  inter-lamina  continuity  on  D™  and  g™  are  maintained  by  the  second  condition  in  Eq.  (48).  It  should 
be  mentioned  that  since  the  goal  is  to  obtain  an  interior  solution  for  the  plate  without  considering  edge 
effects,  integration  by  parts  with  respect  to  the  in-plane  coordinates  is  used  hereafter  and  throughout  the 
rest  of  the  paper,  whenever  it  is  convenient  for  the  derivation. 

Integrating  the  first  equation  in  Eq.  (47),  one  obtains 

C'{k)v\\  +  C™eaC™£a  =  D™£>a  +  g ™  +  Ay  *3  +  const™  (49) 

and  the  interface  continuity  condition  in  the  second  equation  of  Eq.  (48)  becomes 

const^+1'>  —  const™  =  —  laiP™  dx 3,  (50) 

Jzk 
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(k) 

where  const  |  is  the  integration  constant  for  fcth  layer,  Zk  is  the  X3  coordinate  of  the  bottom  of  the  fcth 
layer,  and  D^\  g ^  are  defined  as: 

fX 3  rX3 

D£\x 3)  =  /  D'^dz  =  -  /jLCjfc)  zC™\dz,  (51) 

J  zk  J  zk 

rx3  rx3 

9{ak)(x 3)  =  /  g'Wdz  =  -  ^  dz.  (52) 

J  Zk  J  Zk 

Solving  Eqs.  (49),  (50),  the  two  boundary  equations  in  Eq.  (47)  as  well  as  (6),  one  obtains  the  following 
Lagrange  multipliers  and  warping  functions: 


All  =  \  (Tll  +  0||  -  (Da)  £*  -  id'))  , 

vfl  k)  =  (Dik)  +  La)£a+gW, 

with 


(53) 


(54) 


D(k)'  =  C '<*>  XD^*,  (fla)  =  0,  g’{k)=C^  Vfe)*,  (g)  =  0,  La£ta=Cll/h,  (55) 


where  and  g^  can  be  obtained  from  Eqs.  (49),  (50),  (53)  as  well  as  the  boundary  conditions  in  Eq. 

(47). 

Now  we  are  ready  to  obtain  an  expression  for  the  total  energy  that  is  asymptotically  correct  through  the 
order  of  g(h / 1)2 rj2 ,  viz., 


2IIi  =  £tA£  +  SjBSa  +  2 +  £T2D8a  -  2 £TF+o  ((y)  V) , 


(56) 
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where 


„  (C\\)  <^q,) 

^4  = 

.<*3^,1 )  (4C\\)_ 

B  =  (CSllClC±  -  DfC^Dl)  +  L\  (D[)  +  ( D[)T  Lu 
C  =  (CSl2ClC±  -  DfC-'D*)  +  L\  (D'2)  +  (D[)  L2, 

D  =  < CS22ClC±  -  D?C~lD*2 )  +  Ll  (D2)  +  (£>')  L2, 

F  =  C+tt3  +  C^t(33  +  (Clfo)  -  (DfC-'g^)  -  LTa  (r,,  +  /3„  +  <^|))ia.  (57) 


Eq.  (56)  is  an  energy  functional  expressed  in  terms  of  2D  variables  which  can  asymptotically  approximate 
the  original  3D  energy.  It  is  noted  that  quadratic  terms  of  the  applied  loads  are  neglected  as  they  will  not 
affect  the  2D  model. 


Transforming  into  the  Reissner-Mindlin  Model 

Although  Eq.  (56)  is  asymptotically  correct  through  the  second  order  and  straightforward  use  of  this  strain 
energy  is  possible,  it  involves  more  complex  boundary  conditions  than  necessary  since  it  contains  derivatives 
of  the  generalized  strain  measures.  To  obtain  an  energy  functional  that  is  of  practical  use,  one  can  transform 
Eq.  (56)  into  the  Reissner-Mindlin  model.  In  the  Reissner-Mindlin  model,  there  are  two  additional  degrees 
of  freedom,  which  are  the  transverse  shear  strains  incorporated  into  the  rotation  of  transverse  normal.  We 
introduce  another  triad  B*  for  the  deformed  plate,  so  that  the  definition  of  2D  strains  becomes 

R,  Q  =  B*  +  e*a0B*0  +  27q3B3 

B  ■  «  =  (~K*p B*0  xB*  +  K*a3B*3)  x  B*  (58) 

where  the  transverse  shear  strains  are  7  =  [27i3  2723JT.  Since  B*  is  uniquely  determined  by  B;  and  7,  one 
can  derive  the  following  kinematic  identity  between  the  strains  measures  1Z  of  Reissner-Mindlin  plate  and 

£29 

£  =  TZ  —  /Dol'y,ot  (59) 
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where 


V1 


T 

0  0  0  1  0  0 

0  0  0  0  1  0 


T>2 


T 

0  0  0  0  1  0 

0  0  0  0  0  1 


=  Leu  2eJ2  K*n  K*12+K*21  K*22f 


(60) 


Now  one  can  express  the  strain  energy  asymptotically  correct  to  the  second  order  in  terms  of  strains  of  the 
Reissner-Mindlin  model  as 


2IIi  =  KtAK  -  2KTAVlltl  -  2KTAV2'y,2 

+  TZ^BU  1  +  21Zt1C1Z}2  +  nT2DK,2  -  21ZT F 


(61) 


The  generalized  Reissner-Mindlin  model  is  of  the  form 

2Un  =  7 ZtATZ  +  7TG7  -  2TZt  Fn  -  2 ^ F1 


(62) 


To  find  an  equivalent  Reissner-Mindlin  model  Eq.  (62)  for  Eq.  (61),  one  has  to  eliminate  all  partial  derivatives 
of  the  strain.  Here  equilibrium  equations  are  used  to  achieve  this  purpose.  From  the  two  equilibrium 
equations  relating  with  the  equilibrium  of  bending  moments30,  one  can  obtain  the  following  formula 


Gq  -  F1  =  VlAK,a 


m  i 


m2 


(63) 


where  F-r^  is  dropped  because  they  are  high  order  terms.  Substituting  Eq.  (63)  into  Eq.  (61),  one  can  show 
that  Fr  =  F  and  F1  =  0.  Finally  one  can  rewrite  Eq.  (61)  as 


2n:  =  HTAK  +  7 tG7  -  27 ZtF  +  U* 


(64) 
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where 


U*  =  n^BK  1  +  2'R?1CK2  +  Kt2DK,  2 


(65) 


and 


B  =  B  +  AT>iG~1Dj  A 
C  =  C  +  AD1G~1Vl  A 

D  =  D  +  AV2G~1V2  A  (66) 

If  we  can  drive  U*  to  be  zero  for  any  1Z,  then  we  have  found  an  asymptotically  correct  Reissner-Mindlin  plate 
model.  For  general  anisotropic  plates,  this  term  will  not  be  zero;  but  we  can  minimize  the  error  to  obtain  a 
Reissner-Mindlin  model  being  as  asymptotically  correct  as  possible.  The  accuracy  of  the  Reissner-Mindlin 
model  depends  on  how  close  to  zero  one  can  drive  this  term.  In  other  words,  one  needs  to  seek  an  optimal  set 
of  the  27  unknowns  (3  unknowns  for  G  and  24  unknowns  for  La)  so  that  the  value  of  the  quadratic  form  in 
Eq.  (65)  is  as  close  to  zero  as  possible  for  arbitrary  generalized  strain  measures.  We  let  the  distinct  78  terms 
in  the  symmetric  12  x  12  coefficient  matrix  equal  to  zeros  to  formulate  78  equations.  It  is  a  linear  system  with 
27  unknowns.  Then  we  use  a  least  square  technique  to  solve  the  overdetermined  system  for  the  constants. 
Mathematically,  the  overdetermined  system  (78  equations  with  27  unknowns,  indicated  by  MX  =  b)  may 
be  singular  for  some  material  properties.  For  example,  the  rank  of  MTM  is  only  26  for  single-layer  isotropic 
and  orthotropic  plates.  In  this  situation,  singular  value  decomposing  technique  can  be  applied  to  solve  this 
least  square  problem.  Moreover,  for  an  accurate  estimation  of  the  transverse  shear  matrix,  a  nondimensional 
scheme  is  used  to  guarantee  that  each  of  the  78  equations  having  the  same  physical  unit. 

From  the  asymptotic  point  of  view,  by  driving  U*  to  zero,  we  obtain  the  “best”  Reissner-Mindlin  model 
which  will  be  used  for  2D  plate  analysis: 


2Uk  =  UtAU  +  7TG7  +  2KtF,  (67) 

where  A,  G ,  F  capture  the  necessary  material  and  geometric  information  obtained  from  the  dimensional 
reduction  process.  It  is  worthy  to  emphasize  that  although  the  2D  constitutive  model  is  constructed  in  a 
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way  dramatically  different  from  traditional  Reissner-Mindlin  models,  the  plate  analysis  remains  the  same, 
with  no  changes  in  the  governing  equations  and  boundary  conditions  except  that  the  strain  measures  are 
now  defined  using  Eqs.  (58). 


Recovery  3D  Fields 

Thus  far,  we  have  obtained  a  generalized  Reissner-Mindlin  model  based  on  the  asymptotically  correct 
second-order  energy  for  FGM  plates.  This  model  can  be  used  for  various  analyses  of  FGM  plates,  spanning 
from  static,  dynamic,  buckling,  to  aeroelastic  analyses.  In  many  applications,  however,  the  capability  of 
predicting  accurate  2D  displacement  fields  of  FGM  plates  is  not  sufficient.  Ultimately,  the  fidelity  of  a 
reduced-order  model  should  be  evaluated  based  on  how  well  it  can  predict  the  3D  displacement /strain/ stress 
fields  for  the  original  3D  problem.  Therefore,  it  is  necessary  to  provide  recovery  relations  to  express  the  3D 
displacement,  strain,  and  stress  fields  in  terms  of  2D  quantities  and  X3. 

Using  Eqs.  (2),  (4)  and  (5),  one  can  recover  the  3D  displacement  field  through  the  first  order  as 


Uj,  Ui  T  -X'3  (C'3i  &3i )  T  CjiWj , 


(68) 


where  wa  =  va,  W3  =  C±£.  From  Eq.  (12),  the  3D  strain  field  can  be  recovered  up  to  the  first  order  as 

re  =  e  +  X3K,  2rs  =  v\  +eaCx£<a,  Tt=C'_L£.  (69) 

Consequently,  3D  stresses  cry  can  be  obtained  by  applying  the  3D  constitutive  relations.  Since  we  have 
obtained  an  optimal  estimation  of  the  shear  stiffness  matrix  G,  the  recovered  3D  results  up  to  the  first  order 
are  better  than  CLT  and  FSDT.  However,  the  transverse  normal  stress  (033)  is  a  second-order  quantity  and 
cannot  be  estimated  within  the  first-order  approximation.  Despite  that  it  is  usually  much  smaller  than  other 
stress  components,  (J33  is  critical  for  predicting  some  structural  failure  mechanisms  such  as  delamination.  In 
order  to  obtain  a  reasonable  recovery  for  the  transverse  normal  stress,  VAM  procedure  is  applied  once  more 
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to  find  the  warping  functions  of  second-order  accuracy.  Similarly,  we  perturb  the  warping  functions  as 


w  ||  =  «||  +  2/||+o 


w3  =  C±£  +  2/3+0 


(70) 


where  2/||  and  y3  are  the  second-order  warping  functions.  It  can  be  shown  that  the  in-plane  components  y» 
vanish  and  the  equations  governing  y3  are 


+  C{ekt)T  I^J  +  eT0C?\v'lk)  +  eaC(k)£a)>0  +  fa  =  A3, 

(CW3  +  CjtIavlUa)+  =  r3, 

( Cty3  +  CgtIav  ||]Q)  =  —f3 3, 

[2/3]  =  0  [Cty'3  +  CjtIav  ||  jQ]  =  0,  on  ft* 


(71) 


where  A3  is  the  Lagrange  multiplier  to  enforce  the  constraint  (2/3)  =  0.  The  Euler-Lagrange  equation  and 
the  inter-surface  continuity  equation  in  (71)  can  be  expressed  as: 


Ct(k)y3(k)  +  C%)TIav\kl  =  E§>£a0  +  S™  +  A3z3  +  const£> ,  k  =  1, 2, 3, . . . ,  N.  (72) 

const£+V  -  const^yf  =  E^£a0(zk+1)  +  S{k\zk+1),  (73) 

with 

px  3 

Ea0  (x3)  =  -  (elD'f+C^C^dz,  (74) 

J  Zk 

px  3 

S^(x3)  =  -  (elg*^  +  4k))  dz.  (75) 

J  Zk 

The  Lagrange  multiplier  A3  and  the  solution  of  7/3  are  given  by 

A3  =  l(T3  +  f33-(E'a0)£,a0-(S')),  (76) 


(fc)  _  ~F^(k)  c  1 

V3  —  E,cxp£,al3  +  £  , 


(77) 
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with 


™(*0 


E'afj  —  Ct 


(k)~ 


E. 


(k)* 
a(3  ’ 


E{$)  =  °, 


s,(k)  =  Ct(k)  Vfc)*,  ( S )  =  0, 


where  and  can  be  obtained  from  Eqs.  (72),  (73),  (76)  as  well  as  the  interlaminar  continuous 

conditions  in  the  last  equation  of  Eq.  (71). 

Although  2/3  can  help  us  obtain  an  energy  expression  asymptotically  corrected  up  to  the  order  of  ( h/l)4r) 2, 
such  an  energy  expression  is  too  complex  for  practical  use.  We  will  still  use  the  Reissner-Mindlin  model  to 
carry  out  the  2D  plate  analysis  and  use  2/3  for  the  second-order  prediction  of  the  3D  displacement /strain/ stress 
field.  As  will  be  shown  latter,  this  approach  achieves  excellent  predictions  even  though  only  the  Reissner- 
Mindlin  plate  model  is  used  for  the  2D  plate  analysis. 

Finally,  we  can  recover  the  3D  displacement  field  up  to  the  second  order  as 


Ui  —  Ui  +  x3{C3i  —  +  CjiWj  +  53iC3iy3 


(78) 


and  the  strains  up  to  the  second  order  as 

re  =  e  +  x3k  +  IaV\\,ar>  2rs  =  ujj  +  eaC±£tCn  =  Cj_£  +  2/3  -  (79) 

Finally,  we  can  recover  the  3D  stress  field  up  to  the  second  order  as 

Lcrn  CT12  022 JT  =  Cy (e  +  X3K)  +  Cety'3  +  CeIav 
L013  0-23_|T  =  CS(V ||  +  eaC±£ta), 

0-33  =  CjtIav\la  +  Ct  2/3.  (80) 


Validation  Examples 

We  have  derived  a  general  formulation  to  treat  multilayer  plates  made  of  functionally  graded  materi¬ 
als  with  properties  as  functions  of  x3.  In  the  following,  we  will  use  several  examples  to  demonstrate  the 
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performance  of  the  present  theory. 

The  first  example  is  a  single-layer,  simply  supported,  square,  functionally  graded  plate.  The  width  of  the 
plate  is  denoted  as  a.  The  top  surface  of  the  FGM  plate  is  ceramic  rich  and  the  bottom  surface  is  metal  rich. 
The  region  between  the  two  surfaces  is  made  of  the  mixture  of  ceramic-metal  materials  with  continually 
varying  of  the  volume  fractions  of  the  ceramic  and  metal.  The  volume  fraction  of  the  ceramics  Vc  is  assumed 
to  vary  according  to  a  power  law  as 


Vc  =  V-  +  (V+ 


P  >  0, 


where  Vc+  and  V~  are  the  volume  fractions  of  the  ceramic  on  the  top  and  the  bottom  surfaces,  respectively;  p 
is  the  volume  fraction  index,  and  h  the  thickness  of  the  plate.  The  effective  elastic  moduli  of  the  functionally 
graded  metal-ceramic  material  are  estimated  by  the  Mori-Tanaka  scheme  as 


K*  -  K„ 
Kr  ~  K„ 


P*  ~  Pm 
Me  Mm 


Vc 


1  +  (1  -  vc ) 


Kr  ~~  K„ 


Kr, 


Vc 


1  +  (1  -  Vc) 


Me  Mm 
Pm  +  Si 


(81) 


where  si  =  pm(9Km  +  8prn)/(6(Km  +  2pm)),  Km  and  prn  represent  the  bulk  and  shear  modulus  of  the  metal 
and  Kc  and  pc  represent  the  bulk  and  shear  modulus  of  the  ceramic  material?’ 16  The  Young’s  modulus, 
E( x3),  and  Poisson’s  ratio,  v(x3),  are  related  to  effective  bulk  and  shear  moduli  by 


K*(x3) 


E(x3) 

3[1  -  21/(13)]  ’ 


P*(x  3) 


E(x3) 

2[1  +  v{x3)\ ' 


(82) 


For  the  purpose  of  illustration,  we  choose  the  properties  of  the  constituent  materials  as  Em  =  70  GPa 
vm  —  0.3  for  A1  and  Ec  =  427  GPa,  vc  =  0.17  for  SiC.  Figure  2  plots  through-the-thickness  variation  of 
effective  Young’s  modulus  and  Poisson’s  ratio  for  various  material  index  p. 

The  FGM  plate  is  subjected  to  a  sinusoidally  distributed  pressure  on  the  top  surface,  described  by: 


r3  (xi,X2)  =  qosin(TTXi/a)sin(TTX2/a). 
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(a)  variation  of  Young’s  modulus  E  (b)  variation  of  Poisson’s  ratio  v 


Figure  2.  Through-the-thickness  variation  of  effective  Young’s  modulus  E  and  Poisson’s  ratio  v  estimated  by 
Mori- Tanaka  scheme  for  different  values  of  p. 


There  is  no  body  force  and  the  bottom  surface  is  traction  free.  To  facilitate  our  comparison,  the  physical 
quantities  are  nondimensionlized  by  the  following  relations: 


ua  = 

&a.(3  — 


100  Eh2Ua 
q0a6 

10  h2aap 

9  ’ 

q0az 


Lh  = 


100  Eh3U3 


9oa 


10 ha a3  _  _  a 33 

&a3  ~  - ,  &33  —  - ■ 

Qo  a  qo 


Table  1  provides  a  detailed  comparison  of  displacement  and  stress  components  with  exact  3D  solution9  at 
various  critical  locations  of  the  plate.  Results  in  the  top  part  of  Table  1  (V~  =  0,  Vc+  =  0.5, p  =  2)  indicate 
the  effect  of  a/h  on  displacement  and  stress  components.  It  shows  an  excellent  match  between  the  present 
plate  theory  and  the  3D  exact  solution.  The  maximum  percentage  error  occurs  for  ai3  (1.5%)  when  a/h  =  5, 
with  the  percentage  errors  for  other  components  being  less  than  0.21%.  As  expected,  the  relative  errors  for 
displacement  and  stress  components  decrease  as  a/h  increases.  For  example,  when  a/h  =  10,  the  maximum 
percentage  error  still  occurs  for  ai3  with  a  value  of  0.38%  and  the  relative  errors  for  other  components  being 
less  than  0.04%.  The  effect  of  volume  fraction  of  the  ceramic  constituent  for  a  thick  functionally  graded  plate 
(y~  =  0,p  =  2,  a/h  =  5)  is  provided  in  the  bottom  half  of  Table  1.  Again,  all  stress  and  displacement  results 
match  very  well  with  the  exact  solutions.  The  maximum  percentage  error  takes  the  value  of  cr  13  =  1.9%, 
<j13  =  1.4%,  and  <733  =  1.67%  for  Vc+  =  0.2,  Vc+  =  0.6,  and  V+  =  1.0,  respectively,  while  the  relative  errors 
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Table  1.  Comparison  of  displacements  and  stresses  at  specific  locations  with  3D  elasticity  solutions  for  Al/SiC 
functionally  graded  plates 


Variable 

v~ 

=  0,  V+ 

=  0.5, p  = 

=  2 

a/h 

=  5 

a/h  - 

=  10 

a/h 

=  40 

exact 

present 

exact 

present 

exact 

present 

t/i(0,  a/2,  h/2) 

-2.9129 

-2.9124 

-2.8997 

-2.8987 

-2.8984 

-2.8983 

U3(0,  a/2,0) 

2.5748 

2.5716 

2.2266 

2.2256 

2.1163 

2.1163 

U3(0, a/2, h/2) 

2.5559 

2.5524 

2.2148 

2.2139 

2.1155 

2.1154 

an  (a/2,  a/2,  h/2) 

2.7562 

2.7558 

2.6424 

2.6415 

2.6093 

2.6092 

<712(0, 0,  h/2) 

-1.5600 

-1.5597 

-1.5529 

-1.5524 

-1.5522 

-1.5521 

ai3(0,  a/2,0) 

2.3100 

2.2749 

2.3239 

2.3150 

2.3281 

2.3276 

033(0/2,  a/2,  h/A) 

0.8100 

0.8117 

0.8123 

0.8127 

0.8129 

0.8129 

v; 

'  =  0  ,p  = 

-  2,a/h  = 

5 

F+  = 

=  0.2 

v+  = 

=  0.6 

=  1.0 

Variable 

exact 

present 

exact 

present 

exact 

present 

t/i(0,  a/2,  h/2) 

-3.6982 

-3.6966 

-2.6708 

-2.6697 

-1.7421 

-1.7359 

U3(0,  a/2,0) 

3.0254 

3.0215 

2.4326 

2.4293 

1.8699 

1.8634 

U3(0, a/2, h/2) 

2.9852 

2.9808 

2.4196 

2.4160 

1.8767 

1.8702 

au(a/2,  a/2,  h/2) 

2.3285 

2.3273 

2.9359 

2.9347 

4.1042 

4.0899 

012(0, 0,  h/2) 

-1.2163 

-1.2158 

-1.7106 

-1.7099 

-2.8534 

-2.8433 

ai3(0,  a/2,0) 

2.3516 

2.3065 

2.2918 

2.2604 

2.1805 

2.1683 

o33(a/2,  a/2,  h/A) 

0.8300 

0.8284 

0.8024 

0.8047 

0.7623 

0.7675 

for  other  components  are  less  than  0.14%,  0.29%,  and  0.55%  corresponding  to  these  three  cases.  From  this 
example,  one  can  also  observe  that  the  present  model,  although  based  on  asymptotic  analysis  of  the  small 
parameter  h/l  (l  =  a  for  this  example),  can  provide  fairly  good  prediction  for  not  so  small  parameters  such  as 
for  this  case  h/l  =  0.2.  However,  because  no  further  data  of  the  3D  solutions  is  available  from  the  reference, 
the  accuracy  of  present  plate  model  for  thicker  plates  cannot  be  estimated.  Nevertheless,  the  present  2D 
plate  model  can  be  shown  to  achieve  a  high  accuracy  even  for  fairly  large  (j).  For  example,  in  Ref.  [25], 
we  analyzed  the  cylindrical  bending  of  an  isotropic  homogeneous  plate.  For  an  extremely  thick  plate  with 
j  =  0.5,  the  maximum  relative  error  among  all  the  3D  fields  less  than  6%,  in  comparison  to  the  3D  exact 
solution. 

Further  comparisons  are  also  made  for  another  FGM  plate  with  V~  =  0 ,  V/+  =  l,p  =  l,a/h  =  5.  The 
results  are  plotted  in  Figure  3,  where  z  =  x3/h.  Both  magnitude  and  trend  match  very  well  with  the  exaction 
solution,  which  again  demonstrates  that  the  present  plate  model  can  be  used  to  accurately  predict  FGM 
plates. 

The  second  example  is  two  double-layer  coating/substrate  systems  as  discussed  in  Refs.  [4,5]  including 
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(a)  transverse  deflection  t/3,^1  =  a/2,  £2  =  a/2 


(c)  transverse  shear  stress,  <713,0:1  =  0,0:2  =  a/2 


an 

(b)  longitudinal  stress,  an, 0:1  =  a/2, 0:2  =  a/2 


Figure  3.  Nondimensional  transverse  deflection,  longitudinal  stress,  transverse  shear  stress,  transverse  normal 
stress  distributions  along  thickness  direction  for  a  Ai/Sic  FGM  square  plate  under  sinusoidal  pressure  on  the 
top  surface,  Vc~  =  0,  V+  =  1.0,  p  —  l,a/h  =  5. 
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Figure  4.  Through-the-thickness  variation  of  shear  moduli  G  in  two  coating/substrate  systems:  (a)  system  H; 
(b)  system  F. 


a  homogeneous  substrate  with  a  thin  homogeneous  coating  (system  H)  and  a  homogeneous  substrate  with  a 
thin  functionally  graded  coating  (system  F).  In  both  systems  the  Poisson’s  ratios  for  the  substrate  and  the 
coating  are  assumed  to  be  constants  and  equal,  i.e.  =  v'p  =  =  v'^  =  0.3.  The  shear  modulus  of 

the  substrate  and  the  coating  for  system  H  takes  the  value  of  G^1 ,  G'rf ,  respectively,  while  for  system  F  the 
shear  modulus  of  the  substrate  and  the  coating  takes  the  form  of: 

UF  —  UH  > 

G(p\x3)=dG%)ed{^~1\ 

where  £  =  G<'lf> /G^  is  the  ratio  of  the  stiffness  on  the  top  of  the  functionally  graded  coating  to  that  of  the 
homogeneous  substrate;  8  =  h/hf^\ n£  is  the  inhomogeneous  parameter  of  the  functionally  graded  coating; 

is  the  coating  thickness.  The  through-the-thickness  variation  of  shear  moduli  G  for  two  systems  is 
shown  in  Figure  4.  In  the  present  analysis,  £  and  h/h^  are  chosen  to  be  10  and  5,  respectively.  The  plate 
is  assumed  to  be  simply  supported  and  subjected  to  the  following  boundary  conditions: 


x  =  0,  a  :  (Jn  =  0,  U2  =  U3  =  0, 
y  =  0,6:  ct22  =  0,  Ui  =  U3  =  0. 
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The  top  surface  of  the  coating  at  x3  =  h/2  is  subjected  to  a  sinusoidally  distributed  pressure  (r3  = 
— go  sin(7rai)/a)  sin(7ra:2/^))  while  the  bottom  surface  of  the  substrate  is  traction  free.  Again  no  body 
force  is  applied.  The  stress  and  displacement  components  are  nondimensionlized  as  al3  =  a^/q^  and 
Ui  =  UtGyH  / (qoh) .  A  general  solution  procedure  for  inhomogeneous  isotropic  media  free  of  body  forces 
is  developed  by  Plevako31  and  was  applied  to  simplify  supported  multilayer  functionally  graded  plates?’5 
Because  of  some  typos  existing  in  the  formulas  in  Ref.  [4] ,  the  authors  re-derived  the  3D  exact  solutions  for 
the  multilayer  functionally  graded  plate.  Moreover,  unlike  in  Refs.  [4, 5]  where  solutions  for  homogeneous 
plate  is  approximated  by  using  a  small  inhomogeneous  parameter  7,  exact  solutions  for  homogeneous  plate 
are  derived  and  used  in  the  results  presented  here. 

Figure  5  depicts  the  through-thickness  variation  of  nondimensional  in-plane  displacement  U\,  transverse 
displacement  U3,  longitudinal  normal  stress  an,  in-plane  shear  stress  a  12,  transverse  shear  stress  a13,  and 
transverse  normal  stress  033  for  a  thick  ( a/h  =  b/h  =  3)  homogeneous  coating/substrate  system  (system 
H).  It  can  be  observed  that  all  in-plane  stress  and  displacement  components,  i.e.,  U\,  an,  and  012,  as  well 
as  transverse  normal  stress  <733  match  very  well  with  the  3D  exact  solution.  Because  of  the  discontinuity 
of  the  shear  modulus  G  for  the  homogeneous  coating  and  homogeneous  substrate,  there  exist  some  jumps 
for  in-plane  normal  o\\  stress  and  shear  stress  a i2  at  the  interface.  It  seems  that  there  exists  a  constant 
shift  (about  5%  of  the  maximum  value)  between  the  results  of  the  present  model  and  the  3D  solution  for 
the  transverse  displacement  U3.  This  may  be  attributed  to  that  our  plate  model  is  reduced  from  the  original 
3D  model  and  some  information  which  cannot  be  captured  by  a  2D  model  are  lost  during  the  dimensional 
reduction  process.  Further  investigation  shows  that  there  are  some  discrepancies  near  the  interface  of  the 
coating/substrate  between  the  present  theory  and  the  3D  solution  for  the  transverse  shear  stress  a  13:  the 
3D  solution  presents  a  sharp  change  of  a3 3  inside  the  coating  layer  while  our  model  has  a  more  smooth 
transition.  Nevertheless,  both  results  show  similar  maximum  value  for  ai3. 

The  through-thickness  variations  of  various  displacement  and  stress  components  for  a  thick  ( a/h  =  b/h  = 
3)  double-layer  functionally  graded  coating/substrate  system  (system  F)  are  plotted  in  Figure  6.  It  can  be 
observed  from  this  figure  that  all  displacement  and  stress  components  except  for  U3  match  well  with  the 
exact  3D  solutions.  Similar  constant  shift  can  be  observed  between  the  present  model  and  the  3D  exact 
solution.  It  is  important  to  note  that  by  adopting  functionally  graded  coating  the  shear  moduli  G  is  now 
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(a)  longitudinal  deflection  U±,xi  =  0,X2  =  a/2  (b)  transverse  deflection  Us,xi  =  a/2,X2  =  cl/2 


Figure  5.  Through-the-thickness  variation  of  nondimensional  displacements  and  stresses  for  a  thick  two-layer 
homogeneous  coating/substrate  system  (system  H)  under  sinusoidal  pressure  on  the  top  surface  ( a/h  =  b/h  =  3). 
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Ur 


Ur 


(a)  longitudinal  deflection  U±,xi  =0,0:2  =  a/2 


(b)  transverse  deflection  U3,xi  =  a/2, 0:2  =  a/2 


ai2 


(d)  in-plane  shear  stress,  0-12,0:1  =0,0:2  =  0 


(e)  transverse  shear  stress,  <713,0:1  =0,0:2  =  a/2 


(f)  transverse  normal  stress,  0-33,  x\  =  a/2, 0:2  =  a/2 


Figure  6.  Through-the-thickness  variation  of  nondimensional  displacements  and  stresses  for  a  thick  two- 
layer  functionally  graded  coating/substrate  system  (system  F)  under  sinusoidal  pressure  on  the  top  surface 
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continuous  at  the  interface,  the  in-plane  stress  components  such  as  an  and  efi2  ,  therefore,  become  smooth 
throughout  of  the  total  thickness  of  the  F  system.  In  addition,  no  sharp  peak  appears  for  transverse  shear 
stress  (Ti3.  Results  presented  in  Figure  6  clearly  show  that  using  functionally  graded  coating  instead  of  the 
homogeneous  one  will  eliminate  the  mismatch  of  interface  stress  components  to  reduce  the  risk  of  cracking 
and  rebounding  of  the  coating. 


Conclusions 

An  efficient  high-fidelity  plate  model  for  multilayer  functionally  graded  plate  has  been  developed  using 
the  variational  asymptotic  method  (VAM).  By  taking  advantage  of  the  small  parameter  h/l,  VAM  is  used 
to  systematically  reduce  the  original,  nonlinear  3D  model  to  a  series  of  2D  models  in  terms  of  the  small 
parameter.  No  a  priori  assumptions  have  been  adopted  during  the  derivation.  The  theory  is  applicable  to 
functionally  graded  plates  with  material  properties  either  being  constant  or  changing  continuously  in  each 
layer.  Although  the  resulting  plate  theory  is  as  simple  as  a  single-layer  FSDT,  the  recovered  3D  displacement, 
strain,  and  stress  results  have  excellent  accuracy  in  comparison  with  the  3D  elasticity.  Moreover,  the  present 
model  is  valid  for  large  displacements  and  global  rotations  and  can  capture  all  the  geometric  nonlinearity  of 
a  plate  when  the  strains  are  small.  The  present  paper  has  built  on  the  second  author’s  previous  work19,21 
with  the  following  new  contributions: 

1.  The  present  work  has  the  capability  of  analyzing  multilayer  functionally  graded  plate  with  material 
properties  as  functions  of  transverse  locations  or  constants  while  in  previous  work  these  properties  are 
treated  as  constants  for  each  layer; 

2.  Interface  continuity  conditions  are  explicitly  derived  and  solved  to  obtain  the  multilayer  solutions; 

3.  Simplifications  have  been  made  in  deriving  B ,  C,  D  matrices; 

4.  Explicit  analytical  solutions  for  the  second-order  approximation  of  warping  functions  have  been  pro¬ 
vided; 

5.  A  nondimensional  scheme  has  been  applied  on  solving  the  least  square  problem  resulting  in  a  more 
reliable  estimation  of  the  transverse  shear  stiffness  matrix. 
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This  paper  constructs  an  efficient  high-fidelity  model  for  plates  made  of  functionally 
graded  material.  By  taking  advantage  of  an  inherent  small  parameter,  the  ratio  of  the 
thickness  to  the  characteristic  wavelength  of  the  deformation  of  the  reference  surface, 
we  apply  the  variational  asymptotic  method  to  rigorously  decouple  the  original  three- 
dimensional  anisotropic  elasticity  problem  into  a  one-dimensional  through-the-thickness 
analysis  and  a  two-dimensional  plate  analysis.  The  through-the-thickness  analysis  pro¬ 
vides  constitutive  relations  for  the  plate  analysis  as  well  as  the  recovery  information  for 
the  three-dimensional  fields,  linking  the  original,  complex  three-dimensional  anisotropic 
heterogeneous  elasticity  problem  to  a  simple  two-dimensional  plate  model  which  achieves 
the  best  compromise  between  efficiency  and  accuracy.  Furthermore,  the  derived  models 
are  geometrically  exact  and  valid  for  large  deformations  and  global  rotations  with  the  re¬ 
striction  that  strains  are  small.  Excellent  accuracy  of  present  model  has  been  validated 
by  comparing  the  displacement  and  stress  distributions  with  exact  solutions  both  for  the 
cylindrical  bending  of  an  isotropic  plate  and  the  behavior  of  a  thick,  simply-supported, 
two-constituent  metal-ceramic  functionally  grated  rectangular  plate. 


Introduction 

Functional  grated  materials  (FGM)  benefited  from  its  coverage  over  a  wide  spectrum  of  functional  op¬ 
eration  principles  have  been  under  development  world-widely  in  recent  years.  The  various  functional  effects 
obtained  by  drawing  advantages  from  FGM  principles  make  it  addressing  a  large  variety  of  application  fields, 
such  as  graded  thermoelectrics  and  dielectrics,  piezoelectrically  graded  materials  applied  for  ultrasonic  trans¬ 
ducers,  and  tungsten-copper  composites  for  high  current  connectors  and  diverter  plates,  to  name  but  a  fewb2 
One  widely  analyzed  FGM,  typically  used  for  constructing  panels  in  aerospace  systems,  is  made  of  a  mixture 
of  ceramics  and  metals  and  characterized  by  a  continuously  changing  of  its  mechanical  properties  due  to  a 
smooth  change  in  volume  fraction  of  the  constituent  materials  from  one  surface  of  the  material  to  the  other. 
The  surface  with  high  ceramic  constituents  can  provide  superior  thermal-resistance  for  high  temperature 
environments  while  the  surface  with  high  metal  constituents  offers  strong  mechanical  performance,  which 
reduces  the  risk  of  catastrophic  fracture  under  extreme  environments. 

The  promising  application  of  FGM  and  piezoelectric  materials  in  advanced  aerospace  structures  has 
attracted  great  attentions  from  researchers  who  are  seeking  to  develop  efficient  yet  accurate  models  for  the 
design  and  analysis  of  light-weight  structures  such  as  FGM  plates  and  shells.  It  is  interesting  to  note  that 
such  structures  are  all  characterized  by  one  of  their  dimensions  (the  thickness)  being  much  smaller  than 
the  other  two.  Although  all  structures  made  of  FGM  and  smart  materials  can  be  described  using  three- 
dimensional  (3D)  continuum  formulation,  exact  solution  exist  only  for  a  few  specific  problems  with  very 
idealized  material  types,  geometry,  and  boundary  conditions?-5  For  more  generalized  cases,  where  exact 
solutions  do  not  exist,  one  have  to  rely  on  3D  numerical  simulation  tools  such  as  ANSYS  and  ABAQUS  to 
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find  numerical  solutions.  However,  this  approach  is  labor  intensive  and  the  prohibitive  computational  cost  of 
3D  simulations  makes  that  they  are  only  justifiable  for  detailed  analysis  during  the  final  design.  By  taking 
advantage  of  the  fact  that  the  thickness  dimension  is  small,  analysis  of  such  structures  can  be  simplified 
using  two-dimensional  (2D)  models.  Although  many  2D  models  have  been  developed  to  analyze  FGM  plates 
and  shells  treating  different  topics,  most  of  them  rely  on  some  a  priori  kinematic  assumptions.  Examples 
may  be  found  in  the  application  of  classic  Kirchhoff  hypothesis  in  thermal  residual  stress  and  free  vibration 
analyses^’7  the  utilization  of  the  first-order  shear-deformation  theory  (FSDT)  in  active  control  analysisf  and 
the  implementation  of  the  third-order  shear-deformation  theory(TSDT)  in  bending  and  buckling  analyses? 
Classical  lamination  theory  (CLT)  ignores  transverse  shear  effects  and  can  provide  reasonable  results  only  for 
very  thin  plates.  Moreover,  in  CLT,  both  the  plain  strain  and  plain  stress  assumptions  are  invoked  which  are 
conflicting  with  each  other.  A  number  of  shear  deformation  theories  have  been  developed  to  overcome  some 
drawbacks  of  CLT,  with  the  simplest  of  which  being  FSDT  (equivalent  to  Reissner-Mindlin  theory  for  plates 
made  of  isotropic  homogeneous  materials),  where  a  constant  distribution  of  shear  strain  through  the  thickness 
is  assumed  and  a  shear  correction  factor  is  required  to  account  for  the  deviation  of  the  real  shear  strain  from 
the  assumed  constant  one.  The  dependence  of  shear  correction  factor  on  the  plate’s  geometric  parameters  as 
well  as  its  material  constituents  make  it  hard  to  guarantee  the  accuracy  of  FSDT.  By  expanding  the  transverse 
displacement  held  of  the  plate  using  some  assumed  higher-order  polynomials,  higher  order  shear  deformation 
plate  theories  are  developed,  which  can  account  for  both  transverse  normal  and  shear  deformations,  with 
no  requirements  on  shear  correction  factors.  However,  as  indicated  by  Bian  et.  al,10  for  laminated  plates 
and  shells,  even  higher-order  theories  cannot  give  satisfactory  stress  estimation.  By  extending  a  generalized 
refined  theory  (referred  as  Soldatos  plate  theory11,12)  which  incorporates  shape  functions  to  guarantee  the 
continuousness  of  transverse  shear  stress  at  interfaces,  these  authors  provides  analytical  solutions  for  single 
and  multiply  spanned  functionally  graded  plated  under  cylindrical  bending.  Higher-order  shear  deformation 
theories  have  also  been  coupled  with  finite  element  method  (FEM)  to  analyze  functionally  graded  plates.  As 
a  recent  example,  Gilhooley  et.  al.,  by  combining  a  messless  local  Petrov-Galerkin  and  a  higher-order  shear 
deformation  plate  theory,  provide  a  numerical  investigation  of  a  two-constituent  metal-ceramic  thick  plate.13 
Despite  of  successfulness  of  the  aforementioned  methods  in  analyzing  many  functional  and  laminated  plate 
problems,  this  type  of  approaches  has  two  major  disadvantages:  (1)  the  a  priori  assumptions  which  are 
naturally  extended  from  the  analysis  of  isotropic  homogeneous  structures  cannot  not  be  easily  justified  for 
heterogeneous  and  anisotropic  structures,  such  as  FGM  plates;  (2)  it  is  difficult  for  an  analyst  to  determine 
the  accuracy  of  the  result  and  which  assumption  should  be  chosen  for  efficient  yet  accurate  analysis  of  a 
particular  problem. 

Recently,  the  variational  asymptotic  method  (VAM)14  was  used  to  develop  a  series  of  rigorous  Ressner- 
Mindlin  plate  models  for  heterogeneous  and  anisotropic  composite  plates  and  smart  plates!5-20  These  models 
have  been  proved  to  have  excellent  compromise  between  the  efficiency  and  accuracy.  In  this  paper,  we 
expand  this  method  to  construct  an  efficient  high-fidelity,  geometrically  exact  model  for  FGM  plates  where 
the  major  challenge  lies  in  that  for  current  analysis  the  material  properties  become  continuous  functions  of 
the  transverse  location  while  their  values  are  piecewise  constant  in  previous  work.  Some  derivations  have 
been  further  simplified  to  improve  the  efficiency  of  this  plate  model. 

In  present  plate  model,  the  3D  displacement  field  of  an  arbitrary  material  point  of  the  plate  are  expressed 
in  the  most  generalized  form  by  introducing  a  deformed  reference  coordinate  frame  and  three  warping 
functions  subject  to  certain  constrains.  The  purposes  of  introducing  these  constrains  on  warping  functions 
are  two  folds:  (1)  to  eliminate  redundancy  in  kinematic  equations;  and  (2)  to  define  the  location  and 
orientation  of  the  reference  coordinate  frame.  No  a  priori  kinematic  assumption  has  been  invoked.  The 
original  3D  elasticity  problem  is  then  cast  in  an  intrinsic  form  so  that  the  theory  can  accommodate  arbitrary 
large  deformation  and  global  rotation  with  the  restriction  that  that  the  strain  is  small.  By  taking  advantage 
of  the  small  parameter  h/l,  with  h  denoting  the  thickness  of  the  plate  and  l  denoting  the  characteristic 
wavelength  of  the  plate  deformation,  VAM  is  applied  to  systematically  reduce  the  original  3D  model  to  a 
series  of  2D  models  in  terms  of  h/l,  resulting  the  rigorous  splitting  of  the  original  nonlinear  3D  problem  into 
a  linear  one-dimensional  (ID)  through-the-thickness  analysis  and  a  2D  nonlinear  plate  analysis.  To  avoid 
the  overwhelming  complexity  relates  to  the  direct  construction  of  plate  model  using  asymptotic  methods, 
the  final  form  of  the  plate  model  has  been  transferred  to  a  Reissner-Mindlin  model  with  the  transverse  shear 
stiffness  being  calculated  through  a  least  square  scheme. 

In  this  work,  two  examples,  i.e.,  the  cylindrical  bending  of  an  isotropic  plate  and  the  deformation  of 
a  thick  simply  supported  two-constituent  metal-ceramic  functionally  grated  rectangular  plate,  have  been 
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analyzed  and  results  are  compared  with  3D  exact  elasticity  solutions. 


Three-dimension  Formulation 


The  elastodynamic  behavior  of  a  solid  is  governed  by  the  Hamilton  principle: 


[&{K-U  +  SW)]  dt  =  0, 


(1) 


where  1 1  and  t2  are  arbitrary  fixed  times,  1C  is  the  kenetic  energy,  U  denotes  the  strain  energy,  and  SW 
represents  the  virtual  work  of  the  applied  loads.  The  overbar  is  used  to  indicate  that  the  virtual  work  needs 
not  be  the  variations  of  a  functional. 

A  point  in  the  plate  can  be  described  by  its  Cartesian  coordinates  Xi,  see  Figure  1,  where  xa  are  two 
orthogonal  lines  in  the  reference  surface  and  x3  is  the  normal  coordinate  originating  from  the  middle  of  the 
thickness  (Here  and  throughout  the  paper,  Greek  indices  assume  values  1  and  2  while  Latin  indices  assume 
1,  2,  and  3.  Repeated  indices  are  summed  over  their  range  except  where  explicitly  indicated).  Letting  b, 
denote  the  unit  vector  along  Xi  for  the  undeformed  plate,  we  can  then  describe  the  position  of  any  material 
point  in  the  undeformed  configuration  by  its  position  vector  r  from  a  fixed  point  O ,  such  that 


r  =  r(xi,x2)  +  z3b3, 


(2) 


where  r  is  the  position  vector  from  O  to  the  point  located  by  xa  on  the  reference  surface.  When  the  reference 
surface  of  the  undeformed  plate  coincides  with  its  middle  surface,  we  have 


(f(.Ti,  x2,  x3))  =  hr(xi,x2), 


(3) 


where  the  angle  brackets  denote  the  definite  integral  through  the  thickness  of  the  plate. 

Undeformed  State  Deformed  State 


Figure  1.  Schematic  of  plate  deformation 


When  the  plate  deforms,  the  particle  that  had  position  vector  r  in  the  undeformed  state  now  has  position 
vector  R  in  the  deformed  plate.  The  latter  can  be  uniquely  determined  by  the  deformation  of  the  3D  body. 
We  introduce  another  orthonormal  triad  B,  for  the  deformed  configuration  so  that: 

Bj  =  Cijhj,  C,!  B,  •  b, .  (4) 

subjecting  to  the  requirement  that  B;  is  coincident  with  b^  when  the  structure  is  undeformed.  The  direction 
cosines  matrix  C(xi,x2)  represents  the  possible  arbitrary  rotation  between  B;  and  b}. 

After  deformation,  the  position  vector  R  in  the  deformed  state  can  be  expressed  as 

H(xi,x2,  x3)  =  R(®i,  x2)  +  x3B3(xi,x2)  +  Wi(x i,x2,x3)Bi(xi,x2),  (5) 
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where  R  is  the  position  vector  of  the  reference  surface  for  the  deformed  plate  and  Wi(x i,X2,x3)  are  the 
warping  functions  which  are  introduced  to  accommodate  all  possible  deformations.  Equation  (5)  can  be 
considered  as  a  change  of  variable  for  R  in  terms  of  R,  B;,  and  Wi  and  it  is  six  times  redundant.  The 
redundancy  can  be  removed  by  choosing  proper  definitions  for  R  and  Bj.  Similar  to  equation  (3),  the 
reference  surface  defined  by  R  can  be  chosen  as  being  the  average  (along  x 3)  surface  of  the  plate.  It  follows 
that  the  warping  functions  must  satisfy  the  three  constrains 


(Wi(x  i,x2,x3)) 


cll 

0 


with  cy 


(6) 


where  Cj  are  arbitrary  functions  of  the  in-plane  coordinates  xa,  introduced  for  providing  free  variables  for  the 
construction  of  an  optimal  Reissner-Mindlin  model  which  will  be  described  later.  Another  two  constraints 
can  be  specified  by  taking  B3  as  the  normal  to  the  reference  surface  of  the  deformed  plate.  It  should  be  noted 
that  this  choice  has  nothing  to  do  with  the  well-known  Kirchhoff  hypothesis.  In  the  Kirchhoff  assumption, 
no  local  deformation  of  the  transverse  normal  is  allowed.  However,  in  present  derivation  we  allow  all  possible 
deformation  using  the  warping  functions.  Because  Ba  can  freely  rotate  around  B3,  we  can  introduce  the 
last  constraint  as 

Bi  •  R,2  =  B2  •  R.i,  (7) 

where  (),a  =  d{)/dxa. 

Based  on  the  concept  of  decomposition  of  rotation  tensor?1, 22  the  Jauman-Biot-Cauchy  strain  components 
for  small  local  rotation  are  given  by 

=  2^*3  +  Fji)  ~  fiiji  (8) 

where  Fij  is  the  mixed-basis  component  of  the  deformation  gradient  tensor  such  that 

Ftj  =  Bi  ■  Gfcgfc  ■  (9) 

Here  Gj  =  9R /dxi  is  the  covariant  basis  vector  of  the  deformed  configuration  and  gfc  the  contravariant  base 
vector  of  the  undeformed  configuration  and  gfe  =  gfc  =  bfc.  One  can  obtain  Gfc  with  the  help  of  the  following 
definition  of  2D  generalized  strains: 

R,a  =  Bq  +  EafjTifj  (10) 

and 

B,:,0  =  {—KapRp  x  B3  +  Ka3 B3)  x  Bj,  (11) 

where  £ap  and  Kap  are  the  2D  generalized  strains.  For  geometrically  nonlinear  analysis,  we  can  assume  that 
both  the  3D  and  2D  strains  are  small  when  compared  to  the  unity  and  from  which  we  can  also  conclude 
that  warpings  are  of  the  order  of  the  stain  or  smaller.  Neglecting  the  products  between  warping  and  strain, 
one  can  express  the  3D  strain  field  as 


Te  =  €  +  X3K  +  hw\\ti  +  hw\\t2 

2TS  =  icy  +  eiw3,i  +  e2ui3i2 
rt  =  w'3 

where  ()'  =  §£,  Oy  =  L()i  ()2J'Z’,  and 

re  =  LFh,  2r12  r22JT,  2rs  =  L2r13  2r23JT,  rt  =  r33, 

c  =  L£ll  2£l2  £22jT,  K  =  \_Ku  K\2  +  K21  K22\T , 


(12) 


(13) 


h 


1  0 
0  1 
0  0 


h 


0  0 
1  0  , 
0  1 


(14) 


Up  to  this  stage  we  have  formulated  the  kinematics  of  the  plate  structure.  With  the  knowledge  of  the  elastic 
strain,  the  strain  energy  can  be  expressed  as 


4  of  18 


American  Institute  of  Aeronautics  and  Astronautics 


where  Ce,  Ces ,  Cet ,  Cs,  Cst,  Ct  are  the  corresponding  partition  matrices  of  the  3D  6x6  material  matrix  which 
are  functions  of  positions  for  functionally  graded  materials.  Here  for  simplicity,  we  restrict  ourselves  to  FGM 
plates  having  material  properties  as  functions  of  x3  only. 

To  calculate  the  kinetic  energy,  the  absolute  velocity  (measured  in  the  inertia  frame)  of  a  generic  point 
in  the  structure  is  obtained  by  taking  a  time  derivative  of  Eq.  (5),  resulting 

v  =  V  +  u5(£  +  w)  +  w,  (16) 

where  ( )  is  the  partial  derivative  with  respect  to  time;  V  is  the  absolute  velocity  of  a  point  in  the  deformed 
reference  surface;  u>  is  the  inertial  angular  velocity  of  B,  bases;  and  the  notation  (  )  forms  an  antisymmetric 
matrix  from  a  vector  according  to  (  )4  -  =  —e.ijk{  )k  using  the  permutation  symbol  e^*,.  In  Eq.  (16),  the 
symbols  v,V,lo,  w  denote  column  matrices  containing  the  components  of  corresponding  vectors  in  Bj  bases, 
and  £=[00  Xz\T .  The  kinetic  energy  of  the  plate  structure  can  be  obtained  by 

K  =  \  [  pvT vdV  =  K.2D  +  1C*  (17) 

2  Jv 


with  p  denoting  the  mass  density  and 


IC-2D  =  \  f  +  2 ioT pC,V  +  ujTju>)dfl 


1C*  =  -  f  p  [(uw  +  w)T  {low  +  w)  +  2{V  +  u>C,)t{low  +  to)]  dV, 
2  Jv 


(18) 

(19) 


where  and  j  are  inertial  constants  commonly  used  in  plate  dynamics,  which  can  be  trivially  obtained 

through  simple  integral  operations  taking  over  the  thickness  as: 


p=(p)  ^£=[0  0  (x3p) \T  j  = 


The  virtual  work  of  the  structure  can  be  calculated  as 


(*i  P) 

0 

0 


0  0 

{xlp)  0 

0  0 


(20) 


8W  =  j  (^0  •  +  r  •  5R+  +  (3  ■  dCl  +  J  •  <5R^  ds 


(21) 


where  dfl  denotes  the  boundary  of  the  reference  surface;  (  )±  =  (  )|X3=±/j/2;  0  =  0;B,;  is  the  applied  body 
force;  t,/3  are  tractions  applied  on  the  top  and  bottom  surfaces,  respectively;  Q  =  Q;B,  is  the  applied 
tractions  along  the  lateral  surfaces.  (5R  is  the  Lagrangian  variation  of  the  displacement  field  which  can  be 
expressed  as 

(5R  =  Sq^i  +  :C3<5B3  +  Swi  Bj  +  WjSHj,  (22) 

in  which  the  virtual  displacement  and  rotation  are  defined  by 


=  <5R  •  B},  <5Bj  =  (—002 Bx  +  00xB2  +  503 B3)  x  B,,  (23) 

where  Sqi  and  50j  contain  the  components  of  the  virtual  displacement  and  rotation  in  the  Bj  system, 
respectively.  Since  the  warping  functions  are  small,  one  may  safely  ignore  products  of  the  warping  and 
virtual  rotation  in  5R  and  obtain  the  virtual  work  due  to  applied  loads  as 


SW  =  6W2d  + 

(24) 

where 

SVC-2D  — 

f  (fi6qi  +  ma5'ipa)  dfl+  [  {{Qi)  Sqi  +  {x3Qa)  6ipa)  ds, 

(25) 

Jn  Jon 

5W*  = 

/  ((< piSwi )  +  TiSwf  +  (diSw~ )dCl+  ( QiSwi )  ds, 

Jn  Jan 

(26) 
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with  the  generalized  forces  /,;  and  moments  ma  defined  as 


fi  =  (&)  +  Tj  +  Pi,  ma  =  (x30a)  +  - (ra  -  /3a). 


(27) 


The  second  integration  in  Eq.  (26)  accounts  for  virtual  work  done  through  warping  functions  along  the  lateral 
boundaries  of  the  plate.  This  term  is  necessary  for  the  edge-zone  problem,  which  is  an  important  subject  in 
its  own  right  and  beyond  the  scope  of  the  present  paper.  For  simplicity,  we  will  drop  this  term  hereafter. 
With  the  knowledge  of  Eqs.  (17),  (15),  and  (24),  the  Hamilton’s  principle  in  Eq.  (1)  becomes 


S(JC2D  +  ic*  -U)  +  6W2D  +  SW  dt  =  0 


(28) 


So  far,  we  have  presented  a  3D  formulation  for  the  plate  structure  in  terms  of  2D  displacements  (represented 
byR-r),  rotations  (represented  by  b,  and  Bj),  and  3D  warping  functions  (w.;) .  If  we  attempt  to  solve  this 
problem  directly,  we  will  meet  the  same  difficulty  as  solving  any  full  3D  problem  with  the  additional  difficulty 
coming  from  the  anisotropy  and  heterogeneity  of  functional  graded  materials.  The  main  complexity  comes 
from  the  unknown  3D  warping  functions  Wi.  A  common  practice  in  the  literature  is  to  assume  vjt  to  be,  a 
priori,  in  terms  of  2D  displacements  and  rotations  to  straightforwardly  reduce  the  original  3D  continuum 
model  into  a  2D  plate  model.  However,  for  plates  made  with  general  anisotropic  and  heterogeneous  materials 
such  as  functionally  graded  materials,  the  imposition  of  such  assumptions  may  introduce  significant  errors. 
Fortunately,  VAM  provides  a  useful  technique  to  obtain  vjt  through  an  asymptotical  analysis  of  the  variational 
statement  in  Eq.  (28)  in  terms  of  small  parameters  inherent  in  the  problem  which  will  be  described  in  the 
next  section. 


Dimensional  Reduction 

The  dimensional  reduction  from  the  original  3D  formulation  to  a  2D  plate  model  can  only  be  done  approx¬ 
imately.  One  way  to  accomplish  this  is  to  take  the  advantage  of  the  small  parameters  in  the  formulation  to 
construct  a  2D  formulation  so  that  the  reduced  model  can  achieve  the  minimum  accuracy  loss  in  comparison 
to  the  original  3D  formulation. 

In  order  to  apply  the  methodology  of  VAM,  we  first  need  to  assess  the  order  of  quantities  in  terms  of 
small  parameters.  As  mentioned  previously,  the  ratio  of  the  plate  thickness  to  the  characteristic  wavelength 
of  the  deformation  of  the  reference  surface  is  much  smaller  than  1,  which  means  /i/7  <C  1  with  l  representing 
the  characteristic  wavelength  of  the  deformation  of  the  reference  surface.  The  strain  is  also  small  if  we  only 
interest  on  a  geometrically  nonlinear  but  physically  linear  2D  theory,  i.e.,  eap  ~  hnap  ~  77  <C  1.  From  the 
plate  equations  of  equilibrium,  we  can  estimate  the  orders  of  the  following  quantities  corresponding  to  the 
order  of  strains: 


hP3  ~  r3  ~  p3  ~  p,(h/l)2p,  hPa  ~  ra  ~  pa  ~  n(h/l)rj, 

Qa  ~  W,  Q3  ~  V(h/l)r],  (29) 

with  /i  denoting  the  characteristic  magnitude  of  the  elastic  constants.  We  can  choose  the  characteristic  scale 
of  change  of  the  displacements  and  warping  functions  in  time  in  such  a  way  that  1C*  is  much  smaller  than 
other  terms  in  Eq.  (28),  which  is  valid  for  most  realistic  structural  applications. 


Zeroth-order  approximation 


To  clearly  illustrate  the  application  of  VAM  for  FGM  plates,  we  first  construct  a  classical  FGM  plate  model. 
By  applying  VAM,  the  zeroth-order  approximation  of  the  variational  statement  in  Eq.  (28)  can  be  obtained 
as 


rt2 


5{JC2d  —  /  UAodPl)  +  5W2d 

Jo. 


dt  =  0 


(30) 


where  Uao  can  be  obtained  from  Eq.  (15)  by  dropping  the  derivatives  with  respect  to  xa  in  Equation  (12), 
resulting 


2fGio  — 2  ((e  +  x3k)t  (Cesw^'  +  Cetw3)  +  w\\T  Cstw3'^ 

+  ((e  +  x3n)TCe(e  +  x3k)  +  w\\TCawtf  +  w3'Ctw3 ) 


(31) 
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It  is  obvious  that  the  warping  functions  Wj  can  be  obtained  by  solving  the  following  variational  statement 


SUA0  =  0,  (32) 

along  with  the  constraint  equation  expressed  in  Eq.  (6).  This  results  in  the  following  Euler-Lagrange  equa¬ 
tions: 


(e  +  x3K)TCet  +  Wm/  Cst  +  w^Ct 


(e  +  x3k)t C es  +w»  Cs  +  w3  Cjt 


—  A3, 
=  An , 


(33) 


where  A||  and  A3  are  Lagrange  multipliers  corresponding  to  the  constraint  components  of  tU||  and  w3,  re¬ 
spectively  in  Eq.  (6).  The  expressions  within  the  square  brackets  in  Eq.  (33)  should  vanish  on  the  top  and 
bottom  surfaces  of  the  FGM  plate  because  the  warping  functions  Wi  are  free  to  vary  at  those  two  surfaces. 
They  should  also  be  continuous  on  the  interfaces  if  the  FGM  is  formed  by  multiple  layers  as  wy  must  be 
continuous  on  this  locations.  From  these  conditions,  we  can  solve  w/  as 


W 11 


=  — (e  +  x3K)TCesC, 


-1 


"V —  1 

yt  1 


w3  =  ~(e  +  X3K)TCetCt 

with  the  hatted  quantities  being  expressed  as: 

_  Sb  s~iT  I  /~i  ri  /^i  —  1 

es  '-'es  '-s et'-/ st /  ^ 1 1  '-'et  '-yet  '-ysti 

t  ~  ~  ^st^s 

Substituting  Eq.  (34)  into  Eq.  (31),  the  first  approximation  of  the  strain  energy  can  be  expressed  as 

✓  \  t 


(34) 


(35) 


2Mao  — 


e 

K 


A  B 

bt  d 


e 

K 


with 


A=(C, 


B  =  ( x3C, 


D  =  ( xlCe  1  , 


—  1  1  /~i  /  si 

^  e  —  '-'es'-'s  '-'es  '-'et'-'et/ '-'t  • 


(36) 


(37) 


With  the  knowledge  of  Mao  expressed  in  Eq.  (36),  the  original  3D  problem  in  Eq.  (1)  has  been  rigorously 
reduced  to  a  2D  formulation  in  Eq.  (30)  which  approximates  the  original  problem  asymptotically  correct  to 
the  order  of  ( j)  .  If  we  define  the  force  resultants  A 7  and  moment  resultants  A4  in  conjugate  to  e  and  k  by 


a r  = 


dUA0 


M  = 


dUAo 


de  ’  dn 

we  obtain  a  2D  constitutive  model  for  the  classical  plate  analysis  of  FGM  plates,  expressed  as 


A7 

M 


A  B 
Bt  D 


e 

n 


(38) 


(39) 


It  is  clear  that  although  the  plate  is  made  of  functionally  gradient  materials,  the  2D  plate  model  of  the 
zeroth-order  remains  the  same  with  the  exception  that  the  material  properties  are  functions  of  x3.  Despite 
the  similarity  with  the  classical  lamination  theory  (CLT),  the  present  model  is  asymptotically  correct  and 
has  the  following  features  in  contrast  with  CLT: 

1.  The  normal  line  of  undeformed  plate  does  not  remain  straight  and  normal  to  the  deformed  plate; 
rather,  it  deforms  in  both  the  normal  and  in-plane  directions  in  response  to  plate  deformation  (e  and 
«)• 

2.  This  model  can  handle  general  functionally  gradient  materials  with  full  anisotropy. 
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3.  It  can  be  easily  observed  that  neither  the  normal  strain  nor  the  transverse  shear  strains  vanish.  The 
transverse  normal  and  shear  stresses  can  be  shown  to  vanish,  which  are  not  assumed  a  priori  but  come 
out  as  a  direct  consequence  from  the  model  derivation. 

It  worth  to  emphasize  that  throughout  the  process  of  obtaining  this  solution  no  a  priori  assumptions,  such 
as  setting  the  transverse  normal  strain  equal  to  zero,  were  used. 

For  the  zeroth-order  approximation,  the  3D  strain  field  can  be  recovered  using  Eqs.  (12)  by  neglecting 
those  terms  whose  order  higher  than  ( h, )  ,  generating 

r°  =  e  +  x3«  2r°  =  w'  r°t=w'3  (40) 

Up  to  this  stage,  the  solution  for  Wi  in  Eq.  (34)  as  well  as  the  2D  strain  energy  in  Eq.  (36)  are  valid  for 
FGM  plates  with  fully  populated  6x6  material  matrix  C.  As  most  engineering  materials  used  in  practical 
applications  demonstrate  a  monoclinic  symmetry  about  their  own  mid-plane,  hereafter,  monoclinic  material 
matrix  characterized  by  13  independent  material  properties  will  be  used,  indicating  Ces  =  0  and  Cst  =  0  for 
the  rest  of  derivation.  This  leads  to  much  simpler  expressions  for  the  zeroth-order  approximation  of  warping 
function: 

w\\  =0,  w3  =  C±£,  (41) 

where, 

c'±  =  L -CTJCt  -  x3CTJCt J,  £  =  Le  «JT,  (C±)  =  0.  (42) 

Note  that  inter-lamina  continuity  of  C±  must  be  maintained  due  to  the  continuity  of  warping  functions  to 
produce  a  continuous  displacement  field.  It  should  also  be  pointed  out  that  we  have  constrained  warpings 
to  be  zeros  ((u>y)  =  0)  in  the  zeroth-order  approximation  and,  as  a  contrast,  free  constants  in  Eq.  (6)  are 
introduced  for  the  construction  of  Reissner-Mindlin  model  to  generate  the  first  order  approximation. 

First-order  approximation 

We  notice  that  the  zeroth-order  warping  is  of  order  (. h/l)°7 /.  According  to  the  VAM,  to  accept  this  as  the 
zeroth-order  approximation,  one  needs  to  check  whether  or  not  the  order  of  the  next  approximation  is  higher 
than  this  one.  To  obtain  the  first-order  approximation,  we  simply  perturb  the  zeroth-order  result,  resulting 
in  warping  functions  of  the  form 

W||=i>||,  w3  =  i>3  +  Cj_£.  (43) 

Substituting  Eq.  (43)  back  into  Eq.  (12),  and  then  Eqs.  (15)  (24)  and  (26),  one  can  obtain  the  leading  terms 
for  the  first-order  approximation  of  variational  statement  in  Eq.  (28)  as 

<511*  =  (V\\T  cs  Sv\\  +  v3Ct  Sv3  +  (e  +  x3n)TC\\Ia5v\ia  +  (eQCi£a)T  Cs5v y  -  -  T-jf’Jvjf'  - 

m 

where,  C\\  =  Ce  —  CetCjt/Ct  .  It  is  worth  noting  that  the  warping  of  the  first-order  approximation  is  of 
order  ( h/l)ip  which  is  indeed  one  order  higher  than  the  zeroth-order  approximation  and  the  total  energy  11^ 
is  asymptotically  correct  to  the  order  of  0(h/l)2rj2 . 

To  carry  out  the  variations  of  the  functional,  one  should  be  aware  that  um  may  be  different  functions  for 
each  layer.  The  continuity  conditions  on  the  interfaces  can  be  derived  following  calculus  of  variations  as: 

h|]  =  0,  [Ds(t;[|  +  eaC±£ta)]  =  0  on  Qif  (45) 

where  fU  denotes  the  interfaces  between  the  itli  layer  and  i  +  1th  layer  and  i  =  1 . . .  N  —  1  with  N  as  the 
total  number  of  layers  and  the  bracket  [■]  denotes  the  jump  of  the  enclosed  argument  on  the  interface. 

It  can  be  easily  observed  that  v3  is  decoupled  from  wy.  Considering  the  warping  constrain  in  Eq.  (6),  v3 
only  has  a  trivial  solution.  The  Euler-Lagrange  equations  for  the  functional  given  in  Eq.  (44)  are 

[Csv  ||  +  CseaCj_£  a)1  =  D'a£a  +  g'  +  Ay 

(Csv  y  +  CseaC±£^a)+  =  ry  (46) 

(Csv j]  +  CseaC±£^a)  =  — /3y 
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where  D'a  =  —I^\Cn  *3C||J,  g'  =  —<j>\\,  and  Ay  are  Lagrange  multipliers  to  enforce  the  constraints  applied 
on  the  warping  field  described  in  Eq.  (6).  The  inter-lamina  continuity  on  Da  and  g  are  maintained  by 
taking  advantage  of  the  second  condition  in  Eq.  (45).  It  should  be  mentioned  that  since  the  goal  is  to  obtain 
an  interior  solution  for  the  plate  without  considering  edge  effects,  integration  by  parts  with  respect  to  the 
in-plane  coordinates  is  used  hereafter  and  throughout  the  rest  of  the  paper,  whenever  it  is  convenient  for 
the  derivation. 

Solving  Eq.  (46)  along  with  (6),  one  obtains  the  following  warping  functions 


vy  —  ( Da  +  La)£^a  +  <7, 


(47) 


with 


D'a  =  C~1D*a,  (Da)  =  0,  g'  =  Cs-y,  (g)  =  0,  LaS>a  =  c„//i, 


D*a  =  Da  +  ^ D T  -  -Dt  -  CseaC± , 

=r  1  ±  ,  ( %3 


g  =9+ g-a^-gg  +  x  +  b  rll 


h  2)^ 


(48) 


where,  the  notation  ( )±  =  ( )+  +  ( )“  and  ( )=F  =  ( )_  —  ( )  +  . 

Now  we  are  ready  to  obtain  an  expression  for  the  total  energy  that  is  asymptotically  correct  through  the 
order  of  g(h/l)2e,  viz., 


where, 


2IIi  =  £TA£  +  £TtB£-l  +  2£T1C£t2  +  £%D£<2  -  2£TF, 


A  = 


(qi) 

<x3q,) 


<x3qi> 

<*§qi> 


B  =  ( CSllClC±  -  DfC-'Dl)  +  L\  (D[)  +  ( D[f  Lu 
C  =  (CSl2ClC±  -  DfC-'DZ)  +  L\  (D'2)  +  (D[)  L2, 

D  =  <CS22CiC±  -  DfC-'Dl)  +  L\  (D2)  +  (D2)  L2, 

F  =  C+tt3  +  C~t(33  +  (CUs)  -  (Dfcqq)  -  LTa  (ry  +  /3y  +  (^y))^. 


(49) 


(50) 


Eq.  (49)  is  an  energy  functional  expressed  in  terms  of  2-D  variables  which  can  approximate  the  original  3D 
energy  asymptotically.  It  is  noted  that  quadratic  terms  in  the  applied  loads,  are  neglected  as  they  will  not 
affect  the  2D  model. 


Transforming  into  a  Reissner-Mindlin  Model 

Although  Eq.  (49)  is  asymptotically  correct  through  the  second  order  and  straightforward  use  of  this 
strain  energy  is  possible,  it  involves  more  complicated  boundary  conditions  than  necessary  since  it  contains 
derivatives  of  the  generalized  strain  measures.  To  obtain  an  energy  functional  that  is  of  practical  use,  one 
can  transform  Eq.  (49)  into  a  Reissner-Mindlin  model.  In  a  Reissner-Mindlin  model,  there  are  two  additional 
degrees  of  freedom,  which  are  the  transverse  shear  strains  incorporated  into  the  rotation  of  transverse  normal. 
We  introduce  another  triad  B*  for  the  deformed  plate,  so  that  the  definition  of  2D  strains  becomes 

Ra  =  B*  +4^  +  27^* 

B l a  =  {-KfFp  X  By  K3B*3)  x  b:  (51) 

where  the  transverse  shear  strains  are  7  =  [27i3  2  723JT.  Since  B*  is  uniquely  determined  by  B,  and  7,  one 
can  derive  the  following  kinematic  identity  between  the  strains  measures  1Z  of  Reissner-Mindlin  plate  and  £ 

£  =  TZ~  VaXa  (52) 
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where 


Z>i  = 


0  0 
0  0 


Vo  = 


0  0 
0  0 


0  10  0 
0  0  10 


0 


0  0  1 

0  0  0  1J 

U=[e*n  2e*12  e*22  K*u  K*12  +  K*21  I<*22 \T 


(53) 


Now  one  can  express  the  strain  energy  asymptotically  correct  to  the  second  order  in  terms  of  strains  of  the 
Reissner-Mindlin  model  as 


2IIi  =  nTAK  -  2KTAVlltl  -  2UTAV2'ya 

+  nT1BKtl+2nT1Cna  +  nT2DK-2-2'RTF  (54) 

The  generalized  Reissner-Mindlin  model  is  of  the  form 

2nK  =  nT An  +  -  2 nTFn  -  21tf1  (55) 

To  find  an  equivalent  Reissner-Mindlin  model  Eq.  (55)  for  Eq.  (54),  one  has  to  eliminate  all  partial  derivatives 
of  the  strain.  Here  equilibrium  equations  are  used  to  achieve  this  purpose.  From  the  two  equilibrium 
equations  balancing  bending  moments,  one  can  obtain  the  following  formula 

Gy  —  F1  =  VlAUa  +  j™*  j  (56) 

where  F-jz  a  is  dropped  because  they  are  high  order  terms.  Substituting  Eq.  (56)  into  Eq.  (54),  one  can  show 
that  Fji  =  F  and  F1  =  0.  Finally  one  can  rewrite  Eq.  (54)  as 

2nx  =  nT  An  +  7  rGy  -  2  htf  +  u*  (57) 

where 

U*  =  TZ^BTZ,  1  +  21Zt1C1Z-2  +  KT2Dll,2  (58) 

and 


B  =  B  +  AV1G~1Vl  A 

c  =  c  +  av1g~1v2  a 

D  =  D  +  AV2G~1V2  A  (59) 

If  we  can  drive  U*  to  be  zero  for  any  1Z,  then  we  have  found  an  asymptotically  correct  Reissner-Mindlin  plate 
model.  For  general  anisotropic  plates,  this  term  will  not  be  zero;  but  we  can  minimize  the  error  to  obtain  a 
Reissner-Mindlin  model  that  is  as  close  to  the  asymptotically  correct  one  as  possible.  The  accuracy  of  the 
Reissner-Mindlin  model  depends  on  how  close  to  zero  one  can  drive  this  term.  In  other  words,  one  needs  to 
seek  an  optimal  set  of  the  27  unknowns  (3  unknowns  for  G  and  24  unknowns  La )  so  that  the  value  of  the 
quadratic  form  in  Eq.  (58)  is  as  close  to  be  zero  as  possible  for  arbitrary  generalized  strain  measures.  We  let 
the  distinct  78  terms  in  the  symmetric  12  x  12  coefficient  matrix  equal  to  zeros  to  formulate  78  equations.  It 
is  a  linear  system  with  27  unknowns.  Then  we  used  the  least  square  technique  to  solve  the  overdetermined 
system  for  the  constants  as  done  in  Ref.  [15].  Mathematically,  the  overdetermined  system  (78  equations 
with  27  unknowns,  indicated  by  MX  =  b )  may  demonstrate  singularities  for  some  material  properties.  For 
example,  the  rank  of  MT M  is  only  26  for  single  layered  isotropic  and  orthotropic  plates.  In  this  situation, 
singular  value  decomposing  technique  can  be  applied  to  solve  this  least  square  problem.  Moreover,  for  an 
accurate  estimation  of  the  transverse  shear  matrix,  a  nondimensional  scheme  is  used  to  guarantee  that  each 
of  the  the  78  equations  having  the  same  physical  unit. 

After  driving  of  U*  to  be  close  to  zero,  we  found  the  “best” ,  from  the  asymptotic  point  of  view,  Reissner- 
Mindlin  model  to  be  used  for  2D  plate  analysis  in  the  following  form 

2Hn  =  nT An  +  7 rGy  -  2 RT F  (60) 
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with  A ,  G,  F  capturing  the  material  and  geometric  information  eliminated  in  the  reduced  2D  plate  analysis. 
It  is  worthy  to  emphasize  that  although  the  2D  constitutive  model  is  constructed  in  a  way  dramatically 
different  from  traditional  Reissner-Mindlin  models,  the  plate  analysis  remains  the  same,  with  on  changes  in 
the  governing  equations  and  essential  and  natural  boundary  conditions  except  that  the  strain  measures  are 
now  defined  equivalently  as  in  Eqs.  (51). 


Recovery  3D  Fields 

From  the  above,  we  have  obtained  an  optimized  Reissner-Mindlin  model  for  FGM  plates  being  asymptot¬ 
ically  correct  in  the  sense  of  matching  the  total  potential  energy.  This  model  can  be  carried  out  for  various 
analyses  on  FGM  plates,  spanning  from  static,  dynamic,  buckling,  to  aeroelastic  analyses.  In  many  appli¬ 
cations,  however,  the  capability  of  predicting  accurate  2D  displacement  fields  of  FGM  plates  is  inadequate. 
Ultimately,  the  fidelity  of  a  reduced-order  model  like  this  developed  in  current  work  should  be  evaluated 
based  upon  how  well  it  can  predict  the  3D  displacement/strain/stress  fields  for  the  original  3D  problem. 
Therefore,  it  is  necessary  to  provide  recovery  relations  to  complete  the  theory  so  that  the  results  is  com¬ 
parable  to  those  of  the  original  3D  model.  By  referring  to  recovery  relations,  we  mean  expressions  for  3D 
displacement,  strain,  and  stress  fields  in  terms  of  2D  quantities  and  x3. 

Using  Eqs.  (2),  (4)  and  (5),  one  can  recover  the  3D  displacement  field  through  the  first-order  as 

Ui  =  u.i  +  x3(C3i  -  S3i)  +  CjiWj ,  (61) 

where  wa  =  va,  w3  =  C±£ ,  Ui  and  Ui  are,  respectively,  3D  displacements  and  their  2D  counterparts  expressed 
in  b;  coordinate  frame.  From  Eq.  (12),  the  3D  strain  field  can  be  recovered  up  to  the  first-order  as 

Te  =  e  +  x3k,  2Ts  =  U||  +  eaC±£  jQ,  Tt~Cf£.  (62) 

Consequently,  3D  stresses  <Jij ,  can  be  obtained  by  applying  the  3D  constitutive  relations.  Since  we  have 
obtained  an  optimum  estimation  of  the  shear  stiffness  matrix  G,  the  recovered  3D  results  up  to  the  first  order 
are  better  than  CLT  and  the  conventional  FSDT.  However,  the  transverse  normal  stress  (033)  is  a  second- 
order  small  quantity  with  its  magnitude  being  0{(h/l )  ?/)  thus  cannot  be  estimated  during  the  first-order 
approximation.  Despite  that  its  magnitude  is  usually  much  smaller  than  those  of  other  stress  components, 
(T33  is  critical  for  predicting  some  structural  failure  phenomenon  such  as  layer  delamination.  In  order  to 
obtain  a  reasonable  recovery  for  the  transverse  normal  stress,  VAM  procedure  is  applied  once  more  to  find 
the  warping  functions  with  the  second-order  accuracy,  i.e.  warping  are  pursued  to  the  order  of  (h/l)2rj.  By 
using  similar  procedures  described  in  previous  sections,  the  warping  functions  can  be  expressed  as 

W\\  =  ui  +  y\\ >  =  c±£  +  2/3,  (63) 

where,  yy  and  y3  are  second  order  warping  functions.  Consequently,  it  can  be  shown  that  the  in-plane 
components  yy  vanishes  and  the  Euler-Lagrangian  equation  on  y3  is 

(Cty3  +  +  epCs(v^  +  eaC'±£,a),P  +  4>3  =  A3, 

(Cty3  +  Cj'tIavlUa)+  =  r3, 

(Ct2/3  +  CjtlaV^a)  =  ~P3, 

[2/3]  =0  [Cty3  +  CjtIav\ia\  =  0,  on  (64) 

where  A3  is  the  Lagrange  multiplier  to  enforce  the  constraint  (y3)  =  0.  The  solution  of  y3  is  given  by 

2/3  =  Eap£^ap  +  S,  (65) 

with 

E'ap  =  Ci1E*ap,  (Ea0)  =  0,  S'  =  C^S*,  (S)  =  0, 

E*a/}  =  E^  +  ^E^-^E^~CjtIa(D0  +  L^,  S'  =  (e^  +  cf3)  ,  (66) 

=  s+  Vs*  -  5S±  +  (f  u)  +  (f  -  \)  *  - 
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By  finding  y3,  we  have  obtained  an  energy  expression  asymptotically  corrected  up  to  the  order  of 
0((h/l)4ij2).  Because  such  energy  expression  is  too  complicate  to  be  used  in  practice,  we  will  still  rely 
on  the  previous  derived  Reissner-Mindlin  model  to  carry  out  2D  plate  analysis  and  use  2/3  for  the  second- 
order  prediction  of  the  3D  displacement/strain/stress  field.  As  will  be  shown  latter,  this  approach  generates 
excellent  accuracy  on  predicting  3D  stresses  even  though  only  the  Reissner-Mindlin  plate  model  is  used  for 
2D  analysis. 

Finally,  we  can  write  the  recovery  relations  for  the  3D  displacement  field  as 

U'l  —  lij  T  X3 (C3j  d3j )  A  CjiWj  “t“  hj'/f'S'.' 2/3  (67) 

and  the  strains  as 

re  =  c  +  x3n  +  Ictv\\,on  2rs  =  Uy  +  eaC±£t  a,  rt  =  C'±£  +  y3.  (68) 

At  last,  the  recovered  3D  stress  field  take  the  form  of 

cre  =  [an  CT12  cr22JT  =  C'y (e  +  x3n)  +  Cety3  +  CeIav \\>a, 
as  =  [a13  a23 \T  =  Cs(v y  +  eaC±£>a), 

c?t  =  0-33  =  CjtIav || jQ  +  Ct  y3.  (69) 

Validation  Examples 

Although  the  above  formulation  is  general  enough  to  treat  multilayer  plate  made  of  arbitrary  functionally 
graded  materials  with  the  properties  as  functions  of  x3.  We  specify  our  formulation  to  deal  with  single-layer 
plates  to  valid  our  theory. 

The  first  example  is  the  cylindrical  bending  of  an  isotropic  homogeneous  plate  which  is  infinitely  long 
along  x2  with  a  width  a  along  X\.  The  top  surface  at  x3  =  h/ 2  is  subjected  to  a  sinusoidally  distributed 
pressure  (q3  =  q3  sin^nxi/ L)  ),  the  bottom  surface  is  traction  free,  and  no  body  force  exist  in  the  structure. 
To  facility  our  comparison,  the  physical  quantities  are  nondimensionlized  by  following  relations: 


T-T  100  Eh2Ua 

U a.  —  0  5 

q0a6 

u3  = 

100  Eh3U3 

4  ’ 

qoa 4 

lOh2aa0 

10 haa3 

°33 

&cx.(3  9  ? 

q0az 

ha3  = 

q0a 

^33  —  - 

Qo 

where  E  is  the  Young’s  modulus  of  the  material  and  the  Poisson’s  ratio  is  assumed  to  be  0.3. 

Figures  2  and  3  depict  the  through-the-thickness  variation  of  nondimensional  transverse  deflection  (C/3), 
longitudinal  stress  (<7n),  transverse  shear  stress  (<713),  and  transverse  normal  stress  (033)  for  an  isotropic 
plate  under  cylindrical  bending  with  length  to  the  thickness  ratio  being  a/h  =  5  and  a/h  =  2,  respectively. 
For  a  fairly  think  plate  a/h  =  5,  all  the  recovered  stress  components  matches  pretty  well  with  the  exact  3D 
solutions.  It  is  hard  to  distinguish  the  difference  between  these  two  sets  of  results  for  in-plane  stress  an 
and  the  transverse  normal  stress  <733.  The  maximum  difference  occurs  for  transverse  shear  stress  013  but 
still  less  than  1.5%.  The  transverse  displacement  component  demonstrates  a  slight  offset  form  the  3D  exact 
solution,  with  the  maximum  difference  less  than  1.5%.  This  may  be  attributed  to  that  our  plate  model  is 
reduced  from  the  original  3D  model  and  some  information  which  cannot  be  captured  by  a  2D  model  are  lost 
during  the  dimensional  reduction  process,  which  might  cause  the  constant  displacement  shift  of  the  present 
approach.  Figure  3  demonstrates  results  for  a  extremely  thick  isotropic  plate  with  a/h  =  2.  Again,  the 
in-plane  stress  011  and  the  transverse  normal  stress  033  matches  well  with  the  exaction  solutions.  Relatively 
large  differences  occur  for  transverse  shear  stress  013  and  transverse  displacement  U3,  with  the  maximum 
errors  being  6%  and  1%,  respectively,  for  this  extreme  case. 

The  second  example  is  a  simply  supported  Ai/SiC  functionally  graded  square  plate.  The  top  surface  of 
the  FGM  plate  is  ceramic  rich  and  the  bottom  surface  is  metal  rich.  The  region  between  the  two  surfaces 
is  made  of  the  mixture  of  ceramic-metal  materials  with  continually  varying  of  the  volume  fraction  of  the 
ceramic  and  metal.  Based  upon  the  power  law  distribution,  the  variation  of  the  volume  fraction  of  the 
ceramics  Vc  versus  the  thickness  coordinate  (£3)  with  its  origin  placed  at  the  middle  of  the  thickness  can  be 
expressed  as 

v = v- + (v+  -  v-)  q + ,  P  >  0, 
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(a)  transverse  deflection  U3,xi  =  a/2  (b)  longitudinal  stress,  crii,x\  =  a/2 


(c)  transverse  shear  stress,  013,  #1  =  0  (d)  transverse  normal  stress,  £733,  ,x\  =  a/2 


Figure  2.  Nondimensional  transverse  deflection,  longitudinal  stress,  transverse  shear  stress,  transverse  normal 
stress  distributions  along  thickness  direction  for  an  isotropic  plate  under  cylindrical  bending,  1/  =  0.3,  a/ h  =  5. 
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0.4 


U3 


an 


(a)  transverse  deflection  Uz,x\  =  a/2  (b)  longitudinal  stress,  (7n,£Ci  =  a/2 


(c)  transverse  shear  stress,  cr  13,2:1  =  0 


(d)  transverse  normal  stress,  0-33,0:1  =  a/2 


Figure  3.  Nondimensional  transverse  deflection,  longitudinal  stress,  transverse  shear  stress,  transverse  normal 
stress  distributions  along  thickness  direction  for  an  isotropic  plate  under  cylindrical  bending,  v  =  0.3,  a/ h  =  2. 
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where  Vc+  and  V~  are  the  volume  fractions  of  the  ceramic  on  the  top  and  the  bottom  surfaces,  p  is  the  volume 
fraction  index,  and  h  the  thickness  of  the  plate.  The  effective  elastic  moduli  of  the  functionally  grated  metal- 
ceramic  material  are  estimated  by  the  Mori-Tanaka  scheme,  a  technique  which  is  capable  of  taking  account 
for  the  interaction  among  constituents  thus  well  suitable  for  estimating  the  effective  moduli  for  regions  of 
the  graded  microstructure  that  have  well-defined  continuous  matrix  and  a  discontinuous  particulate  phase. 
According  to  the  Mori-Tanaka  scheme,  the  effective  bulk  modulus  K  and  the  effective  shear  modulus  p  can 
be  determined  by 

K  -  Km  Vc 


Kc  -  Km 

< 

P  ~  Pm 


1  +  (1  -  Vc) 
Vc 


I<c  -  Km 


Km  + 


4 

3  Pm 


(70) 


Vc  Vm 


1  +  (i  —  Vc)  — — — 

Pm  +  Si 


where,  Si  =  pm(9Km  +  8pm) / +  2pm)),  Krn :  prn  represent  the  bulk  and  shear  modulus  of  the  metal 
material  and  Kc,  pc  represent  the  bulk  and  shear  modulus  of  the  ceramic  material?’ 13  The  through-thickness 
varying  Young’s  modulus  and  Poisson’s  ratio  at  each  material  point  are  related  to  effective  bulk  and  shear 
moduli  by 


K(x3) 


E(x3) 

3[1  -  21/(13)]  ’ 


P(x  3) 


E{x  3) 

2[1  +  v(x3)\ ' 


(71) 


For  the  purpose  of  illustration,  we  choose  the  constituent  materials  for  functionally  graded  plate  to  be  A1 
and  SiC  with  following  material  properties.  For  Al:  Em  =  70  GPa ,  vm  =  0.3.  For  SiC:  Ec  =  427  GPa,  vc  = 
0.17.  Figure  4  reveals  the  through-thickness  variation  of  effective  Young’s  modulus  and  Poission’s  ratio  (E,  v) 
for  various  materials  index  p. 


(a)  variation  of  Young’s  modulus  E 


(b)  variation  of  Poisson’s  ratio  v 


Figure  4.  Through-the-thickness  variation  of  effective  Young’s  modulus  E  and  Poisson’s  ratio  v  estimated  by 
Mori-Tanaka  scheme  for  different  values  of  p. 


The  FGM  plate  is  subjected  to  a  sinusoidally  distributed  pressure  on  the  top  surface,  described  by: 

CTi3(xi,x2,h/2)  =  5i3qosm(TTXi/a)sin(TTX2/a) 

Again  there  is  no  body  force  and  the  bottom  surface  is  traction  free. 

Table  1  provides  a  detailed  comparison  of  displacement  and  stress  components  with  exact  3D  solution5 
at  various  critical  locations  of  the  Al/SiC  functionally  graded  plates.  Results  in  the  top  part  of  Table  1 
(V~  =  0,V).+  =  0.5, p  =  2)  indicate  the  effect  of  a/h  on  displacement  and  stress  components.  It  shows  an 
excellent  match  between  these  two  results.  The  maximum  percentage  error  occurs  for  a/h  =  5  and  043,  which 
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Table  1.  Comparison  of  displacements  and  stress  at  specific  locations  with  3D  elasticity  solutions  for  Al/SiC 
functionally  grated  square  plates  (sinusoidal  pressure,  Mori-Tanaka  scheme). 


Variable 

vv 

=  0,  V+ 

=  0.5,  p  = 

=  2 

a/h 

=  5 

a/h  - 

=  10 

a/h 

=  40 

ext 

present 

ext 

present 

ext 

present 

Vi(0, 6/2, t/2) 

-2.9129 

-2.9124 

-2.8997 

-2.8987 

-2.8984 

-2.8983 

tMO,  6/2,0) 

2.5748 

2.5716 

2.2266 

2.2256 

2.1163 

2.1163 

1/3(0, 6/2,  t/2) 

2.5559 

2.5524 

2.2148 

2.2139 

2.1155 

2.1154 

a-11  (a/2, 6/2,  t/2) 

2.7562 

2.7558 

2.6424 

2.6415 

2.6093 

2.6092 

012(0,  0, t/2) 

-1.5600 

-1.5597 

-1.5529 

-1.5524 

-1.5522 

-1.5521 

oi3(0,6/2,0) 

2.3100 

2.2749 

2.3239 

2.3150 

2.3281 

2.3276 

033 (a/2,  6/2,  t/4) 

0.8100 

0.8117 

0.8123 

0.8127 

0.8129 

0.8129 

v- 

'  =  0,p  = 

=  2,  a/h  = 

5 

v+  = 

--  0.2 

v+  = 

=  0.6 

V+  = 

=  1.0 

Variable 

ext 

present 

ext 

present 

ext 

present 

Ui  (0,6/2,  t/2) 

-3.6982 

-3.6966 

-2.6708 

-2.6697 

-1.7421 

-1.7359 

f/3(0,  6/2,0) 

3.0254 

3.0215 

2.4326 

2.4293 

1.8699 

1.8634 

6/3(0, 6/2,  t/2) 

2.9852 

2.9808 

2.4196 

2.4160 

1.8767 

1.8702 

on  (a/2,  6/2,  t/2) 

2.3285 

2.3273 

2.9359 

2.9347 

4.1042 

4.0899 

012(0,  0, t/2) 

-1.2163 

-1.2158 

-1.7106 

-1.7099 

-2.8534 

-2.8433 

di3(0,6/2,0) 

2.3516 

2.3065 

2.2918 

2.2604 

2.1805 

2.1683 

d33(a/2,6/2,t/4) 

0.8300 

0.8284 

0.8024 

0.8047 

0.7623 

0.7675 

has  an  error  of  1.5%,  with  the  percentage  errors  for  the  rest  components  being  less  than  0.38%.  The  effect 
of  volume  fraction  of  the  ceramic  constituent  for  a  thick  functionally  graded  plate  (V~  =  0,p  =  2,  a/h  =  5) 
is  provided  in  the  bottom  half  of  table  1.  Again,  all  stress  and  displacement  results  matches  very  well  the 
the  exact  solutions. 

Further  comparisons  are  also  made  for  a  thick  FGM  plate  with  V~  =  0 ,  V_c+  =  1  ,p  =  1  ,a/h  =  5.  The 
results  are  plotted  in  Figure  5.  Both  magnitude  and  trend  match  very  well  with  exaction  solutions,  which 
again  demonstrates  that  our  present  model  can  be  used  to  model  FGM  plates  to  get  accurate  prediction  of 
the  3D  fields. 


Conclusions 

In  present  work  a  geometrically  exact  efficient  high-fidelity  plate  model  for  functionally  graded  plate 
has  been  developed  using  the  variational  asymptomatic  method  (VAM).  By  taking  advantage  of  the  small 
parameter  h/l,  VAM  is  applied  to  systematically  reduce  the  original  nonlinear  3D  model  to  a  series  of  2D 
models  in  terms  of  h/l,  resulting  the  rigorous  splitting  of  the  original  nonlinear  3D  problem  into  a  linear  ID 
through  thickness  analysis  and  a  2D  nonlinear  plate  analysis.  The  theory  is  applicable  to  functionally  graded 
plates  whose  material  properties  changes  continuously  through  the  plate  thickness.  Although  the  resulting 
plate  theory  is  as  simple  as  a  single-layer  FSDT,  the  recovered  3D  displacement,  strain,  and  stress  results 
have  excellent  accuracy  in  comparison  with  the  3D  elasticity  solutions.  The  present  paper  has  built  on  the 
second  author’s  previous  work  in15,1'  with  the  following  new  contributions: 

1.  The  present  work  treats  material  properties  as  functions  of  transverse  locations  while  in  previous  work 
these  properties  are  constants  for  each  layer; 

2.  Simplifications  have  been  made  in  deriving  B,  C,  D  matrices,  making  the  present  model  computation¬ 
ally  more  efficient; 

3.  Explicit  analytical  solutions  for  the  second-order  approximation  of  warping  functions  have  been  pro¬ 
vided; 
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(a)  transverse  deflection  U3,xi  =  a/2,X2  =  a/2 


(c)  transverse  shear  stress,  cri3,xi  =  0,X2  =  a/2 


an 

(b)  longitudinal  stress,  =  a/2,  X2  =  a/2 


Figure  5.  Nondimensional  transverse  deflection,  longitudinal  stress,  transverse  shear  stress,  transverse  normal 
stress  distributions  along  thickness  direction  for  a  Ai/Sic  FGM  square  plate  under  sinusoidal  pressure  on  the 
top  surface,  Vc~  =  0,  V+  =  1.0,  p  =  l,a/h  =  5. 
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4.  A  nondimensional  scheme  has  been  applied  on  solving  the  least  square  problem  resulting  a  more 
accurate  estimation  of  the  transverse  shear  stiffness  matrix. 
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The  accuracy  of  the  Variational  Asymptotic  Plate  and  Shell  Analysis  (VAPAS)  is  as¬ 
sessed  against  several  higher  order,  zig  zag  and  layerwise  theories  generated  by  using  the 
invariant  axiomatic  framework  denoted  as  Generalized  Unified  Formulation  (GUF).  All  the 
axiomatic  and  asymptotic  theories  are  also  compared  against  the  elasticity  solution  devel¬ 
oped  for  the  case  of  a  sandwich  structure  with  high  Face  to  Core  Stiffness  Ratio.  GUF 
allows  to  use  an  infinite  number  of  axiomatic  theories  (Equivalent  Single  Layer  theories 
with  or  without  zig  zag  effects  and  Layerwise  theories  as  well)  with  any  combination  of  or¬ 
ders  of  the  displacements  and  it  is  an  ideal  tool  to  precisely  assess  the  range  of  applicability 
of  the  Variational  Asymptotic  Plate  and  Shell  Analysis  or  other  theories  in  general.  In  fact, 
all  the  axiomatic  theories  generated  by  GUF  are  obtained  from  the  kernels  or  fundamental 
nuclei  of  the  Generalized  Unified  Formulation  and  changing  the  order  of  the  variables  is 
“naturally”  and  systematically  done  with  GUF.  It  is  demonstrated  that  VAPAS  achieves 
accuracy  comparable  to  a  fourth  (or  higher)  order  zig-zag  theory.  The  computational  ad¬ 
vantages  of  VAPAS  are  then  demonstrated.  The  differences  between  the  axiomatic  Zig-zag 
models  and  VAPAS  are  also  assessed.  Range  of  applicability  of  VAPAS  will  be  discussed 
in  detail  and  guidelines  for  new  developments  based  on  GUF  and  VAPAS  are  provided. 

I.  Introduction 


A.  Background  and  Motivation 

MOST  of  the  aerospace  structures  can  be  analyzed  using  shell  and  plate  models.  Accurate  theoretical 
formulations  that  minimize  the  CPU  time  without  penalties  on  the  quality  of  the  results  are  then  of 
fundamental  importance. 

The  so-called  axiomatic  models  present  the  advantage  that  the  important  physical  behaviors  of  the 
structures  can  be  modeled  using  the  “intuition”  of  eminent  scientists.  The  drawback  of  this  approach  is 
that  some  cases  are  not  adequately  modeled  because  the  starting  apriori  assumptions  might  fail.  Also, 
each  existing  approach  presents  a  range  of  applicability  and  when  the  hypotheses  used  to  formulate  the 
theory  are  no  longer  valid  the  approach  has  to  be  replaced  with  another  one  usually  named  as  “refined 
theory”  or  “improved  theory”.  In  the  framework  of  the  mechanical  case  the  Classical  Plate  Theory  (CPT), 
also  known  as  Kirchoff  theory?  has  the  advantage  of  being  simple  and  reliable  for  thin  plates.  However, 
if  there  is  strong  anisotropy  of  the  mechanic  properties,  or  if  the  composite  plate  is  relatively  thick,  other 
advanced  models  such  as  First-order  Shear  Deformation  Theory  (FSDT)  are  required?™4  Higher-order  Shear 
Deformation  Theories  (HSDT)  have  also  been  used?™7  giving  the  possibility  to  increase  the  accuracy  of 
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numerical  evaluations  for  moderately  thick  plates.  But  even  these  theories  are  not  sufficient  if  local  effects 
are  important  or  accuracy  in  the  calculation  of  transverse  stresses  is  sought.  Therefore,  more  advanced  plate 
theories  have  been  developed  to  include  zig-zag  effects?-19  In  some  challenging  cases  the  previous  type  of 
theories  are  not  sufficiently  accurate.  Therefore,  the  so-called  Layerwise  theories20-30  have  been  introduced. 
In  these  theories  the  quantities  are  layer-dependent  and  the  number  of  required  Degrees  of  Freedom  is  much 
higher  than  the  case  of  Equivalent  Single  Layer  Models. 

The  first  author  introduced  an  invariant  methodology  named  as  Generalized  Unified  Formulation31  in  which 
an  infinite  number  of  axiomatic  models  can  be  included  in  just  one  formulation.  All  the  combinations 
of  orders  (for  example  cubic  order  for  the  in-plane  displacements  and  parabolic  order  for  the  out-of-plane 
displacement)  are  possible.  Equivalent  Single  Layer  Models  (with  or  without  zig-zag  effects)  and  layerwise 
models  can  be  analyzed.  All  these  formulations  derive  from  the  expansion  of  six  lxl  arrays  which  are 
invariant  with  respect  to  the  type  of  theory  (e.g.  Equivalent  Single  Layer  or  Layerwise)  and  orders  adopted 
for  the  displacement  variables.  This  fact  makes  the  Generalized  Unified  Formulation  an  ideal  tool  to  test  and 
compare  other  possible  formulations.  In  particular,  this  paper  assesses  the  Variational  Asymptotic  Plate  and 
Shell  Analysis  (VAPAS)  introduced  by  the  second  author  and  compares  it  with  some  of  the  infinite  theories 
that  can  be  generated  from  the  six  invariant  arrays  of  the  Generalized  Unified  Formulation.  All  the  results 
are  compared  against  the  elasticity  solution  developed  by  the  first  author.  A  sandwich  plate  is  analyzed. 
Different  aspect  ratios  are  considered.  Different  Face  to  Core  Stiffness  ratios  (FCSRs)  are  adopted.  It  is 
demonstrated  that  VAPAS  gives  accurate  results  at  least  as  a  fourth-order  axiomatic  zig-zag  theory  but  with 
a  much  smaller  number  of  Degrees  of  Freedom.  The  range  of  applicability  of  the  various  theories  generated 
with  GUF  and  VAPAS  is  discussed. 

II.  Variational  Asymptotic  Plate  and  Shell  Analysis  (VAPAS):  Main  Concepts 

Mathematically,  the  approximation  in  the  process  of  constructing  a  plate  theory  stems  from  elimination 
of  the  thickness  coordinate  as  an  independent  variable  of  the  governing  equations,  a  dimensional  reduction 
process.  This  sort  of  approximation  is  inevitable  if  one  wants  to  take  advantage  of  the  relative  smallness  of  the 
thickness  to  simplify  the  analysis.  However,  other  approximations  that  are  not  absolutely  necessary  should 
be  avoided,  if  at  all  possible.  For  example,  for  geometrically  nonlinear  analysis  of  plates,  it  is  reasonable  to 
assume  that  the  thickness,  h,  is  small  compared  to  the  wavelength  of  deformation  of  the  reference  plane,  l. 
However,  it  is  unnecessary  to  assume  a  priori  some  displacement  field,  although  that  is  the  way  most  plate 
theories  are  constructed.  As  pointed  out  by  Ref.  [32],  the  attraction  of  a  priori  hypotheses  is  caused  by  our 
inability  to  extract  the  necessary  information  from  the  3D  energy  expression. 

According  to  this  line  of  logic,  Yu  and  his  co-workers  adopted  the  variational  asymptotic  method  (VAM)32 
to  develop  a  new  approach  to  modeling  composite  laminates?3-36  These  models  are  implemented  in  a  com¬ 
puter  program  named  VAPAS.  In  this  approach,  the  original  3D  anisotropic  elasticity  problem  is  first  cast 
in  an  intrinsic  form,  so  that  the  theory  can  accommodate  arbitrarily  large  displacement  and  global  rota¬ 
tion  subject  only  to  the  strain  being  small.  An  energy  functional  can  be  constructed  for  this  nonlinear  3D 
problem  in  terms  of  2D  generalized  strain  measures  and  warping  functions  describing  the  deformation  of  the 
transverse  normal: 

n  =  n(en,  Ci2,  £22,  «11,  «12,  K 22,  W\i  Wit  W3)  (1) 

Here  en,  £12,  £22,  K11,  K12,  K22  are  the  so-called  2D  generalized  strains37  and  uq,  W2,  W3  are  unknown  3D 
warping  functions,  which  characterize  the  difference  between  the  deformation  represented  by  the  2D  variables 
and  the  actual  3D  deformation  for  every  material  point  within  the  plate.  It  is  emphasized  here  that  the 
warping  functions  are  not  assumed  a  priori  but  are  unknown  3D  functions  to  be  solved  using  VAM.  Then 
we  can  employ  VAM  to  asymptotically  expand  the  3D  energy  functional  into  a  series  of  2D  functionals  in 
terms  of  the  small  parameter  h/l ,  such  that 


h  h2  h2 

n  =  n0  +  niy  +  n2-^-  +  o(-^-)  (2) 

where  Ho,  Hi,  n2  are  governing  functionals  for  different  orders  of  approximation  and  are  functions  of  2D 
generalized  strains  and  unknown  warping  functions.  The  unknown  warping  functions  for  each  approximation 
can  be  obtained  in  terms  of  2D  generalized  strains  corresponding  to  the  stationary  points  of  the  functionals, 
which  are  one-dimensional  (ID)  analyses  through  the  thickness.  Solutions  for  the  warping  functions  can  be 
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obtained  analytically  as  shown  in  Ref.  [33]  and  Ref.  [36].  After  solving  for  the  unknown  warping  functions, 
one  can  substitute  them  back  into  the  energy  functionals  in  Eq.  (1)  to  obtain  2D  energy  functionals  for  2D 
plate  analysis.  For  example,  for  the  zeroth-order  approximation,  the  2D  plate  model  of  VAPAS  is  of  the 
form 

n0  =  IIo(eil,  612,  C22,  K llj  «12,  ^22 )  (3) 

It  should  be  noted  that  the  energy  functional  for  the  zeroth-order  approximation,  IIo,  coincides  to  that  of 
CLT  but  without  invoking  the  Kirchhoff  hypothesis  and  the  transverse  normal  is  flexible  during  deformation. 

Higher-order  approximations  can  be  used  to  construct  refined  models.  For  example,  the  approximation 
through  second  order  (h2 /l2)  should  be  used  to  handle  transverse  shear  effects.  However,  there  are  two 
challenging  issues  associated  with  the  second-order  approximation: 

•  The  energy  functional  asymptotically  correct  up  through  the  second  order  is  in  terms  of  the  CLT 
generalized  strains  and  their  derivatives.  This  form  is  not  convenient  for  plate  analysis  because  the 
boundary  conditions  cannot  be  readily  associated  with  quantities  normally  specified  on  the  boundary 
of  plates. 

•  Only  part  of  the  second-order  energy  corresponds  to  transverse  shear  deformation,  and  no  physical 
interpretation  is  known  for  the  remaining  terms. 

VAPAS  uses  exact  kinematical  relations  between  derivatives  of  the  generalized  strains  of  CLT  and  the 
transverse  shear  strains  along  with  equilibrium  equations  to  meet  these  challenges.  Minimization  techniques 
are  then  applied  to  find  the  transverse  shear  energy  that  is  closest  to  the  asymptotically  correct  second-order 
energy.  In  other  words,  the  loss  of  accuracy  between  the  asymptotically  correct  model  and  a  generalized 
Reissner-Mindlin  model  is  minimized  mathematically.  For  the  purpose  of  establishing  a  direct  connection 
between  2D  Reissner-Mindlin  plate  finite  element  analysis,  the  through-thickness  analysis  is  implemented 
using  a  ID  finite  element  discretization  in  the  computer  program  VAPAS,  which  has  direct  connection  with 
the  plate/shell  elements  in  commercial  finite  element  packages  and  can  be  conveniently  used  by  application- 
oriented  engineers. 

In  comparison  to  most  existing  composite  plate  modeling  approaches,  VAPAS  has  several  unique  features: 

•  VAPAS  adopts  VAM  to  rigorously  split  the  original  geometrically-exact,  nonlinear  3D  problem  into 
a  linear,  ID,  through-the-thickness  analysis  and  a  geometrically-exact,  nonlinear,  2D,  plate  analysis. 
This  novel  feature  allows  the  global  plate  analysis  to  be  formulated  exactly  and  intrinsically  as  a 
generalized  2D  continuum  over  the  reference  plane  and  routes  all  the  approximations  into  the  through- 
the-thickness  analysis,  the  accuracy  of  which  is  guaranteed  to  be  the  best  by  use  of  the  VAM.  The 
optimization  procedure  minimizes  the  loss  of  information  in  recasting  the  model  to  the  generalized 
Reissner-Mindlin  form. 

•  No  kinematical  assumptions  are  invoked  in  the  derivation.  All  deformation  of  the  normal  line  element 
is  correctly  described  by  the  warping  functions  within  the  accuracy  of  the  asymptotic  approximation. 

•  VAPAS  does  not  rely  on  integration  of  the  3D  equilibrium  equations  through  the  thickness  to  obtain 
accurate  distributions  of  transverse  normal  and  shear  strains  and  stresses. 

•  VAPAS  exactly  satisfies  all  continuity  conditions,  including  those  on  both  displacement  and  stress,  at 
the  interfaces  as  well  as  traction  conditions  on  the  top  and  bottom  surfaces. 

III.  Generalized  Unified  Formulation:  Main  Concepts 

A.  Classification  of  the  Theories  Obtained  Using  GUF 

The  main  feature  of  the  Generalized  Unified  Formulation  is  that  the  descriptions  of  Layerwise  Theories, 
Higher-order  Shear  Deformation  Theories  and  Zig-Zag  Theories  of  any  combination  of  orders  do  not  show 
any  formal  differences  and  can  all  be  obtained  from  six  invariant  kernels.  So,  with  just  one  theoretical  model 
an  infinite  number  of  different  approaches  can  be  considered.  For  example,  in  the  case  of  moderately  thick 
plates  a  higher  order  theory  could  be  sufficient  but  for  thick  plates  layerwise  models  may  be  required.  With 
GUF  the  two  approaches  are  formally  identical  because  the  kernels  are  invariant  with  respect  to  the  type  of 
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theory. 


In  the  present  work  the  concepts  of  type  of  theory  and  class  of  theories  are  introduced.  The  following 
types  of  displacement-based  theories  are  discussed.  The  first  type  is  named  as  Advanced  Higher-order  Shear 
Deformation  Theories  (AHSDT).  These  theories  are  Equivalent  Single  Layer  models  because  the  displace¬ 
ment  field  is  unique  and  independent  of  the  number  of  layers.  The  effects  of  the  transverse  normal  strain 
ezz  are  retained. 

The  second  type  of  theories  is  named  as  Advanced  Higher-order  Shear  Deformation  Theories  with  Zig-Zag 
effects  included  (AHSDTZ).  These  theories  are  Equivalent  Single  Layer  models  and  the  so  called  Zig-Zag 
form  of  the  displacements  is  taken  into  account  by  using  Murakami’s  Zig-Zag  Function  (MZZF).  The  effects 
of  the  transverse  normal  strain  ezz  are  included.  The  third  type  of  theories  is  named  Advanced  LayerWise 
Theories  (ALWT).  These  theories  are  the  most  accurate  ones  because  all  the  displacements  have  a  layerwise 
description.  The  effects  of  the  transverse  normal  strain  ezz  are  included  as  well.  These  models  are  necessary 
when  local  effects  need  to  be  described.  The  price  is  of  course  (in  FEM  applications)  in  higher  computa¬ 
tional  time.  An  infinite  number  of  theories  which  have  a  particular  logic  in  the  selection  of  the  used  orders  of 
expansion  is  defined  as  class  of  theories.  For  example,  the  infinite  layerwise  theories  which  have  the  displace¬ 
ments  ux,  uy  and  uz  expanded  along  the  thickness  with  a  polynomial  of  order  N  are  a  class  of  theories.  The 
infinite  theories  which  have  the  in-plane  displacements  ux  and  uy  expanded  along  the  thickness  with  order 
N,  the  out  of  plane  displacement  expanded  along  the  thickness  with  order  N  —  1  are  another  class  of  theories. 


B.  Basic  Idea  and  Theoretical  Formulation 

Both  layerwise  and  Equivalent  Single  Layer  models  are  axiomatic  approaches  if  the  unknowns  are  expanded 
along  the  thickness  by  using  a  chosen  series  of  functions. 

When  the  Principal  of  Virtual  Displacements  is  used,  the  unknowns  are  the  displacements  ux,  uv  and  uz. 
When  other  variational  statements  are  used  the  unknowns  may  also  be  all  or  some  of  the  stresses  and  other 
quantities  as  well  (multifield  case). 

The  Generalized  Unified  Formulation  is  introduced  here  considering  a  generic  layer  k  of  a  multilayered  plate 
structure.  This  is  the  most  general  approach  and  the  Equivalent  Single  Layer  theories,  which  consider  the 
displacement  unknowns  to  be  layer-independent,  can  be  derived  from  this  formulation  with  some  simple 
formal  techniques?1  Consider  a  theory  denoted  as  Theory  I,  in  which  the  displacement  in  x  direction  ux  has 


i 

1  z 

i 

k 

“topi  Layer  k 

Zbo‘it 

Middle  plane 
(reference  plane) 

Figure  1.  Multilayered  plate:  notations  and  definitions. 

four  Degrees  of  Freedom.  Here  by  Degrees  of  Freedom  it  is  intended  the  number  of  unknown  quantities  that 
are  used  to  expand  a  variable.  In  the  case  under  examination  four  Degrees  of  Freedom  for  the  displacement 
ux  means  that  four  unknowns  are  considered.  Each  unknown  multiplies  a  known  function  of  the  thickness 
coordinate  z.  Where  the  origin  of  the  coordinate  2  is  measured  is  not  important.  However,  from  a  practical 
point  of  view  it  is  convenient  to  assume  that  the  middle  plane  of  the  plate  is  also  the  plane  with  z  =  0.  This 
assumption  does  not  imply  that  there  is  a  symmetry  with  respect  to  the  plane  z  =  0.  The  formulation  is 
general. 


4  of  20 


American  Institute  of  Aeronautics  and  Astronautics 


For  layer  k  the  following  relation  holds:  Zbotk  <  z  <  ztoPk.  Zbotk  is  the  global  coordinate  z  of  the  bottom 
surface  of  layer  k  and  ZtoPfc  is  the  global  coordinate  z  of  the  top  surface  of  layer  k  (see  Figure  1).  hk  = 
zt0pfc  —  ^botfe  is  the  thickness  of  layer  k  and  h  is  the  thickness  of  the  plate. 

In  the  case  of  Theory  I,  uk  is  expressed  as  follows: 


ukx  ( x,y,z ) 


known  unknown#!  known  unknown#2 


known  unknown#3  known  unknown#4 


-^botfc  ^  ^  ^-topfc 


(4) 


The  functions  fk  (z),  fk  (2),  fk  (z)  and  fk  (z)  are  known  functions  (axiomatic  approach).  These  functions 
could  be,  for  example,  a  series  of  trigonometric  functions  of  the  thickness  coordinate  z.  Polynomials  (or  even 
better  orthogonal  polynomials)  could  be  selected.  In  the  most  general  case  each  layer  has  different  functions. 
For  example,  fk  (z)  7^  fk+1  (z).  The  next  formal  step  is  to  modify  the  notation. 

The  following  functions  are  defined: 


xFtk  (z)  =  fk  (z) 
xFk  (z)  =  /|  (z) 

The  logic  behind  these  definitions  is  the  following.  The  first  function  fk  (z)  is  defined  as  xFfk .  Notice  the 
superscript  x.  It  was  added  to  clarify  that  the  displacement  in  x  direction,  uk,  is  under  investigation.  The 
subscript  t  identifies  the  quantities  at  the  “top”  of  the  plate  and,  therefore,  are  useful  in  the  assembling  of 
the  stiffness  matrices  in  the  thickness  direction  (see  Ref.  [31]). 

The  last  function  fk  (z)  is  defined  as  xFk .  Notice  again  the  superscript  x.  The  subscript  b  means  “bottom” 
and,  again,  its  utility  is  discussed  in  Ref.  [31]. 

The  intermediate  functions  fk  (z)  and  fk  (z)  are  defined  simply  as  XF and  xFk .  To  be  consistent  with  the 
definitions  of  equation  5,  the  following  unknown  quantities  are  defined: 

ukXt  (x,  y)  =  ukXi  (x,  y)  ukb  (x,  y )  =  ukXi  (x,  y)  (6) 

Using  the  definitions  reported  in  equations  5  and  6,  equation  4  can  be  rewritten  as 


xFk  (z)  =  fk  (z) 
xFk  (z)  =  fk  (z) 


uk(x,y,z)  = 


unknown#  1  known 

,k  ( ^  n.\  1  xrpk  ( „,k 


unknown#2 


known 

(x,y)+xFk(z)-ukX2  (x,y) 

7k  (  „.k 


x2 

,k 


:p3  {z):  <3  {x,y)  +  xFb  (z)  -  uXb  (x,y) 


3 

known 


x3 

unknown#3 


•^botfe  ^  %  —  ^topfc 


known  unknown#4 


(7) 


It  is  supposed  that  each  function  of  z  is  a  polynomial.  The  order  of  the  expansion  is  then  3  and  indicated  as 
Nk  .  Each  layer  has  in  general  a  different  order.  Thus,  in  general  Nk  7^  7S^+1.  If  the  functions  of  z  are  not 
polynomials  (for  example,  this  is  the  case  if  trigonometric  functions  are  used)  then  Nk  is  just  a  parameter 
related  to  the  number  of  terms  or  Degrees  of  Freedom  used  to  describe  the  displacement  uk  in  the  thickness 
direction.  The  expression  representing  the  displacement  uk  (see  equation  7)  can  be  put  in  a  compact  form 
typical  of  the  Generalized  Unified  Formulation  presented  here.  In  particular  it  is  possible  to  write: 


(x,  y,  z)  =  xFk  (z) 


(x,y) 


QLt> 


=  Ulb:  1  =  2 . Nk 


(8) 


where,  in  the  example,  IV*  =  3.  The  thickness  primary  master  index  a  has  the  subscript  ux.  This  subscript 
from  now  on  will  be  called  slave  index.  It  is  introduced  to  show  that  the  displacement  ux  is  considered. 
Figure  2  explains  these  definitions.  Consider  another  example.  Suppose  that  the  displacement  uk  of  a 
particular  theory  is  expressed  with  3  Degrees  of  Freedom.  In  that  case  it  is  possible  to  write: 


uk  (, x,y,z ) 


known  unknown#  1  known  unknown#2  known  unknown#3 

/f  (z)  ■  ukXl  (x,  y)  + /2fc  (z)  •  Uk2  (x,  y)  +  /3fc  (z)  •  uk3  (x,  y) 


(9) 
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Thickness  Primary 
Master  Index 


Figure  2.  Generalized  Unified  Formulation.  Master  and  slave  indices. 


By  adopting  the  definitions  earlier  used  for  the  case  of  4  Degrees  of  Freedom  it  is  possible  to  rewrite  equation 
9  in  the  following  equivalent  form: 


uhx  ( x,y,z ) 


known  unknown#  1  known  unknown#2  known  unknown#3 

xpt  (z)  •  ukXt  (x,  y )  +  F$  (z)  ■  uk2  {x,  y)  +  xFg  (z)  ■  ukXb  (x,  y) 


(10) 


which  can  be  put  again  in  the  form  shown  in  equation  8  with  Nk  =2.  In  general  Nk  is  DOFk —  1,  where 
DOFk  is  the  number  of  Degrees  of  Freedom  (at  layer  level)  used  for  the  displacement  uk.  In  the  case  of 
Zig-Zag  theories  it  is  possible  to  demonstrate  that  IV*  =  DOFk —  2  because  one  Degree  of  Freedom  is  used 
for  the  Zig-Zag  function. 

The  minimum  number  of  Degrees  of  Freedom  is  chosen  to  be  2.  This  is  a  choice  used  to  facilitate  the 
assembling  in  the  thickness  direction.  In  fact,  the  “top”  and  “bottom”  terms  will  be  always  present.  In  the 
case  in  which  DOFk  =  2  the  Generalized  Unified  Formulation  is  simply 


\{x,y,z)=  xFk  (z) 


(x,y) 


=  t,b 


(11) 


In  this  particular  case  the  “l  ”  term  of  equation  8  is  not  present. 

An  infinite  number  of  theories  can  be  included  in  equation  8.  It  is  in  fact  sufficient  to  change  the  value  of 
Nk  .  It  should  be  observed  that  formally  there  is  no  difference  between  two  distinct  theories  (obtained  by 
changing  Nk  ).  It  is  deduced  that  oo1  theories  can  be  represented  by  equation  8. 

The  other  displacements  uk  and  uk  can  be  treated  in  a  similar  fashion.  The  Generalized  Unified  Formulation 
for  all  the  displacements  is  the  following: 


3 

£ 

II 

3 

+ 

xFmkxl 

+  xFb<  = 

xp  ,.k 

1  OLU:c  “in.. 

^5  ^7  ^7 

1  =  2,. 

NUa> 

<  =  yF< 

+ 

yFmUkyrr 

.  +  VF»<  = 

yF  vk 

“'ll  ayaUy 

aUy  =  t,m,b\ 

m  =  2, . 

NUy 

<  =  zFtukZt 

+ 

zFnukn 

+  zFbukZb  = 

ZF  nk 

rs  uzaUz 

OiUz  -  ^7  ^7  ^7 

n  =  2, .. 

-,NUz 

In  equation  12,  for  simplicity  it  is  assumed  that  the  type  of  functions  is  the  same  for  each  layer  and  that 
the  same  number  of  terms  is  used  for  each  layer.  This  assumption  will  make  it  possible  to  adopt  the  same 
Generalized  Unified  Formulation  for  all  types  of  theories,  and  layerwise  and  equivalent  single  layer  theories 
will  not  show  formal  differences.  This  concept  means,  for  example,  that  if  displacement  uy  is  approximated 
with  five  terms  in  a  particular  layer  k  then  it  will  be  approximated  with  five  terms  in  all  layers  of  the 
multilayered  structure. 

Each  displacement  variable  can  be  expanded  in  oo1  combinations.  In  fact,  it  is  sufficient  to  change  the 
number  of  terms  used  for  each  variable.  Since  there  are  three  variables  (the  displacements  ux,  uy  and  uz), 
it  is  concluded  that  equation  12  includes  oo3  different  theories.  In  equation  12  the  quantities  are  defined  in 
a  layerwise  sense  but  it  can  be  shown  that  the  same  concept  is  valid  for  the  Equivalent  Single  Layer  cases 
too  (see  Ref.  [31]). 

It  can  be  shown  that  when  a  theory  generated  by  using  GUF  has  the  orders  of  the  expansions  of  all  the 
displacements  equal  to  each  other,  the  results  are  numerically  identical  to  the  ones  that  can  be  obtained  by 
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using  Carrera’s  Unified  Formulation  (see  Ref.  [30]). 


C.  Acronyms  Used  to  Identify  a  Generic  Theory  Obtained  by  Using  GUF 

Three  types  of  displacement-based  theories  can  be  obtained.  As  stated  above,  the  first  type  is  named 
Advanced  Higher-order  Shear  Deformation  Theories  (AHSDT).  A  AHSDT  theory  with  orders  of  expansion 
NUx,  NUy  and  Nu,  for  the  displacements  ux,  uy  and  uz  respectively,  is  denoted  as  EDNyn.N^yNu.  ■  “E”  stands 
for  “Equivalent  Single  Layer”  and  “D”  stands  for  “Displacement-based”  theory. 

With  similar  logic,  it  is  possible  to  define  acronyms  for  the  second  type  (Advanced  Higher-order  Shear 
Deformation  Theories  with  Zig-Zag  effects  included  (AHSDTZ))  and  for  the  third  type  of  theories  (Advanced 
LayerWise  Theories  (ALWT)).  The  acronyms  are  EDZNUxNUyNu„  and  LDNyxNUyNUz  (more  details  can  be 
found  in  Ref.  [31]).  For  example,  a  AHSDTZ  theory  with  cubic  orders  for  all  the  displacements  is  indicated 
as  EDZ333  whereas  a  ALWT  theory  with  parabolic  orders  for  all  the  displacements  is  indicated  as  ££>222- 

IV.  Results 


b  =  3a 

h  lower  skin  = 
h  upper  skin  = 


h 
10 
2  h 
10 


P'z(x,y)  =:P‘  sin  jnfL  sin  EPL 


Figure  3.  Test  Case  2.  Geometry  of  the  plate  sandwich  structure. 


The  multilayered  structure  is  a  sandwich  plate  (see  Figure  3)  made  of  two  skins  and  a  core  [/iiower  skin  = 
h/ 10;  hUpperskin  =  2/i/10;  hcole  =  (7/10 )h],  It  is  also  =  5/4.  The  plate  is  simply  supported  and 

the  load  is  a  sinusoidal  pressure  applied  at  the  top  surface  of  the  plate  (m  =  n  =  1).  Different  cases  are 
proposed  here: 

•  Face-to-Core  Stiffness  Ratio  =  FCSR  =  •Eloiyer  skin  =  101;  alh  =  4, 10, 100 

-C'core  ' 

•  Face-to-Core  Stiffness  Ratio  =  FCSR  =  °kin  =  105;  a/h  =  4, 100 

-C'core  ' 

As  far  as  Poisson’s  ratio  is  concerned,  the  following  values  are  used:  flower  skin  =  t'upper  skin  =  Wore  =  v  = 
0.34.  In  all  cases  b  =  3a.  In  this  test  case  there  is  no  symmetry  with  respect  the  plane  2  =  0.  The  following 
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non-dimensional  quantities  are  introduced: 


&  ZX 
&XX 


JTzx. 


a 


zy  ~ 

ayy  '' 


zpt[ay 

.  Gyy 

^‘(f)2 


®xy 


°  xy 

zpt(rT 


(13) 


All  the  results  have  been  compared  with  the  solution  obtained  by  solving  the  “exact”  problem?8  The  exact 
value  is  indicated  with  the  terminology  “elasticity”  and  is  the  reference  value  corresponding  to  the  solution 
of  the  differential  equations  that  govern  the  problem.  The  details  of  this  elasticity  solution  are  here  omitted 
for  brevity. 

Tables  1  and  2  compare  a  ALWT,  AHSDT,  AHSDTZ  and  VAPAS  with  VAPASO  denotes  the  zeroth- 
order  approximation  of  VAPAS  according  to  Eq.  (3).  As  shown  in  Table  1,  VAPASO  has  a  similar  prediction 
for  transverse  deflection  as  EDm  for  a  thick  plate  ( a/h  =  4)  for  both  FCSR  =  10  and  FCSR  =  105. 
It  is  noted  that  EDm  is  very  similar  to  CLT  with  a  flexible  transverse  normal.  For  thin  plates  with 
mild  modulus  contrast,  VAPASO  has  an  accuracy  similar  to  higher-order  theories  without  zigzag  effects 
(EDm,  ED555,  EDm).  For  thin  plates  with  big  modulus  contrast  (FCSR  =  105) ,  VAPASO  has  an  accuracy 
similar  to  EDm ■  VAPAS  results  for  the  deflection  prediction  are  generally  better  than  VAPASO  and  has 
an  accuracy  comparable  to  higher-order  theories  with  zig-zag  effects  such  as  EDZm  and  higher.  The  only 
anomaly  case  is  that  for  thick  plates  with  the  big  modulus  contrast,  VAPAS  results  are  not  meaningful. 
This  could  be  explained  that  VAPAS  is  not  constructed  for  such  an  extreme  case.  Note  in  Eq.  (2),  only 
the  geometrical  small  parameter  h/a  is  used  for  the  asymptotical  expansion,  yet  for  this  extreme  case,  the 
modulus  contrast  is  a  much  smaller  parameter  than  h/a.  Hence,  it  is  suggested  that  VAPAS  is  not  suitable 
for  thick  sandwich  plates  with  huge  modulus  contrast.  Note  for  the  sandwich  plate  with  a/h  =  100  and 
FCSR  =  105,  VAPAS  predicts  reasonably  well.  Later  we  will  use  more  examples  to  demonstrate  that  for 
moderate  modulus  contrast,  VAPAS  actually  has  a  very  good  prediction.  Similar  observations  can  be  made 
about  the  stress  prediction  as  shown  in  Table  2.  It  is  worthy  to  point  out  that  VAPAS  plate  model  only  uses 
three  DOFs  for  its  zeroth-order  approximation  and  five  DOFs  for  its  first-order  approximation.  The  2D  plate 
element  of  VAPAS  is  the  same  as  a  FOSDT  and  is  more  efficient  than  all  the  theories  listed  in  the  tables. 
In  other  words,  VAPAS  presents  a  great  compromise  between  the  accuracy  of  the  results  and  the  number  of 
DOFs.  Tables  3-11  present  a  relatively  thick  sandwich  plate  with  FCSR  =  10.  The  out-of-plane  stresses 
are  not  unknowns  of  the  displaced-based  theories  based  on  GUF  (this  is  not  the  case  if  a  mixed  variational 
theorem  is  used).  Therefore,  they  can  be  calculated  a  posteriori  by  using  Hooke’s  law  or  by  integrating 
the  equilibrium  equations.  The  first  approach  is  usually  not  satisfactory  for  ESL  theories.  Therefore,  all 
the  axiomatic  results  presented  in  this  work  report  the  transverse  stresses  calculated  by  integrating  the 
equilibrium  equations.  In  all  cases  it  is  possible  to  see  that  VAPAS  has  an  accuracy  comparable  or  superior 
to  AHSDTZ.  For  this  particular  case  we  tested,  VAPAS  has  a  similar  accuracy  as,  or  for  most  cases  better, 
than  EDZ555  for  displacement  prediction  and  in-plane  stress  and  transverse  normal  stress  prediction  and 
its  accuracy  is  similar  to  LD-222-  For  transverse  shear  stresses,  VAPAS  predicts  similar  values  as  EDZ 555. 
However,  if  integration  through  the  thickness  is  not  used  to  obtain  such  values,  ED 555  will  be  expected 
to  be  worse  than  VAPAS  results.  For  moderate  FCSR  values  and  thick  plates  (a/4  =  4,  see  Figures  4- 
7,  VAPAS  presents  results  that  can  be  comparable  of  the  results  obtained  by  using  the  axiomatic  zig-zag 
theory  EDZm-  This  is  particularly  evident  in  figure  7.  However,  the  VAPAS  plate  model  only  requires  five 
DOFs,  which  is  only  less  than  20%  of  the  computational  cost  one  would  need  for  EDZm  (27  DOFs).  It  is 
also  noted,  VAPAS  plate  model  remains  the  same  as  the  well-known  Reissner-Mindlin  elements  universally 
available  in  all  commercial  finite  element  packages. 

The  Equivalent  Single  Layer  and  Layerwise  axiomatic  theories  presented  in  this  paper  and  a  virtually  infinite 
number  of  other  theories  can  be  implemented  in  a  single  FEM  code  based  on  the  Generalized  Unified 
Formulation.  Accuracy  and  CPU  time  requirements  can  be  easily  met  with  an  appropriate  selection  of  the 
type  of  theory  and  the  orders  used  in  the  expansions  of  the  displacements. 
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Table  1. 
deflection) 


a/h 

4 

100 

FCSR  =  101 

Elasticity 

3.01123 

Err.% 

1.51021 

Err.%o 

DOF 

LDni 

2.98058 

(-1.02) 

1.47242 

(-2.50) 

12 

LD  222 

3.00982 

(-0.05) 

1.51021 

(0.00) 

21 

LD555 

3.01123 

(0.00) 

1.51021 

(0.00) 

48 

EDin 

1.58218 

(-47.5) 

1.10845 

(-26.6) 

6 

ED  4.4.4 

2.79960 

(-7.03) 

1.50989 

(-0.02) 

15 

ed555 

2.84978 

(-5.36) 

1.50996 

(-0.02) 

18 

ED777 

2.86875 

(-4.73) 

1.50999 

(-0.01) 

24 

EDZm 

2.34412 

(-22.2) 

1.15866 

(-23.3) 

9 

ED  ^444 

2.97886 

(-1.07) 

1.51017 

(0.00) 

18 

edz555 

2.98737 

(-0.79) 

1.51018 

(0.00) 

21 

ED  Z777 

2.99670 

(-0.48) 

1.51019 

(0.00) 

27 

VAPAS0 

1.5136 

(-49.7) 

1.50788 

(-0.15) 

3 

VAPAS 

3.0198 

(0.28) 

1.5102 

(0.00) 

5 

FCSR  =  105 

Elasticity 

1.31593  •  10"02 

Err.% 

2.08948  •  10"°3 

Err.%o 

LDni 

9.79008  •  10"03 

(-25.6) 

1.96509  •  10"°3 

(-5.95) 

12 

LD222 

1.31471  •  10~°2 

(-0.09) 

2.08948  •  10"°3 

(0.00) 

21 

LD555 

1.31593  •  10"°2 

(0.00) 

2.08949  •  10"°3 

(0.00) 

48 

EDui 

1.79831  •  10"°4 

(-98.6) 

1.19941  •  10"°4 

(-94.3) 

6 

ED444 

1.16851  •  10"°3 

(-91.1) 

1.64835  •  10"°4 

(-92.1) 

15 

ed555 

4.29224  •  10"°3 

(-67.4) 

1.73120  •  10"°4 

(-91.7) 

18 

ED777 

1.08119  ■  10"°2 

(-17.8) 

2.96304  •  10"°4 

(-85.8) 

24 

EDZm 

8.36735  •  10"04 

(-93.6) 

1.63329  •  10"°4 

(-92.2) 

9 

EDZ 444 

1.26288  •  10"°2 

(-4.03) 

1.16305  •  10"°3 

(-44.3) 

18 

edz555 

1.30409  ■  10"°2 

(-0.90) 

1.78411  •  10"°3 

(-14.6) 

21 

E  D  Z 777 

1.31363  •  10"°2 

(-0.17) 

2.02060  •  10"°3 

(-3.30) 

27 

VAPAS0 

1.6421  •  10"04 

(-98.7) 

1.6314- 10"°4 

(-92.2) 

3 

VAPAS 

1.49076 

(>  100) 

2.4667  •  10"03 

(18.0) 

5 

Comparison  of  various  theories  to  evaluate  the  transverse  displacements  amplitude  (center  plate 


in  z  =  z. 


_  upper  skin  _ 


'bottom 


=  Ah,  x  =  a/2,  y  =  6/2. 


9  of  20 


American  Institute  of  Aeronautics  and  Astronautics 


a/h 

4 

Err. 

100 

Err. 

FCSR  =  101 

Elasticity 

0.32168 

Err.% 

0.33176 

Err.% 

DOF 

LDm 

0.31730 

(-1.36) 

0.32345 

(-2.50) 

12 

LD  222 

0.32142 

(-0.08) 

0.33176 

(0.00) 

21 

LD  555 

0.32168 

(0.00) 

0.33176 

(0.00) 

48 

EDin 

0.33178 

(+3.14) 

0.33178 

(+0.01) 

6 

ED 444 

0.33240 

(+3.33) 

0.33178 

(+0.01) 

15 

ed555 

0.32884 

(+2.23) 

0.33178 

(+0.01) 

18 

ED777 

0.32707 

(+1.68) 

0.33177 

(0.00) 

24 

EDZm 

0.34184 

(+6.27) 

0.34497 

(+3.98) 

9 

ED  Z 444 

0.32913 

(+2.32) 

0.33178 

(+0.01) 

18 

edz555 

0.32755 

(+1.82) 

0.33177 

(0.00) 

21 

ED  Z777 

0.32530 

(+1.12) 

0.33177 

(+0.00) 

27 

VAPASo 

0.33178 

(+3.14) 

0.33178 

(+0.01) 

3 

VAPAS 

0.31037 

(-3.5) 

0.33175 

(+0.00) 

5 

FCSR  =  105 

Elasticity 

5.40842  •  10"04 

Err.% 

0.27797 

Err.% 

LDm 

1.05700  •  10"04 

(-80.5) 

0.26143 

(-5.95) 

12 

LD  222 

5.37740  •  10"04 

(-0.57) 

0.27797 

(0.00) 

21 

ld555 

5.40842  •  10"04 

(0.00) 

0.27797 

(0.00) 

48 

EDiu 

0.33242 

(>  100) 

0.33242 

(+19.6) 

6 

ED 444 

0.30529 

(>  100) 

0.33238 

(+16.6) 

15 

ed555 

0.21639 

(>  100) 

0.33214 

(+19.5) 

18 

ed777 

3.96907  •  10"02 

(>  100) 

0.32865 

(+18.2) 

24 

ED  Z\\\ 

0.30971 

(>  100) 

0.33077 

(+19.0) 

9 

EDZ444 

6.84336  •  10~03 

(>  100) 

0.30392 

(+9.34) 

18 

edz555 

1.87520  •  10"03 

(>  100) 

0.28655 

(+3.09) 

21 

edz777 

8.02443  •  10"04 

(+48.4) 

0.27994 

(+0.71) 

27 

VAPASq 

0.33242 

(>  100) 

0.33242 

(+19.6) 

3 

VAPAS 

0.30592 

(>  100) 

0.33238 

(+16.6) 

5 

Table  2.  Comparison  of  various  theories  to  evaluate  the  transverse  shear  stress  azx  = 


_  upper  skin 


'‘'bottom 


x  =  0,  y  =  6/2.  The  indefinite  equilibrium  equations  have  been  integrated  along  the  thickness. 
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a/h 


10 


FCSR 

=  101 

Elasticity 

-0.11087- 

10-of 

Err.% 

DOF 

LDin 

-0.10800  • 

10-of 

(-2.59) 

12 

LD  222 

-0.11085  • 

10-of 

(-0.01) 

21 

LD  333 

-0.11087- 

10-01 

(-0.00) 

30 

LD444 

-0.11087- 

10-01 

(-0.00) 

39 

EDin 

-0.08627  • 

10-01 

(-22.2) 

6 

ED  222 

-0.11736  • 

10-01 

(+5.85) 

9 

ED333 

-0.11358  • 

10-01 

(+2.45) 

12 

ED444 

-0.11316  • 

10-01 

(+2.07) 

15 

ed555 

-0.11242  • 

10-01 

(+1.40) 

18 

EDZm 

-0.08696  • 

10-01 

(-21.6) 

9 

EDZ222 

-0.11161  • 

10-01 

(+0.67) 

12 

EDZ333 

-0.11166  • 

10-of 

(+0.71) 

15 

ED  Z 444 

-0.11164- 

10-of 

(+0.69) 

18 

EDZ333 

-0.11146  • 

10-of 

(+0.53) 

21 

VAPAS 

-0.111009 

IQ-01 

(+0.13) 

5 

Table  3.  Comparison  of  various  theories  to  evaluate  the  in-plane  displacement  ux 


upper  skin 
"‘'bottom 


jfih,  x  =  0 ,  y  =  b/2. 


Ux 


*ptHb3 


in  2: 


a/h 

10 

Elasticity 

-0.36956  • 

FCSR 

10-02 

=  101 
Err.% 

DOF 

LDin 

-0.36000  • 

IQ-02 

(-2.59) 

12 

LD222 

-0.36952  • 

IQ-02 

(-0.01) 

21 

LD333 

-0.36956  • 

IQ-02 

(-0.00) 

30 

LD 444 

-0.36956  • 

IQ-02 

(-0.00) 

39 

EDin 

-0.28757  • 

IQ-02 

(-22.2) 

6 

ED222 

-0.39120  • 

IQ-02 

(+5.85) 

9 

ED333 

-0.37860  • 

IQ-02 

(+2.45) 

12 

ED 444 

-0.37721  • 

IQ-02 

(+2.07) 

15 

ed555 

-0.37473  • 

IQ-02 

(+1.40) 

18 

EDZm 

-0.28986  ■ 

IQ-02 

(-21.6) 

9 

EDZ222 

-0.37204  • 

l0-O2 

(+0.67) 

12 

EDZ333 

-0.37220  • 

IQ-02 

(+0.71) 

15 

ED  .2/444 

-0.37213  • 

IQ-02 

(+0.69) 

18 

EDZ333 

-0.37153  • 

IQ-02 

(+0.53) 

21 

VAPAS 

-0.37003  • 

l0-O2 

(+0.13) 

5 

Table  4.  Comparison  of  various  theories  to  evaluate  the  in-plane  displacement  uy 


upper  skin 
"‘"bottom 


x  =  a/2,  y  =  0. 
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a/h  10 

FCSR  =  101 


Elasticity 

1.74265 

Err.% 

DOF 

LDm 

1.70908 

(-1.93) 

12 

LD  222 

1.74247 

(-0.01) 

21 

LD  333 

1.74265 

(-0.00) 

30 

-LZ1444 

1.74265 

(-0.00) 

39 

ED  in 

1.18207 

(-32.2) 

6 

ED222 

1.58561 

(-9.01) 

9 

ED333 

1.70006 

(-2.44) 

12 

ED^i/i 

1.71032 

(-1.85) 

15 

ED555 

1.71796 

(-1.42) 

18 

EDZm 

1.34741 

(-22.7) 

9 

EDZ222 

1.73669 

(-0.34) 

12 

edz333 

1.73805 

(-0.26) 

15 

EDZ444 

1.73836 

(-0.25) 

18 

edz555 

1.73938 

(-0.19) 

21 

VAPAS 

1.74265 

(+0.00) 

5 

Table  5.  Comparison  of  various  theories  to  evaluate  the  transverse  displacements  amplitude  (center  plate 
deflection)  uz  =  uz  4  in  z  =  z3omkm  =  Wh’  x  =  a/2’  V  =  b/2- 


a/h  10 

FCSR  =  101 


Elasticity 

0.33146 

Err.% 

DOF 

ED  in 

0.26290 

(-20.7) 

12 

LD222 

0.33169 

(+0.07) 

21 

ld333 

0.33144 

(-0.00) 

30 

L  l  )  \  \  :\ 

0.33146 

(+0.00) 

39 

EDiu 

0.36049 

(+8.76) 

6 

ED222 

0.35272 

(+6.41) 

9 

ed333 

0.34357 

(+3.65) 

12 

ED444 

0.34649 

(+4.54) 

15 

ed333 

0.34260 

(+3.36) 

18 

EDZm 

0.35807 

(+8.03) 

9 

EDZ222 

0.32847 

(-0.90) 

12 

edz333 

0.33559 

(+1.25) 

15 

EDZ444 

0.33753 

(+1.83) 

18 

edz555 

0.33678 

(+1.60) 

21 

VAPAS 

0.33364 

(+0.66) 

5 

Table  6. 


Comparison  of  various  theories  to  evaluate  the  in-plane  normal  stress  dxx  = 


(Txx  •  .  _  upper  skin  _ 

zpt^ay  in2-  ^bottom  — 


~h,  x  =  a/2,  y  =  6/2.  Note  that  this  stress  is  not  a  continuous  function  on  the  thickness  direction.  Hooke’s  law 
has  been  used. 
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a/h  10 

FCSR  =  101 


Elasticity 

0.14662 

Err.% 

DOF 

LDm 

0.08285 

(-43.5) 

12 

LD  222 

0.14688 

(+0.17) 

21 

ld333 

0.14660 

(-0.01) 

30 

LD 444 

0.14662 

(+0.00) 

39 

0.21666 

(+47.8) 

6 

££>222 

0.15706 

(+7.12) 

9 

ed333 

0.15421 

(+5.18) 

12 

ED 444 

0.15783 

(+7.64) 

15 

££555 

0.15518 

(+5.84) 

18 

EDZin 

0.21309 

(+45.3) 

9 

EDZ222 

0.14239 

(-2.88) 

12 

edz333 

0.14943 

(+1.92) 

15 

EDZ444 

0.15141 

(+3.27) 

18 

edz555 

0.15095 

(+2.95) 

21 

VAPAS 

0.14758 

(+0.65) 

5 

Table  7.  Comparison  of  various  theories  to  evaluate  the  in-plane  normal  stress  ayy 


avv  |n  .  _  upper  skin  _ 
zpt^a^2  ^bottom 


~h,  x  =  a/2,  y  =  b/2.  Note  that  this  stress  is  not  a  continuous  function  on  the  thickness  direction.  Hooke’s  law 
has  been  used. 


a/h 

10 

Elasticity 

-0.69314- 

FCSR 

10-0! 

=  101 
Err.% 

DOF 

££>111 

-0.67520  • 

10-0! 

(-2.59) 

12 

££>222 

-0.69305  • 

IQ-0! 

(-0.01) 

21 

££>333 

-0.69314- 

10-0! 

(-0.00) 

30 

L  D  4,4,4 

-0.69314- 

io-01 

(-0.00) 

39 

££>111 

-0.53936  • 

10-01 

(-22.2) 

6 

££>222 

-0.73372  ■ 

10-01 

(+5.85) 

9 

££>333 

-0.71010  • 

10-01 

(+2.45) 

12 

ED 444 

-0.70749  • 

10-01 

(+2.07) 

15 

££>555 

-0.70283  • 

IO"01 

(+1.40) 

18 

EDZm 

-0.54366  • 

10-0! 

(-21.6) 

9 

EDZ222 

-0.69779  • 

10-01 

(+0.67) 

12 

edz333 

-0.69808  • 

IO"01 

(+0.71) 

15 

EDZ 444 

-0.69795  • 

io-01 

(+0.69) 

18 

££>£555 

-0.69684  • 

io-01 

(+0.53) 

21 

VAPAS 

-0.69775  • 

io-01 

(+0.67) 

5 

Table  8.  Comparison  of  various  theories  to  evaluate  the  in-plane  shear  stress  axy 


&xv  •  upper  skin 

«Pt(a)*  111  *  =  ^bottom  = 


yjj/i,  x  =  0,  y  =  0.  Note  that  this  stress  is  not  a  continuous  function  on  the  thickness  direction.  Hooke’s  law  has 
been  used. 
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a/h  10 


FCSR  =  101 


Elasticity 

0.32998 

Err.% 

DOF 

LDin 

0.32242 

(-2.29) 

12 

LD  222 

0.32994 

(-0.01) 

21 

LD  333 

0.32998 

(-0.00) 

30 

+.D444 

0.32998 

(-0.00) 

39 

EDin 

0.33178 

(+0.55) 

6 

ED222 

0.33210 

(+0.64) 

9 

ED333 

0.33081 

(+0.25) 

12 

ED 444 

0.33178 

(+0.54) 

15 

ed555 

0.33117 

(+0.36) 

18 

EDZm 

0.34444 

(+4.38) 

9 

EDZ222 

0.33154 

(+0.47) 

12 

EDZ333 

0.33140 

(+0.43) 

15 

EDZ444 

0.33124 

(+0.38) 

18 

EDZ333 

0.33096 

(+0.30) 

21 

VAPAS 

0.32836 

(-0.50) 

5 

Table  9.  Comparison  of  various  theories  to  evaluate  the  transverse  shear  stress 

TQj/i,  x  =  0,  y  =  6/2.  The  indefinite  equilibrium  equations  have  been  integrated 
theories  except  VAPAS. 


a/h  10 

FCSR  =  101 


Elasticity 

0.10999 

Err.% 

DOF 

LDin 

0.10747 

(-2.29) 

12 

LD  222 

0.10998 

(-0.01) 

21 

LD  333 

0.10999 

(-0.00) 

30 

+7I444 

0.10999 

(-0.00) 

39 

EDui 

0.11059 

(+0.55) 

6 

ED222 

0.11070 

(+0.64) 

9 

ed333 

0.11027 

(+0.25) 

12 

ED 444 

0.11059 

(+0.54) 

15 

ed333 

0.11039 

(+0.36) 

18 

EDZm 

0.11481 

(+4.38) 

9 

EDZ222 

0.11051 

(+0.47) 

12 

edz333 

0.11047 

(+0.43) 

15 

EDZ444 

0.11041 

(+0.38) 

18 

edz555 

0.11032 

(+0.30) 

21 

VAPAS 

0.10945 

(-0.49) 

5 

O  zx 


in  z  =  z 


upper  skin 
bottom 


along  the  thickness  for  all  the 


Table  10.  Comparison  of  various  theories  to  evaluate  the  transverse  shear  stress  azy  = 


zpta) 


_  upper  skin  _ 

'"'bottom 


x  =  a/2,  y  =  0.  The  indefinite  equilibrium  equations  have  been  integrated  along  the  thickness  for  all  the 
theories  except  VAPAS. 
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a/h  10 

FCSR  =  101 


Elasticity 

0.87231 

Err.% 

DOF 

LDm 

0.87081 

(-0.17) 

12 

LD  222 

0.87233 

(+0.00) 

21 

LD  333 

0.87231 

(+0.00) 

30 

Ij  IX]  4] 

0.87231 

(-0.00) 

39 

ED  in 

0.51236 

(-41.3) 

6 

ED222 

0.58831 

(-32.6) 

9 

ed333 

0.77221 

(-11.5) 

12 

ED444 

0.78478 

(-10.0 

15 

ed333 

0.81517 

(-6.55) 

18 

EDZm 

0.51803 

(-40.6) 

9 

EDZ222 

0.83586 

(-4.18) 

12 

edz333 

0.83769 

(-3.97) 

15 

EDZ44/1 

0.83847 

(-3.88) 

18 

edz333 

0.84631 

(-2.98) 

21 

VAPAS 

0.87354 

(+0.14) 

5 

Table  11.  Comparison  of  various  theories  to  evaluate  the  transverse  normal  stress  azz  =  in  z  =  ^bottom  m  = 
x  =  a/2,  y  =  6/2.  The  indefinite  equilibrium  equations  have  been  integrated  along  the  thickness  for  all  the 
theories  except  VAPAS. 


Figure  4.  Comparison  of  various  theories  to  evaluate  the  in-plane  normal  stress  aXx 

y  =  6/2.  Note  that  this  stress  is  not  a  continuous  function  on  the  thickness  direction, 
used. 


=  in  x  = a a 

Hooke’s  law  has  been 
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Figure  5.  Comparison  of  various  theories  to  evaluate  the  in-plane  normal  stress 
y  =  6/2  (upper-skin).  Hooke’s  law  has  been  used. 


^*(tr 


Figure  6.  Comparison  of  various  theories  to  evaluate  the  transverse  shear  stress  azx  =  Zpt(a  ^  in  x  =  0,  y 
The  indefinite  equilibrium  equations  have  been  integrated  along  the  thickness. 
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Figure  7.  Comparison  of  various  theories  to  evaluate  the  transverse  displacements  amplitude  (center  plate 
deflection)  uz  =  uz  1Q^/cor.e4  in  x  =  a/2 ,  y  =  6/2. 

zptKV 
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V.  Conclusion 


The  accuracy  of  the  Variational  Asymptotic  Plate  and  Shell  Analysis  (VAPAS)  is  assessed  against  several 
higher  order,  zig  zag  and  layerwise  theories  generated  by  using  the  invariant  axiomatic  framework  denoted 
as  Generalized  Unified  Formulation  (GUF).  Both  the  axiomatic  models  generated  by  GUF  and  VAPAS  are 
also  compared  against  the  elasticity  solution  developed  for  the  case  of  a  sandwich  structure  with  high  Face 
to  Core  Stiffness  Ratio.  It  has  been  shown  that  the  fact  that  GUF  allows  to  use  an  infinite  number  of 
axiomatic  theories  (Equivalent  Single  Layer  theories  with  or  without  zig  zag  effects  and  Layerwise  theories 
as  well)  with  any  combination  of  orders  of  the  displacements  provides  an  ideal  tool  to  precisely  assess  the 
range  of  applicability  of  the  Variational  Asymptotic  Plate  and  Shell  Analysis  or  other  theories  in  general.  It 
is  demonstrated  that  VAPAS  achieves  accuracy  comparable  to  a  fourth  (or  higher)  order  zig-zag  theory  or 
lower-order  layerwise  theories,  while  the  plate  model  uses  the  least  number  degrees  of  freedom.  Hence,  in 
comparison  to  the  axiomatic  theories,  VAPAS  has  achieved  an  excellent  compromise  between  accuracy  and 
efficiency.  Except  for  extreme  cases  of  thick  sandwich  with  huge  modulus  contrast,  VAPAS  can  be  used  as 
an  effective  alternative  to  avoid  expensive  3D  finite  element  analysis  for  design  and  analysis  of  composite 
laminated  plates. 

GUF  can  be  implemented  in  a  single  FEM  code  and  can  generate  a  virtually  infinite  number  of  theories  with 
accuracy  that  range  from  the  low-order  equivalent  single-layer  to  the  high-order  layerwise  theories  and  is 
the  ideal  tool  for  comparisons  and  assessments  of  different  theories  or  for  the  creation  of  adaptive  structural 
codes  in  optimization  and  probabilistic  studies. 
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This  paper  aims  at  constructing  a  geometrically  nonlinear  model  using  the  variational 
asymptotic  method  for  analyzing  magneto-electro-elastic  composite  laminates.  By  taking 
advantage  of  the  inherent  small  parameter  characterized  by  the  ratio  of  the  thickness  to 
the  in-plane  dimension  of  the  plate,  we  systematically  reduced  the  original  multiphysically 
coupled  three-dimensional  model  to  a  series  of  two-dimensional  plate  models.  A  companion 
one-dimensional  through-the-thickness  analysis  provides  the  necessary  constitutive  models 
needed  for  the  plate  analysis.  For  practical  uses,  we  also  fit  the  asymptotically  correct 
second-order  electromagnetic  enthalpy  into  a  generalized  Reissner-Mindlin  model.  The 
three-dimensional  displacement /strain/stress  fields  as  well  as  the  electric/magnetic  poten¬ 
tials  and  fluxes  of  the  plate  are  obtained  through  recovery  relations  of  the  one-dimensional 
through-the-thickness  analysis.  Without  introducing  any  a  priori  kinematic,  electric,  or 
magnetic  assumptions  in  the  derivation,  the  present  plate  model  is  rigorously  derived  to 
capture  geometrical  nonlinearity  and  is  valid  for  large  deformations  and  global  rotations. 
The  efficiency  and  the  accuracy  of  the  proposed  method  has  been  validated  by  comparing 
results  with  three-dimensional  exact  solutions  for  several  problems  featuring  electromag¬ 
netic  and  elastic  coupling. 


Introduction 

As  an  analogy  with  the  exhibition  of  electromechanical  coupling  by  piezoelectric  materials,  magnetic 
materials  respond  to  an  externally  applied  magnetic  field  ( H )  by  exhibiting  a  shape  change  which  is  known 
as  magnetostriction,  demonstrating  the  Joule  effect.  On  the  other  hand,  these  magnetic  materials  also 
demonstrate  the  Villari  effect  indicated  by  changing  their  magnetization  and  consequently  the  magnetic 
induction  ( B )  in  response  to  the  applied  stress.  Moreover,  for  composites  containing  piezoelectric  phases  and 
piezomagnetic  phases  there  exists  a  magnetoelectric  coupling  effect.  This  capability  of  interactive  transfer  of 
magnetic,  electric  and  mechanical  energies  from  one  type  to  another,  has  received  considerable  and  increasing 
attentions  for  developing  smart  or  active  structures J~4  Application  of  this  kind  of  smart  composite  materials 
spans  from  electronic  package  materials,  magneto-electric-mechanical  actuators  and  transducers,  coil-less 
magnetic  force  control  devices,  to  nuclear  fusion  reactor  components.  The  new  concept  of  multifunctional 
materials/structures  featuring  interactive  elastic,  electric,  and  magnetic  fields  is  also  likely  to  bring  a  new 
dimension  to  the  development  of  advanced  light-weighted  multi-functional  aerospace  structures  with  many 
critical  thin-walled  components  taking  the  form  of  beams,  plates,  shells,  and  stiffened  panels. 

The  promising  application  of  piezoelectric  and  piezomagnetic  composites  makes  it  imperative  to  develop 
new  methods  and  analysis  tools  for  better  understanding  the  mechanisms  and  behavior  of  such  structures 
which  are  under  interactive  actions  among  mechanical,  electric  and  magnetic  fields.  Recently,  increasing 
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researches  have  been  started  on  studying  static  and  dynamic  behavior  of  smart  plates.  Various  forms  of 
constitutive  equations  for  magneto-electro-elastic  solids  were  derived  in  Ref.  [5].  Pan  et.  al.  developed  a 
series  of  three-dimensional  (3D)  exact  benchmark  solutions  to  analyze  the  static  behavior  of  multilayered 
anisotropic  piezoelectric  and  piezomagnetic  composite  plates  under  cylindrical  bending  and  simply  supported 
boundary  conditions.  These  solutions  are  highly  valuable  for  illustrating  the  complicated  multiphysics 
nature  of  the  interactive  fields,  however,  they  are  restricted  to  a  few  specific  problems  with  idealized  material 
types,  geometry  and  boundary  conditions. 

To  overcome  this  limitation,  a  number  of  more  generalized  methods  have  been  developed  to  explore 
the  3D  behavior  of  the  magnetoelectroelastic  laminates.  Most  of  these  methods  are  constructed  from  the 
layerwise  or  discrete-layer  laminate  theory,  utilizing  various  approximations  to  split  the  through-thickness 
behavior  and  the  planar  behavior  of  the  laminate  into  separate  functions.  In  Refs.  [9,10],  Heyliger  et.  al.  use 
an  approximate  discrete-layer  model  to  investigate  the  through-thickness  variation  of  the  elastic,  electric,  and 
magnetic  fields  of  laminates  composed  of  elastic,  piezoelectric,  and  magnetostrictive  layers.  Semi-analytical 
approximation  solutions  to  the  weak  form  of  the  governing  equations  of  equilibrium,  charge,  and  magnetic  flux 
are  obtained  for  infinitely  long  laminates  under  cylindrical  bending  and  rectangular  laminates  with  arbitrary 
edge  boundary  conditions.  By  using  a  state  space  formulation,  Chen  and  Lee  constructed  an  alternative 
solution  approach  to  investigate  the  nonhomogeneous  megnetoelectric  plates,  where  elastic  displacements 
and  electric/magnetic  potentials  as  well  as  the  transverse  stresses,  electric  displacement,  and  magnetic  flux 
are  introduced  as  state  variables!1  Methods  based  upon  the  combination  of  layerwise  plate  theory  with 
finite  element  method  (FEM)  have  also  been  used  to  analyze  the  linear  static  and  dynamic  performance  of 
multilayer  smart  plates.  Examples  include  a  layerwise  FEM  for  analyzing  piezoelectric  composite  plates12 
and  a  quasi-analytical  through-thickness  FEM  for  functionally  graded  magneto-electric-elastic  plates!3  In 
contrast  to  the  classical  FEM  based  on  the  principle  of  virtual  displacements,  layerwise  mixed  finite  element 
formulation  is  built  on  Reissner  mixed  variational  theorem  (RMVT),  where  transverse  stress  assumptions  are 
made  in  the  framework  of  RMVT  and  the  resulting  finite  elements  describes  a  priori  interlaminar  continuous 
transverse  shear  and  normal  stresses.  A  detailed  review  on  Reissner  variational  principle  can  be  found  in 
Ref.  [14].  Recently,  the  layerwise  mixed  finite  element  formulation  has  been  has  been  extended  to  analyze 
coupled  magneto-electro-elastic  problems.  Related  work  has  been  reported  for  a  partially  mixed  finite  element 
formulation15  and  a  layerwise  modelling  of  magneto-electro-elastic  plates!6  To  avoid  the  computational  cost 
and  complexity  associated  layerwise  approaches,  various  simplified  plate  models  have  been  developed  to 
model  smart  plates.  A  simplified  plate  model  based  on  the  third-order  shear-deformation  theory  (TOSDT) 
is  developed  to  model  the  piezoelectric  composite  laminates!'  Mitchell  and  Reddy  presented  a  hybrid  plate 
plate  formulation  for  piezoelectric  composite  laminates,  where  an  equivalent  single-layer  TOSDT  is  used  for 
the  mechanical  displacement  field  and  the  electric  potential  is  modeled  using  a  layerwise  discretization  in  the 
thickness  direction!8  Plane  stress  assumption  is  adopted  during  the  modeling.  Because  results  obtained  by 
these  two  methods  are  only  compared  with  those  of  the  classical  plate  theory  (CPT)  and/or  the  first-order 
shear-deformation  theory  (FOSDT),  their  accuracy  cannot  be  determined  without  extensive  3D  validations. 
In  Ref.  [19],  an  analytic  solution  is  developed  for  cylindrical  bending  of  a  piezoelectric  laminate  with  elastic 
displacement  terms  being  assumed  taking  the  form  of  TOSDT  and  the  electric  potential  being  obtained  by 
solving  a  second  order  differential  equation.  More  complicated  models  have  been  developed  for  nonlinear 
dynamic  analysis.  By  combining  CPT  with  an  energy-based  statistical  magneomechanical  model,  Datta  et. 
al.  studied  the  nonlinear  dynamical  response  of  a  unimorph  structure  having  a  magnetostrictive  iron-gallium 
patch  to  a  non-magnetic  aluminum  substrate?0  Several  underlying  assumptions  were  made  on  the  total  energy 
function  as  well  as  kinematic  relations.  Hasanyan  et.  al.  have  developed  a  geometrically  nonlinear  model 
for  fully  coupled  magneto-thermo-elastic  kinetics  of  laminated  composite  plates,  with  its  kinematic  relations 
constructed  by  the  injection  of  the  FOSDT  with  von-Kaman  strain  definition?1  Despite  of  successfulness  of 
the  aforementioned  simplified  plate  models  in  analyzing  many  multi-physically  coupled  plate  problems,  these 
approaches  have  two  major  disadvantages:  (1)  a  priori  assumptions  on  kinematics  and  the  electromagnetic 
potentials  introduced  by  these  methods  are  naturally  extended  from  the  analysis  of  isotropic  homogeneous 
elastic  problems.  They  may  not  be  justified  for  the  multiphysically  coupled,  heterogeneous,  and  anisotropic 
structures;  (2)  it  is  difficult  for  an  analyst  to  determine  the  accuracy  of  the  result  and  which  assumption 
should  be  chosen  for  efficient  yet  accurate  analysis  of  a  particular  problem. 

Recently,  based  on  the  variational  asymptotic  method  (VAM),  the  authors  and  their  co-workers  have 
developed  a  series  of  rigorous  Reissner-Mindlin  plate  models  for  heterogeneous  and  anisotropic  functionally 
graded  composite  laminates  and  piezoelectric  plates?2-26  These  models  have  been  proven  to  have  excellent 
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compromise  between  the  efficiency  and  accuracy.  In  the  present  research,  we  extend  our  previous  work 
to  asymptotically  construct  a  geometrical  nonlinear  plate  model  for  smart  composite  laminates  under  the 
interactive  actions  of  magneto-electric-elastic  fields.  Taking  advantage  of  the  small  parameter  h/l  (with  h 
denoting  the  thickness  of  the  plate  and  l  denoting  the  characteristic  wavelength  of  the  plate  deformation) ,  the 
3D  multiphysically  coupled  magneto-electric-elastic  coupled  problem  is  systematically  reduced  using  VAM, 
resulting  in  a  series  of  efficient  high-fidelity  2D  models  asymptotically  correct  to  different  orders  of  h/l. 
The  original  3D  magneto-electric-elastic  problem  is  then  cast  in  an  intrinsic  form  so  that  the  theory  can 
accommodate  arbitrary  large  deformation  and  global  rotation  with  the  restriction  that  the  strains  are  small. 
No  a  priori  assumptions  on  the  kinematics  or  electric  or  magnetic  variables  have  been  invoked.  Continuity  for 
primary  variables  such  as  elastic  displacements,  electric  and  magnetic  potentials  as  well  as  for  the  secondary 
variables  like  transverse  stresses,  transverse  electric  displacement,  and  transverse  magnetic  induction  are 
automatically  satisfied  in  this  model. 


Three-dimensional  Formulation 


The  dynamic  behavior  of  smart  composite  laminates  is  governed  by  the  extended  Hamilton  principle: 


[<5(/C  —U)+  SW]  dt  =  0, 


(1) 


where  t\  and  t2  are  arbitrary  fixed  times,  K,  is  the  kenetic  energy,  IA  is  a  term  related  with  the  total  internal 
potential  energy,  and  5W  represents  the  virtual  work  of  the  applied  loads,  electric  charge,  and  magnetic 
induction.  The  overbar  is  used  to  indicate  that  the  virtual  work  <5W  dose  not  necessary  to  represent  the 
variation  of  a  functional  W.  For  a  smart  composite  plate  made  of  piezoelectric  and  piezomagnetic  materials, 
U  turns  out  to  be  the  electromagnetic  enthalpy  which  contains  contributions  from  mechanical,  electric,  and 
magnetic  fields  and  the  coupling  effect  between  them. 


U  =  l  f  ( T  :  CE’H  :T~E  eF’H  E-H  fir-E  ■  H 

2  Jv  ' 

-2 E  ■  eH  :  F  -  2H  ■  qE  :  T  -  2E  ■  ar  ■  Hj  dV 


(2) 


where  T,  E  and  H  are  the  strain,  electric  field  and  magnetic  field  tensors,  respectively;  eH ,  qE ,  and  ar 
are  piezoelectric  tensor  (measured  at  constant  magnetic  field),  piezomagnetic  tensor  (measured  at  constant 
electric  field),  and  magnetoelectric  tensor  (measured  at  constant  strain),  respectively;  CE'H,  £dF’H,  HT’E 
are  elastic  tensor  (measured  at  constant  electric  and  magnetic  field),  dielectric  tensor  (measured  at  constant 
strain  and  magnetic  field),  magnetic  permeability  tensor  (measured  at  constant  strain  and  electric  field), 
respectively;  V  is  the  space  occupied  by  the  structure. 

It  is  worth  noting  that  although  the  above  equation  refers  directly  to  piezoelectric  and  piezomagnetic 
structures,  the  present  formulation  is  equally  applicable  to  smart  structures  made  of  other  smart  materials 
characterized  by  a  constitutive  model  with  the  same  mathematical  structure  as  Eq.  (2). 

A  point  in  the  plate  can  be  described  by  its  Cartesian  coordinates  Xi,  see  Figure  1,  where  xa  are  two 
orthogonal  lines  in  the  reference  surface  and  x3  is  the  normal  coordinate  originating  from  the  middle  of  the 
thickness.  Throughout  the  analysis,  Greek  indices  assume  values  1  and  2  while  Latin  indices  assume  1,  2, 
and  3;  repeated  indices  are  summed  over  their  range  except  where  explicitly  indicated.  Letting  b,  denote 
the  unit  vector  along  Xi  for  the  undeformed  plate,  we  can  then  describe  the  position  of  any  material  point 
in  the  undeformed  configuration  by  its  position  vector  r  from  a  fixed  point  O ,  such  that 


r{x1,x2,x3,t)  =  v(xi,x2,t)  +  a’3b3,  (3) 

where  r  is  the  position  vector  from  O  to  the  point  located  by  xa  on  the  reference  surface  at  a  specific  time 
t.  When  the  reference  surface  of  the  undeformed  plate  coincides  with  its  middle  surface,  we  have 


(r(x1,x2,x3,t))  =  hr(x1,x2,t),  (4) 

where  the  angle  brackets  denote  the  definite  integral  through  the  thickness  of  the  plate  and  h  is  the  plate 
thickness. 
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Undeformed  State 


Deformed  State 


Figure  1.  Schematic  of  plate  deformation 


When  the  plate  deforms,  the  particle  that  had  position  vector  r  in  the  undeformed  state  now  has  position 
vector  R  in  the  deformed  plate.  The  latter  can  be  uniquely  determined  by  the  deformation  of  the  3D  body. 
We  introduce  another  orthonormal  triad  By  for  the  deformed  configuration  so  that: 

B,  —  Cij  by  .  t-'Cy  —  B  y  '  \}j  .  (5) 

subjecting  to  the  requirement  that  By  is  coincident  with  by  when  the  structure  is  undeformed.  The  direction 
cosine  matrix  C[x  1,2:2)  represents  the  possible  arbitrary  rotation  between  By  and  by. 

After  deformation,  the  position  vector  R  in  the  deformed  state  can  be  expressed  as 


K(xi,x2,x3,t)  =  R(xi,x2,t)  +  £363(2:1,  x2,  t)  +  wi(x1,x2,x3,t)Bl(xi,x2,t), 


(6) 


where  R  is  the  position  vector  of  the  reference  surface  for  the  deformed  plate  and  Wi(xi,x2,x3,t)  are  the 
warping  functions  which  are  introduced  to  accommodate  all  possible  deformations.  Equation  (6)  can  be 
considered  as  a  change  of  variable  for  R  in  terms  of  R,  By,  and  icy.  Proper  definitions  of  R  and  By  are 
needed  to  introduce  six  constraints  to  ensure  a  one-to-one  mapping  of  this  change  of  variables.  We  can 
introduce  the  following  three  constraints  for  the  warping  functions: 


(wi(x1,x2,x3,t)) 


cll 

0 


with  cm  = 


Cl 

C2 


(7) 


where  Cy  are  functions  of  the  in-plane  coordinates  xa  and  time  t ,  introduced  for  providing  free  variables  for 
the  construction  of  an  optimal  Reissner-Mindlin  model  which  will  be  described  later.  Two  other  constraints 
can  be  specified  by  taking  B3  as  the  normal  to  the  reference  surface  of  the  deformed  plate.  It  should  be  noted 
that  this  choice  has  nothing  to  do  with  the  well-known  Kirchhoff  hypothesis.  In  the  Kirchhoff  assumption, 
no  local  deformation  of  the  transverse  normal  is  allowed.  However,  in  present  derivation  we  allow  all  possible 
deformation  using  the  warping  functions.  Because  Ba  can  freely  rotate  around  B3,  we  can  introduce  the 
last  constraint  as 

Bi  •  R,2  =  B2  •  Rq,  (8) 

where  (),a  =  d()/dxa. 

Based  on  the  concept  of  decomposition  of  rotation  tensor2 '  ’ 28  the  Jauman-Biot-Cauchy  strain  components 
for  small  local  rotation  are  given  by 

Fy  =  2  i^ij  +  Fji)  —  Stj ,  (9) 
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with 


Fl3  =  B,  ■  Gfcbfc  ■  br  (10) 

Here  G,  =  <9R/cU,;  is  the  covariant  basis  vector  of  the  deformed  configuration.  The  details  for  obtaining 
this  concise  expression  for  the  Jauman-Biot-Cauchy  strain  tensor  can  be  found  in  Ref.  [27].  To  express  the 
3D  strain  field  in  terms  of  2D  plate  strains,  we  can  define  the  2D  generalized  strains  following  Ref.  [29]  as: 

R-,a  =  Bq  +  £ap  B^j  (11) 


and 

B,:,0  =  {—KapRp  x  B3  +  A'q3B3)  x  Bj,  (12) 

where  £ap  and  Kap  are  the  2D  generalized  strains.  Using  this  definition,  one  can  show  that  Eq.  (8)  implies 
e  12  =  £21-  The  expressions  for  2D  generalized  strained  in  terms  of  plate  displacements  and  rotations  can  be 
found  in  Ref.  [29]. 

For  geometrically  nonlinear  analysis,  we  can  assume  that  both  the  3D  and  2D  strains  are  small  when 
compared  to  the  unity  and  from  which  we  can  also  conclude  that  warpings  are  of  the  order  of  the  stain  or 
smaller.  Neglecting  the  products  between  warping  and  strain  (because  of  small  strain),  one  can  express  the 
3D  strain  field  as 

Te  =  e  +  x3K  +  Iaw\ia 

2TS  =  W||  +  eQu>3jQ,  (13) 

r  t  =  w'3 

where  ()'  =  §&,  Qy  =  |_()i  C^F,  and 


re  =  LTn,  2  r12  T22Jt,  2Ts=[2T13  2T23\t, 
e  =  L£h  2e32  £22\T ,  k  =  [Ku  K\2  +  K2\ 


Ff  =  r 


33  7 


k22\  j 


(14) 


h 


1  0 
0  1 
0  0 


h 


0  0 
1  o  , 
0  1 


(15) 


Up  to  this  stage  we  have  formulated  the  kinematics  of  the  plate  structure.  However,  a  complete  description 
of  the  smart  plate  requires  not  only  the  elastic  field  but  also  the  electric  and  magnetic  fields  defined  by  using 
the  electric  potential  </>(U:)  and  magnetic  poential  tp(xi)  as  commonly  used  in  literature: 


I  Es=  [E,  U2Jt  =  -L^i  Et=E3  =  -d>'-, 

\  Hs=  [Hi  H2\T  =  -[^  tFF,  Hf  =  H3  =  ip* . 

It  worth  noting  that  Eqs.  (16)  implicitly  assume  that  electric  and  magnetic  fields  are  irrotational  which 
is  equivalent  to  ignoring  the  effect  of  free  current  and  the  time  variation  of  electric  displacement  D  and 
magnetic  induction  B,  i.e.  the  first  two  Maxwell  equations  corresponding  to  Faraday’s  law  and  Ampere’s 
law  become  V  x  E  =  0  and  V  x  H  =  0. 

In  present  study,  we  will  focus  on  investigating  common  situations  where  at  least  one  of  the  surfaces 
(or  interfaces)  of  the  composite  plate  is  electroded  and  applied  with  prescribed  electric  and/or  magnetic 
potentials.  The  prescribed  electric  potential  and  magnetic  potential  can  be  applied  to  different  surfaces.  It 
is  also  assumed  that  externally  prescribed  magnetic  field  is  applied  vertically  to  the  plate.  The  most  general 
situation  for  the  applied  electric  and  magnetic  potentials  is  illustrated  by  Eq.(17). 

<t>{xi,x2,Zi)  =  <j>i,  ip{x1,x2,Zj)  =  fij,  (17) 

where,  4>i  and  ipj  are  prescribed  electric  and  magnetic  potentials  at  x3  =  Zi  and  x3  =  Zj  surfaces,  re¬ 
spectively.  If  there  exist  a  boundary  surface  with  no  electric/magnetic  potential  specified,  this  surface  is 
electric/magnetic  free,  i.e.  electric  displacement  or  magnetic  induction  is  zero  ( Dz  =  0  or  Bz  =  0).  Without 
losing  generality,  we  will  focus  our  investigation  on  piezoelectric  and  piezomagnetic  laminated  composites 
in  which  each  lamina  exhibits  a  monoclinic  symmetry  about  its  mid-plane.  This  allows  the  orthotropic 
piezoelectric  and  piezomagnetic  materials  in  each  layer  being  arranged  at  arbitrary  lay-up  angles  as  it  is  the 
case  in  most  practical  applications. 
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With  the  knowledge  of  the  elastic  strain  and  electric  and  magnetic  fields,  the  electromagnetic  enthalpy 
from  equation  (2)  can  be  expressed  as 

U=  I  Hdtt ,  (18) 

Jn 

with  O  denoting  the  domain  of  the  reference  surface  and 


where  Ce,  Cet,  Cs,  and  Ct  are  the  corresponding  partition  matrices  of  the  6x6  elastic  material  matrix; 
£ds  and  et  are  the  corresponding  partition  matrices  of  the  3x3  dielectric  coefficient  matrix;  ps  and  fit 
are  the  corresponding  partition  matrices  of  the  3x3  magnetic  permeability  coefficient  matrix;  eet,  es,  and 
et  are  the  corresponding  partition  matrices  of  the  6x3  piezoelectric  coefficient  matrix;  qet,  qs,  and  qt 
are  the  corresponding  partition  matrices  of  the  6x3  piezomagnetic  coefficient  matrix;  as  and  at  are  the 
corresponding  partition  matrices  of  the  3x3  magnetoelectric  coupling  coefficient  matrix. 

To  calculate  the  kinetic  energy,  the  absolute  velocity  (measured  in  the  inertia  frame)  of  a  generic  point 
in  the  structure  is  obtained  by  taking  a  time  derivative  of  Eq.  (6),  resulting 

v  =  V  +  S(£  +  w)  +  w,  (20) 


where  ( )  is  the  partial  derivative  with  respect  to  time;  V  is  the  absolute  velocity  of  a  point  in  the  deformed 
reference  surface;  u>  is  the  inertial  angular  velocity  of  B,  bases;  and  the  notation  (  )  forms  an  antisymmetric 
matrix  from  a  vector  according  to  (  )  -  =  —eijk(  )k  using  the  permutation  symbol  e,;^.  In  Eq.  (20),  the 
symbols  v.V.ui.  w  denote  column  matrices  containing  the  components  of  corresponding  vectors  in  B  j  bases, 
and  £=[00  x3\ T .  The  kinetic  energy  of  the  plate  structure  can  be  obtained  by 

K  =  \  f  pvTvdV  =  K.2D  +  1C*  (21) 

2  Jy 

with  p  denoting  the  mass  density  and 


K.-2D  =  \  f  (pVTV  +  2ut^V  +  uTju)dVL  (22) 

2  Jn 

1C*  =  -  I  p[(ujw  +  w)T (ujw  +  w)  +  2(V  +  uj^)t (u>w  +  w)]  dV ,  (23) 

2  Jy 


where  p,  /z£,  and  j  are  inertial  constants  commonly  used  in  plate  dynamics,  which  can  be  trivially  obtained 
by  taking  integral  operations  through  the  thickness  direction: 


d  =  ( P )  K 


L0  0  (x3p) J T  j  = 


(xjp)  0  0 

0  (x\ p)  0 

0  0  0 


(24) 


If  no  electric  charges  and  magnetic  induction  applied  on  the  surfaces  or  inside  the  body,  the  virtual  work 
of  the  structure  can  be  calculated  as 


SW  = 


((p-6R)  +  t-6R+  +  /3-6R- 


dCl 


i  an 


Q  •  <5R  )  ds 


(25) 
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where  df l  denotes  the  boundary  of  the  reference  surface;  (  )±  =  (  )\x3=±h/2-  P  =  PiBi  is  the  applied  body 
force;  t,/3  are  tractions  applied  on  the  top  and  bottom  surfaces,  respectively;  Q  =  Q,B,  is  the  applied 
tractions  along  the  lateral  surfaces.  (5R  is  the  Lagrangian  variation  of  the  displacement  field  which  can  be 
expressed  as 

(5R  =  SqjTSi  +  X35B3  +  Swi'B.i  +  WjSBj,  (26) 

in  which  the  virtual  displacement  and  rotation  are  defined  by 

Sqt  =  <5R  •  B,,  <5Bj  =  (-5i/j2B1  +  S4’1B2  +  Si/j3B3)  x  B,,  (27) 

where  5qi  and  Sipi  contain  the  components  of  the  virtual  displacement  and  rotation  in  the  B;  system, 
respectively.  Since  the  warping  functions  are  small,  one  may  safely  ignore  products  of  the  warping  and 
virtual  rotation  in  <5R  and  obtain  the  virtual  work  due  to  applied  loads  as 

SW  =  SW2d  +  6W*(  (28) 


where 


SW2d  =  [  ( fiSqi  +  maSijja )  dCl+  [  (( Qi )  Sqi  +  ( x3Qa )  5il>a)  ds,  (29) 

J  n  Jon 

SW*  =  [  ((PiSwi)  +  TiSwf  +  PiSw~)  dfl  +  f  ( Qi8wi)ds ,  (30) 

Jn  Jan 

with  the  generalized  forces  /j  and  moments  ina  defined  as 

fi  =  {Pi)  +  Ti+Pi,  ma  =  (x3Pa)  +  ^(ra  -  Pa).  (31) 

The  second  integration  in  Eq.  (30)  accounts  for  virtual  work  done  through  warping  functions  along  the  lateral 
boundaries  of  the  plate.  This  term  is  necessary  for  the  edge-zone  problem,  which  is  an  important  subject  in 
its  own  right  and  beyond  the  scope  of  the  present  paper.  For  simplicity,  we  will  drop  this  term  hereafter. 
With  the  knowledge  of  Eqs.  (21),  (19),  and  (28),  the  extended  Hamilton’s  principle  in  Eq.  (1)  becomes 


r*  2r 


8{K.2D  +  1C*  -  U)  +  +  SW 


dt  =  0 


(32) 


So  far,  we  have  presented  a  3D  formulation  for  the  electro-magneto-elastic  problem  of  smart  plates  in  terms 
of  2D  displacements  (represented  by  R  —  r),  rotations  (represented  by  b;  and  B*),  electric  and  magnetic 
potentials  ((f>,ip),  and  3D  warping  functions  (wj).  If  we  attempt  to  solve  this  problem  directly,  we  will 
meet  the  same  difficulty  as  solving  any  full  3D  problem.  The  main  complexity  comes  from  the  unknown  3D 
warping  functions  Wi  as  well  as  the  coupled  3D  potentials  <f>  and  i\).  A  common  practice  in  the  literature  is  the 
direct  expression  of  Wi,(j>  and  i/j  in  terms  of  2D  displacements,  rotations,  and  electric  and  magnetic  potentials 
based  on  some  a  priori  assumptions  to  straightforwardly  reduce  the  original  3D  continuum  model  into  a  2D 
plate  model.  However,  for  composite  laminates  made  with  general  anisotropic  and  heterogeneous  materials, 
the  imposition  of  such  assumptions  may  introduce  significant  errors.  This  is  especially  true  for  problems 
involving  multi-field  coupling.  Fortunately,  VAM  provides  a  useful  technique  to  obtain  Wi,(f>,ip  through  an 
asymptotical  analysis  of  the  variational  statement  in  Eq.  (32)  in  terms  of  small  parameters  inherent  in  the 
problem  which  will  be  described  in  the  next  section. 


Dimensional  Reduction 

The  dimensional  reduction  from  the  original  3D  formulation  to  a  2D  plate  model  can  only  be  done  approx¬ 
imately.  One  way  to  accomplish  this  is  to  take  the  advantage  of  the  small  parameters  in  the  formulation  to 
construct  a  2D  formulation  so  that  the  reduced  model  can  achieve  the  minimum  accuracy  loss  in  comparison 
to  the  original  3D  formulation. 

In  order  to  apply  VAM,  we  first  need  to  assess  the  order  of  quantities  in  terms  of  small  parameters.  As 
mentioned  previously,  the  ratio  of  the  plate  thickness  to  the  characteristic  wavelength  of  the  deformation 
of  the  reference  surface  is  much  smaller  than  1,  which  means  h/l  <C  1.  The  strains  are  also  small  for  a 
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geometrically  nonlinear  but  physically  linear  2D  theory,  i.e.,  eap  ~  h,Kap  ~  ry  <C  1.  From  the  plate  equations 
of  equilibrium,  we  can  estimate  the  orders  of  the  following  quantities  corresponding  to  the  order  of  strains: 

hP3  ~  r3  ~  p3  ~  £(h/l)2r),  hPa  ~  rQ  ~  /3a  ~  £(h/l)r}, 

Qa  ~  d?,  03  ~  £{h/l)r],  (33) 

with  £  denoting  the  characteristic  magnitude  of  the  elastic  constants.  We  can  choose  the  characteristic  scale 
of  change  of  the  displacements  and  warping  functions  with  respect  to  time  in  such  a  way  that  1C*  is  much 
smaller  than  other  terms  in  Eq.  (32).  In  other  words,  here  we  are  only  interested  the  accurate  description  of 
low  frequency  dynamic  problems. 


Zeroth-order  reduction 


To  clearly  illustrate  the  application  of  VAM  for  the  multi-physically  coupled  magneto-electro-elastic  problem, 
we  first  construct  a  classical  smart  plate  model.  By  applying  VAM  and  in  view  of  the  order  assessments  in 
Eqs.  (33),  we  can  obtain  the  leading  terms  of  the  variational  statement  in  Eq.  (32)  by  neglecting  smaller 
terms  to  get 


[  S(K.2d  —  [  'HodCl)  +  SW2D 


dt  =  0, 


(34) 


where  the  zeroth-order  approximation  of  the  magnetoelectric  enthalpy  density  TCq  can  be  calculated  from 
Eq.  (19)  by  dropping  derivatives  with  respect  to  xa  in  Eqs.  (13)  and  (16),  resulting  in 


27Y0  =  ({e  +  x3n)TCe(e  +  x3n)  +  w'^Csw^  +  w'3Ctw'3  -  cpr£dt(p'  -  V’VtV’') 

+2  ((e  +  x3K)T(Cetw 3  +  eet<f>'  +  qeti>'))  +  2  (w'3eti ft  +  w3qtip'  -  </>'atijj') 


(35) 


The  warping  functions  w.; ,  electric  potential  <j>,  and  magnetic  potential  ip  in  TLq  can  be  obtained  by  solving 
the  following  simple  variational  statement: 

Sn0  =  0  (36) 

along  with  the  constraint  equation  in  Eq.  (7),  with  cm  =  |_0,  0JT  for  the  zeroth-order  approximation.  To  carry 
out  the  variations  of  the  functional,  one  should  be  aware  that  functions  ton,  w3,  <p,  and  ip  may  differ  from 
layer  to  layer.  The  continuity  conditions  on  the  interfaces  can  be  derived  from  the  calculus  of  variations  to 
give: 


(s  +  x3n)TCet  +  Ctw3  +  et(p'  +  qtip'  —  0, 


(e  +  x3k)t eet  +  etw3  -  edtcp'  -  atip']  =  [(e  +  x3k)t qet  +  qtw3 


ott<P'  -  Http']  =  0,  on  Q,i, 


(37) 


where  Q.(  denotes  the  interface  between  the  zth  layer  and  i  +  1th  layer  and  i  =  1 ...  N  —  1  with  N  as  the  total 
number  of  layers;  the  bracket  [•]  denotes  the  jump  of  the  enclosed  argument  on  the  interface.  The  boundary 
conditions  and  Euler-Lagrange  equations  derived  from  Eqs.  (36)  take  the  form  of: 


o' 

II 

+ 

0* 

h 

'g 

[(e  +  x3  k)t  Cet  +  Ctw3  +  et(p'  +  qtip'l  —  0; 

wfCs)  =  0, 

[(e  +  x3K)TCet  +  Ctw3  +  et(p'  +  = 

+ 

1 

II 

O 

or 

[(e  +  x3n)Teet  +  etw3  -  edtcp'  -  atip']  /  =  0, 

(38) 

5ip+/~  =  0, 

or 

[(e  +  x3k)t qet  +  qtw3  -  at(p'  -  ntip'] +/  =  0, 

[(e  +  x3k)t  Cet  +  Ct’W3  +  et(p'  +  qtip']  —  A3, 

[(e  +  x3n)Teet  +  etw3  -  £dt<p'  -  atip']  ’  =  0,  (39) 

[(e  +  x3k)t qet  +  qtw3  -  at<p'  -  '  =  0, 
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respectively.  Ay  and  A3  are  Lagrange  multipliers  introduced  to  enforce  the  constraints  applied  on  the  warping 
field  described  in  Eq.  (7)  with  cy  =  |_0,0JT.  The  interlamina  continuity  conditions  for  transverse  stresses 
and  transverse  electric  displacement  and  magnetic  flux  have  been  automatically  derived,  Eq.  (37).  The  last 
two  equations  in  Eq.  (38)  indicate  that  electric  and  magnetic  potentials  can  either  be  prescribed  at  the  top 
or  bottom  boundary  surfaces  or  be  free  to  vary  at  these  surfaces.  In  the  latter  case  the  boundary  conditions 
are  determined  by  free  electric  displacement  (£>3  =  0)  and/or  free  magnetic  induction  (B3  =  0). 

Solving  the  Euler-Lagrange  equations  along  with  the  boundary  conditions  in  Eq.  (38),  the  continuity 
conditions  in  (37),  and  the  constraints  in  (7),  one  can  show  that  Ay  =  A3  =  w\\  =  0.  The  solution  for  the 
rest  of  unknowns  (w3,  <p ,  ip)  can  be  expressed  as 

Ctw3  +  et<p'  +  qtip'  =  ~(e  +  x3K)TCet 

etw3  -  £dt<t>'  -  octip'  =  —  (e  +  x3k)t  eet  +  Pe  (40) 

qtw3  -  at<p'  -  =  -(e  +  x3K)Tqet  +  Vm, 

where  Pe  and  Pm  are  integration  constants  for  electric  potential  <p  and  magnetic  potential  ip,  respectively. 
Because  material  properties  may  vary  from  layer  to  layer,  one  may  intuitively  expect  Pe  and  Pm  to  be 
different  for  different  layers.  However,  as  we  will  prove  later,  they  are  constants.  w3,  cp' ,  and  ip'  for  each 
layer  can  be  solved  from  Eq.  (40)  as 

w'3  =  C*etTCr\e  +  X3K)  +  (VeM*12  +  VmM*3)Cr\ 

<P'  =  eltTCr\e  +  x3K)  +  (VeM*2  +  VmM*3)Ct-\  (41) 

iP'  =  q*etTCr\e  +  x3k)  +  {VeM* 3  +  VmM*3)/Cr\ 


with 


C*et  =  -( CetM I*,  +  eetM* 2  +  qetMl 3), 
q*et  =  ~{CetM*3  +  eetM* 3  +  qetM33), 


ct 

et 

Qt 

M  = 

et 

—£dt 

—at 

_Qt 

-att 

-Lk_ 

e*t  —  ~{CetMl2  +  eetM22  +  qetM23), 
Cp  =  det(M), 


(42) 


where  A/*)  is  the  cofactor  of  matrix  M  defined  as  the  subdeterminant  of  the  element  m,y  multiplied  by  the 
sign  factor  (-1)*+J,  e.g.,  M12  =  (etqit  -  qtott )• 

Although  the  explicit  expressions  of  Ve  and  Vm  can  only  be  determined  with  the  knowledge  of  the  actual 
construction  of  the  smart  plate,  their  most  general  expressions  must  take  the  form  as: 


T^e  —  'Pee  +  VeKj  +  VeQ, 
'Pm  —  tTPme  +  KTPmn  +  PmO- 


(43) 


Substituting  Eq.  (41)  into  Eq.  (35),  we  can  obtain  the  first  approximation  of  the  electric  enthalpy  as 


with 


A* 

D* 

Se 

c; 


Cl  +  [Vee  Vme\M 


1  V1 

**  i  '  ee 


x\Ct  +  \  Ven  VmK\  M 


1  V1 

**  )  '  ex, 

vT 

'  mu  . 


L Pee  Vme\M* 


Pe  0 
PmO 


Ce  +  (CetC*etT  +  eete*etT  +  qetq*etT)/Cl 


B*  =  (  X3C*e  +  L Pee  Pm,\M* 


M**  =  — 
Cp 


M22  M23 

M2  3  M33 


SK  =  {  [PeK  PmK\M* 


Pe  0 
PmO 


(45) 
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In  Eq.  (44),  a  quadratic  term  relating  only  to  the  prescribed  electric  and  magnetic  potentials  is  dropped 
because  it  will  not  affect  the  derivation  of  the  2D  model.  It  is  obvious  that  the  stiffness  matrices  ( A *,  B* , 
and  D*)  depend  not  only  on  elastic,  piezoelectric,  and  piezomagnetic  materials  properties  but  also  on  the 
externally  applied  electric  and  magnetic  potentials.  Additional  contributions  to  the  electromagnetic  enthalpy 
from  the  generalized  electric  and  magnetic  forces  S€  and  SK  will,  in  general,  exist  except  for  some  specifical 
boundary  conditions. 

With  the  knowledge  of  Ho  expressed  in  Eq.  (44),  the  original  3D  problem  in  Eq.  (1)  has  been  rigorously 
reduced  to  a  2D  formulation  in  Eq.  (34)  which  approximates  the  original  problem  asymptotically  correct  to 
the  order  of  (y)°-  If  the  force  resultants  A f  and  moment  resultants  A4  are  defined  as  follows 


TV 


dH0  0WO 

de  ’  8k 


(46) 


the  2D  constitutive  model  for  the  zero-th  order  analysis  of  smart  plates  takes  the  form  as 


TV 

M 


A* 

b*t 


(47) 


It  is  clear  that  the  zeroth-order  2D  analysis  of  the  smart  magnetoelectric  plate  is  similar  to  the  thermal 
analysis  of  the  plate  using  the  classic  plate  theory  except  for  the  necessity  of  updating  matrices  A*,B*,  C* 
to  account  for  magnetoelectric  effects  and  replacing  the  thermal  resultants  with  the  generalized  electric 
and  magnetic  forces.  Despite  its  similarity  to  the  classical  lamination  theory  (CLT),  the  present  model  is 
asymptotically  correct  and  perserves  the  following  features: 

1.  The  normal  line  of  undeformed  plate  does  not  remain  straight  or  normal  to  the  deformed  plate;  rather, 
it  is  free  to  deform  in  the  normal  in  response  to  plates  deformations  (e  and  k)  as  well  as  the  prescribed 
electric  and  magnetic  actuations. 

2.  It  can  be  easily  observed  that  the  normal  strain  does  not  vanish.  Although  it  can  be  prove  that  the 
transverse  normal  and  shear  stresses  do  vanish,  this  result  is  a  direct  outcome  from  the  the  mathematical 
derivation  and  not  taken  as  a  priori  assumptions. 

For  the  zeroth-order  approximation,  the  3D  strain  field  and  electric  field  can  be  recovered  using  Eqs.  (13) 
and  (16)  with  higher-order  terms  neglected  as 


r°  =  e  +  a:3K,  2T°S  =  «,«'  =  0,  T°t  =  w°3' , 
E°s  =  H°s  =  0,  E°  =  H°t  = 


(48) 


The  3D  multiphysical  fields  for  stress,  electric  displacement,  and  magnetic  induction  can  be  calculated  by 
using  the  3D  constitutive  relations  based  on  Eq.  (19)  as: 


with 


Cs  0 

0  ct 

esT  0 
0  et 

qsT  0 
0  qt 


—  lall  cr12  O' 22J  " 


°\s  —  13  cr23jT)  Ds  —  [  Di  D2\T,  Bs  —  \_Bi  B2\T . 


(49) 


where  er^,  Di,  and  Bi  are  3D  stresses,  electric  displacements,  and  magnetic  inductions,  respectively.  In 
view  of  Eq.  (40),  it  can  be  concluded  that  as  and  <733  are  identically  zero  regardless  the  material  properties, 
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indicating  that  the  zeroth-order  approximation  (similar  to  the  classical  plate  model)  can  not  predict  out-of- 
plane  stresses.  Eq.  (40)  also  reveals  that  the  transverse  electric  displacement  D3  and  magnetic  induction  B3 
are  identically  equal  to  Ve  and  Vm,  respectively.  By  considering  the  continuity  conditions  on  interfaces  Eq. 
(37),  it  can  be  easily  deducted  that  Ve  and  Vm  are  indeed  constants  throughout  the  thickness,  independent 
of  layer-up  configurations.  In  order  to  predict  the  out-of-plane  stresses,  one  more  step  is  necessary  to  carry 
out  the  asymptotic  expansion  of  the  3D  variational  statement  in  Eq.  (1)  into  a  higher  order.  This  will  be 
presented  in  the  next  section. 

The  zeroth-order  approximation  of  warping  functions  w3,  electric  </>,  and  magnetic  potentials  ip  can  be 
solved  from  equation  (41)  along  with  the  continuity  conditions  on  the  interfaces  in  Eq.  (37)  as  well  as  the 
constraints  expressed  in  Eq.  (7),  given: 

w03  =  C±£  +  w°3em,  (p°  =  C<j,£  +  4>0em,  ip°  =  C^£  +  ip0em,  (50) 

with 


£  =  [e,  k\: 


C'± 


=  L 


c; 


C*etT  +  M*12Vl  +  MUV'L  x3c*etr  +  +  MUV, 


C*  =  L 


=  L 


*  T 
et 


i13/  m/t 


ci 

’  at 

e*tT  +  M|2Pj£  +  M2yW 

x3e*etT  +  m22vJk  +  1 

ct 

ci  J 

q*etT +  M*3Vl  +  M*3Vlt 

x3 q*etT  +  A^23 'PJk  +  | 

S' 1 *  J  ' 

3  era 


0°  = 
'  em 


_  Mf2Ve0  +  Mi3VmO 

cf 

M^'PeO  +  M23Pm0 

C*  ’ 

M^'PeO  +  •^33^>m0 

Ci 


First-order  approximation 


To  obtain  the  first-order  approximation,  we  simply  perturb  the  warping  functions  and  electric  and  mag¬ 
netic  potentials  as: 

w\\  =  uU  +°(tr?)>  w3  =  w%+y3  +  o($rj),  (51) 

(p  =  (p0  +  (j)  +  O  (jrj)  ,  Ip  =  Ip0  +  ip  +  O  (y??)  . 

Substituting  Eq.  (51)  back  into  Eq.  (13),  then  using  Eqs.  (19),  (28),  and  (30),  one  can  obtain  the  leading 
terms  for  the  first-order  approximation  of  the  variational  statement  in  Eq.  (32)  as 


SU,  =  ([(e  +  *3  n)TC*e-(Vee*etT  +Vmq*etT)C; 


Uv,a  + 


(nil  +  eawla)TCs  +  <f>°,  ,eT 


+  ip°\qj\  Sv ||  +  {v'3Ct  +  <p'et  +  i>'qt)dv 3  +  {Ve  +  v'3et  -  (p'edt  -  ip'ait)S<t> 
+{Vm  +  v'3 qt  -  <p'at  -  ip'nt)Sip')  -  /P|f<5w||\  -  -  /3jf<5ty, 


(52) 


where  <p°n  =  1_<^>°i , 0O2J ^  and  ip ^  =  \ip°1,ip°2\T .  With  warping  functions  as  well  as  electric  and  magnetic 
potentials  being  expressed  in  the  order  of  0(h/V)r 7,  the  first-order  approximation  of  the  total  electromagnetic 
enthalpy  is  asymptotically  correct  to  the  order  of  0(h/l)2ij2 .  It  can  be  observed  from  the  above  functional 
that  un  is  decoupled  from  v3  ,(p,  and  ip  and  can  be  solved  separately.  It  is  also  worth  noting  that  terms 

(ve5tp'  +  VmSip'^  will  vanish  for  all  possible  boundary  conditions  (with  top  and  bottom  surfaces  either  being 
prescribed  with  electric/magnetic  potential(s)  or  being  subjected  to  free  electric  displacement/magnetic  flux). 
To  carry  out  the  variations  of  the  functional,  one  needs  to  be  aware  that  vy  as  well  as  v3 ,<p,  and  ip  may  be 
different  for  each  layer.  The  continuity  conditions  on  the  interface  can  be  derived  by  following  variational 
calculus,  resulting: 


Cs(v  ||  +  eaw^a)  +  es(p° ||  +  qsip°\  | 

=  rl|, 

Ctv  3  +  etcp'  +  qtip' 

etv3  -  £dt<P'  -  ati>' 

=  0, 

qtv 3  -  at(p'  -  Hti>' 

(53) 
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Boundary  conditions  take  the  form  of 


=  rn; 


cs{  fy  +  eaw^a)  +  es4>° ||  +  qsi/j°\ 

(ctv  3  +  et(j>'  +  g#')  =  0; 

5cj)+  =  0,  or  ^etUg  -  edt(j)'  -  at =  0 
5ip+  =  0,  or  (qtv3  -  at<j>'  -  AbV’')  =  0; 
And  the  Euler-Lagrange  equations  are  given  by: 


Cs{v  ||  +  eawla)  +  esc^  +  qsip0^  =  /3y; 
(ctv  3  +  et^'  +  qt^  =  0; 

£</>“  =  0,  or  (eti>3  -  £dt4>'  -  =  0; 

Sip~  =  0,  or  [qtv3  -  at(j)'  -  =  0. 


Cs(v  ||  +  eaw3°a)  +  es(j)^  |  +  gs^| 

(CtV3  +  et4>'  +  qtpj'^  =  A3, 

(etUg  -  £dt(j)'  -  atxjj'^  =  0, 

(qtv 3  -  atft  -  =  0. 


—  D'aS,a  +  g'  +  Ay, 


(54) 


(55) 


where,  Ay  and  A3  are  Lagrange  multipliers  for  the  first-order  approximation  to  enforce  the  constraints  applied 
on  the  warping  fields  described  in  Eq.  (7);  D'a  and  g'  are  given  by 


K 

9' 


tT  I  Kt^Je  +  itt'Pme  ( r*  eet^  +  | 

~1a  LL'e  Qi - •  x3  I  <^e  pi -  IJ 


=  lI(Vene*  +Vmnq*).ncr1 


The  boundary  and  inter-lamina  continuity  conditions  on  transverse  components  of  stresses,  electric  displace¬ 
ment  and  magnetic  induction  are  specified  explicitly  in  Eqs.  (53)  and  (54).  It  should  be  mentioned  that 
since  the  goal  is  to  obtain  an  interior  solution  for  the  plate  without  considering  the  edge  effect,  integration 
by  parts  with  respect  to  the  in-plane  coordinates  is  used  hereinafter  and  throughout  the  rest  of  the  paper, 
whenever  it  is  convenient  for  the  derivation. 

By  taking  through-thickness  integration  and  considering  the  warping  constrain  in  Eq.  (7),  it  can  be 
shown  that  A3  =  0  and  the  last  three  equations  in  Eq.  (55)  can  be  further  simplified  as: 

Ctv'3  +  et(j'  +  qt'ijj  =  0, 

etv3  -  £dt(j>'  -  ati>r  =  Ve ,  (56) 

qtv3  -  at(j)'  -  =  Vm , 

where,  Ve  and  Vrn  are  integration  coefficients  for  the  last  two  equations  in  Eq.  (55),  respectively.  v3,  (f>,  and 
1 j)  can  be  solved  by  integrating  Eq.  (56)  while  in  the  mean  time  taking  account  of  the  warping  constraints 
in  Eq  (7).  After  a  careful  analysis,  it  can  be  proved  that  Ve  and  Vm  vanish  for  all  possible  combinations  of 
boundary  conditions.  Therefore,  for  the  first-order  approximation,  v3,  (f>,  and  ^  are  all  zeros,  indicating  that 
first-order  approximation  provides  no  further  information  for  w3,  </>,  and  i[>. 

As  U||  is  decoupled  with  v3,  cf>,  and  ip,  it  can  be  solved  separately.  Solving  the  first  equation  in  Eq.  (55), 
one  obtained  the  following  in-plane  warping  functions: 


r’ll  —  (Da  +  La)£^a  +  g , 


(57) 


with, 


D'a  =  CplD*a,  <Da>=  0,  g'  =  c~xg\  <  ga  >=  0,  La£,a  =  c\\/h, 

D*a  =  Da  +  —7)^  —  —  D±  —  (CseQC'_L  +  eseaC,f,  -I-  q3£aC^) , 

9*  =  9+  y 9T  -  ^9*  -  (,W°3emCs  +  +  'I’emQs)  <a  e<x  +  T\\  +  (y  “  P\\ , 


where,  (  )±  =  (  )+  +  (  )_,  (  ):p  =  (  ) ~  —  (  )+;  La  are  integration  coefficients  that  will  be  determined  in  the 
next  section  through  a  least  square  approach  by  transferring  the  first-order  approximation  of  magnetoelectric 
enthalpy  into  a  Reissner-Mindlin  Model. 
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With  the  first  approximation  of  un  given  in  Eq.  (57)  and  u3  =  (f>  =  if)  =  0,  now  we  are  ready  to  obtain  an 
expression  for  the  total  energy  that  is  asymptotically  correct  to  order  of  O  ((y )2??2),  viz., 

2IIi  =  £TA£  +  £t1B£a  +  2£t1C£-2  +  £T2D£>2  -  2 £TF, 


where, 


with 


A  = 


A*  B* 
B*t  D* 


sfK  = 


B  =  (cHll)ClC±  -  DfC-'Dl  -Y,  £ 

\  7—1,2  7=1,2 


^CeiTCej 


+  £  &(11)  +  CxTCW)  \  +  if  (I>i)  +  (D'E  in 

7=1,2  / 


C  =  /cs(12)clc±  -  DfC-'D* ~\YY  ( Ju(12)CeiTC9j  +  Ju(21)CejTCei ) 

\  7—1,2  J— 1 ,2 


+  E  (^(ai)C'wrC'x  +  Gi{12)C±tC9i)\  +  L[  (D'2)  +  (D[)T  L- 
7=1,2  / 


d  =  lcS{22)clc±  -  d?c;'d;  ~Y  Y 

\  7=1,2  7=1,2 


JiJ{22)CeiT  Cgj 


y2)TL2, 


+  E  &(M)  (^7TCx  +  CxTCW)  \  +  L2  (D'2)  +  (D'2 

7=1,2  / 

F  =  +  (ClP3)  +  C+tt3  +  CIt/33  -  -  1%  (ry  +  /3,|  -  <</)) , 

/  r 

-*E  E  (0°em  +  O/em) 

7=1,2  7=1,2 


(CMem  +  ClCm) 


^(/3  =  ) 

7=1,2 


0°  =  /, 
iTlI  E-dsi 
Ce  1  =  CU, 


,a/3 


02°  =  r , 

Jl2  =  Ols, 

Cg2  =  C*, 


G\  —  &si 
J21  =  cxj , 


/)0  — 
”lem 


b° 

^em) 


G2  —  <ls, 

J22  =  MS! 

n0  _  /  0 

u2em  rem  ’ 


(58) 


(59) 


and  notation  (  )(am  indicating  the  a,  /3th  element  of  matrix  (  ).  Eq.  (58)  is  an  energy  (enthalpy)  functional 
expressed  in  terms  of  2D  variables  which  can  asymptotically  approximate  the  original  3D  energy.  It  is  noted 
that  quadratic  terms  which  are  not  functions  of  the  2D  general  strain  £  are  dropped  because  they  do  not 
affect  the  2D  model. 


Transforming  into  the  Reissner-Mindlin  Model 

Although  Eq.  (58)  is  asymptotically  correct  through  the  second  order  and  the  straightforward  use  of  this 
magnetoelectric  enthalpy  is  possible,  it  involves  more  complex  boundary  conditions  than  necessary  since  it 
contains  derivatives  of  the  generalized  strain  measures.  To  obtain  a  magnetoelectric  enthalpy  functional  that 
is  convenient  for  practical  use,  an  alternative  choice  is  to  transform  Eq.  (58)  into  the  Reissner-Mindlin  model. 
In  the  Reissner-Mindlin  model,  there  are  two  additional  degree  of  freedoms,  i.e.  the  transverse  shear  strains 
incorporated  into  the  rotation  of  transverse  normal.  By  introducing  another  triad  B*  for  the  deformed  plate, 
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the  definition  of  2D  strains  becomes 


Ra  =  B*+ 4^  +  27^, 

Ka  =  {-KfPp  X  +  K*a3B*3)  x  B*, 


(60) 


where  the  transverse  shear  strains  are  7  =  [2713  2723]^.  Since  B*  is  uniquely  determined  by  B;  and  7,  one 
can  derive  the  following  kinematic  identity  between  the  strains  measures  7 Z  of  Reissner-Mindlin  plate  and  £ . 


where 


£  =  11-  £>a7,cn 


= 


Vo  = 


0  0  0  1  0  0 
0  0  0  0  1  0 

0  0  0  0  1  0 
0  0  0  0  0  1 


n  =  Lelr  2s*12  e*22  K 


11 


K*12+K: 


■21  ^22] 


(61) 


(62) 


Now  it  is  possible  to  express  the  magnetoelectric  enthalpy  asymptotically  correct  to  the  second  order  in 
terms  of  strains  of  the  Reissner-Mindlin  model  as 


2IIi  =  1ZtA1Z  -  2'RtAVi1s  -  2KTAV2'V,2 

+  n^Bntl  +  2kt1ck,2  +  nT2Diza  -  2 ktf.  (63) 

The  generalized  Reissner-Mindlin  model  takes  the  form  of 

2Uk  =KtAK  +  7TG7  -  2 KTFn  -  27TF7 .  (64) 

To  find  an  equivalent  expression  of  Eq.  (63)  for  the  Reissner-Mindlin  model  Eq.  (64),  it  is  necessary  to 
eliminate  all  partial  derivatives  of  the  2D  strain.  This  is  achieved  by  applying  equilibrium  equations.  From 
the  two  equilibrium  equations  relating  with  the  equilibrium  of  bending  moments,  the  following  formula  can 
be  obtained 

G7  -  F7  =  VlAKa  -  VlFn,a  +  J  Wl  1  .  (65) 

[m2  J 

where  F^a  is  dropped  because  they  are  high  order  terms.  By  substituting  Eq.  (65)  into  Eq.  (63),  it  can  be 
shown  that  Fr  =  F  and  F7  =  —V^SeK.}0c.  Finally  Eq.  (63)  can  be  rewritten  as 

211!  =  nT  An  +  7TG7  -  2 nrF  +  U* ,  (66) 

with 

u*  =  nTxBntl  +  2-^(7^  2  +  nT2Dn,2,  (67) 

and 


B  =  B  +  AV1G~1V{  A, 

C  =  C  +  AViG~lV2  A, 

T)  =  D  +  AV2G~1V2  A.  (68) 

If  we  can  drive  U*  to  be  zero  for  any  B ,  then  we  have  found  an  asymptotically  correct  Reissner-Mindlin 
plate  model.  For  smart  plates  with  anisotropic  material  properties,  this  term  in  general  will  not  be  zero. 
However,  we  can  minimize  the  nonzero  U*  term  to  obtain  a  Reissner-Mindlin  model  for  multiphysically 
coupled  smart  plates  to  be  as  asymptotically  correct  as  possible.  The  accuracy  of  the  Reissner-Mindlin 
model  depends  on  how  close  U*  can  be  driven  to  zero.  In  other  words,  our  task  is  to  seek  an  optimal  set 
of  the  27  unknowns  (3  unknowns  for  G  and  24  unknowns  for  La)  so  that  the  value  of  the  quadratic  form 
in  Eq.  (67)  is  as  close  to  zero  as  possible  for  arbitrary  multiphysically  coupled  generalized  strain  measures. 
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This  is  achieved  by  letting  78  distinct  coefficients  in  B ,  C,  and  D  matrices  equal  to  zero  to  obtain  78 
equations.  The  obtained  equations  construct  a  linear  system  with  27  unknowns.  A  least  square  technique 
is  implemented  to  solve  the  overdetermined  system  to  obtain  27  unknowns.  From  a  Mathematical  point  of 
view,  the  overdetermined  system  (78  equations  with  27  unknowns,  indicated  by  MX  =  b )  may  be  singular  for 
some  material  properties.  For  example,  the  rank  of  MT M  is  only  26  for  single-layer  isotropic  and  orthotropic 
piezoelectric  and  piezomagnetic  plates.  Under  this  situation,  Singular  Value  Decomposing  technique  can  be 
applied  to  solve  this  least  square  problem.  Moreover,  for  an  accurate  estimation  of  the  transverse  shear 
matrix,  a  nondimensional  scheme  is  used  to  guarantee  that  each  of  the  78  equations  has  the  same  physical 
unit. 

By  driving  U*  to  zero,  we  obtain  the  “best”  Reissner-Mindlin  model  which  will  be  used  for  the  2D 
magneto-electro-elastic  plate  analysis: 


2Hn  =  KtAK  +  7TG7  -  2 KtF,  (69) 

where  A,  G,  F  capture  the  necessary  material  and  geometric  information  obtained  from  the  dimensional 
reduction  process.  It  is  worthy  to  emphasize  that  although  the  2D  constitutive  model  is  constructed  in  a 
way  dramatically  different  from  the  traditional  Reissner-Mindlin  model,  the  plate  analysis  remains  the  same, 
with  no  changes  in  the  governing  equations  except  that  the  effect  of  electric  and  magnetic  couplings  have 
already  been  taken  into  account  in  matrices  A,  B ,  C ,  D  and  strain  measures  are  now  defined  using  Eqs.  (60). 


The  Recovery  of  3D  Multiphysics  Fields 

Thus  far,  we  have  obtained  a  generalized  Reissner-Mindlin  model  based  on  the  asymptotically  correct 
second-order  magnetoelectric  enthalpy  for  magneto-electric-elastic  plates.  This  model  can  be  used  for  var¬ 
ious  analyses  of  smart  plates,  spanning  from  static,  dynamic,  buckling,  to  aeroelastic  analyses.  In  many 
applications,  however,  the  capability  of  predicting  accurate  2D  displacement  fields  of  the  magnetic,  electric, 
and  elastic  coupling  plates  is  not  sufficient.  Ultimately,  the  fidelity  of  a  reduced-order  model  should  be 
evaluated  based  on  how  well  it  can  predict  the  3D  mechanical  fields  (displacements  and  stresses)  and  electric 
and  magnetic  fields  (magnetic  and  electric  potentials,  electric  displacements,  magnetic  inductions)  for  the 
original  3D  problem.  Therefore,  it  is  necessary  to  provide  recovery  relations  to  express  the  aforementioned 
3D  multiphysics  fields  in  terms  of  2D  quantities  and  £3. 

By  using  Eqs.  (3),  (5)  and  (6),  the  3D  displacement  field  can  be  recovered  to  the  first  order  of  accuracy: 

Ut  —  Ui  “t~  X3  (F37  S3 i)  A  Cj i Wj  •  (70) 

where  wa  =  va,  w3  =  w3.  The  electric  and  magnetic  potentials  are  given  by  (f>  =  (f>°  and  ip  =  ip°. 

Consequently,  the  3D  stresses  cry,  electric  displacements  D.;,  and  magnetic  induction  B,  can  be  obtained 
by  applying  the  3D  constitutive  relations.  Since  we  have  obtained  an  optimal  estimation  of  the  shear  stiffness 
matrix  G,  the  recovered  3D  results  up  to  the  first  order  are  better  than  CLT  and  FSDT.  However,  because 
the  first-order  approximation  can  only  provide  a  linear  prediction  of  the  multiphysics  fields  and  some  stress, 
electric  displacement,  and  magnetic  induction  components  may  require  higher  order  functions  for  a  better 
description  their  3D  behaviors,  it  is  necessary  to  derive  a  more  refined  recovery  procedure  with  reasonable 
accuracy.  The  transverse  normal  stress  (1733)  servers  well  as  a  suitable  illustrative  example  and  this  have 
been  described  in  Refs.  [25, 26]  for  analyzing  multilayered  composite  plates:  033  is  a  second-order  quantity 
and  it  cannot  be  predicted  by  the  first-order  approximation;  a  better  prediction  of  this  quantity  requires  the 
perturbation  of  the  warping  functions  to  the  second-order  of  accuracy. 

A  similar  3D  recovery  procedure  is  developed  here  for  the  investigation  of  the  multiphysics  problem. 
To  obtain  a  reasonable  accurate  estimation  of  elastic  stresses,  electric  displacements,  and  magnetic  fluxes, 
VAM  is  applied  one  step  further  to  find  the  warping  functions  and  electric/magnetic  potentials  with  the 
second-order  of  accuracy.  The  second-order  perturbation  of  the  warping  functions  as  well  as  the  lelectric 
and  magnetic  potentials  is 

w3  =  w^  +  2/3  +  0  ((y)2??)  « 

0  =  0°  +  0  +  o^( y)2^  ,  (71) 
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where,  yy  and  y 3  are  the  second-order  warping  functions;  (j>  and  ip  are  the  second-order  electric  and  magnetic 
potentials. 

By  substituting  these  expressions  into  the  3D  strain  as  well  as  the  electric  and  magnetic  fields  then  into 
magnetoelectric  enthalpy  and  applying  the  similar  procedure  introduced  in  the  first-order  approximation,  it 
can  be  shown  that  the  second-order  in-plane  components  yy  vanish.  The  continuity  and  boundary  conditions 
for  the  second-order  transverse  normal  stress  crt,  electric  displacement  Dt,  and  magnetic  inductions  Bt  are 
given  by: 

CtVz  4~  ^et^av\\,a  +  et4>  +  9*'*/’  =0;  011  fl;, 

^ty'z  +  e^tIav\\ta-£dt(i)-at^  =0,  onOj,  (72) 

qty's  +  qeJaV\\,a  -  at<i  -  =0,  on  fij, 

and 

IT  ~  ~i  + 

Cty3  +  CetIav^a  +  et(j)  +  qtip  =r3, 

Cf  2/3  +  CjtIa'V\\,a  +  £t<j>  +  9t'0  =  /?3> 

etV3  +  eetIav\\,a  ~  sdt4>  ~  ati>  =0.  Or  </>+/~  =  0,  (73) 

9*2/3  +  qJtIaV\\ta  ~  at(i>  -  Uti)  =0,  or^+/~=0, 

The  Euler-Lagrange  equations  governing  y3,  <p  and  ip  take  the  form  of 

( Cty'3  +  CjtIav  ||Q  +  et4>  +  qtijfj  =  E'apStOl0  +  S1  +  A3, 

(ety^  +  eetIaV\\,a  -  £m4>  ~  at'ifj  =  +  S#  (74) 

(9*2/3  +  <&IaV\\,a  -  at(j)  -  =  E'^a/}£,ap  +  S'^, 

with  A3  representing  the  Lagrange  multiplier  for  the  second-order  approximation  and 

E'ap  ~  +  CS(0a)C±  +  eS(/Jct)  +  qS(Pa)C^), 

E'^ap  =  ~e/3efCs  lE*a  -  es^af3)Cj_  +  -(£ds(a/ 3)  +  £dsU}a))C<i>  +  aS{0a)C^, 

E^aP  £pQs  Cs  Da  9s(a0)O. -L  E  2  (^s(al3)  4”  ^s(/3ct)  )  T 

^  \£p9,P  4~  (^S(/3a) ^3em  4”  ^s(/3a)^em  4”  Qs^pcc^em) ,<*P  4”  -^3]  i 

^<j>  £P£s  Cs  9 4“  ^S(a/3)^3em  4”  Ty^ds^pj  4“  ^dsfpcf^^em  4”  f^Sfpaf'lPem  i 

L  Z  J  ,a/3 

^i/j  £p9s  Cs  9,/3  4“  Qs(ai3)  ^3em  4“  x(/*S(Q|g)  4”  9’Sfpaf')'^em  4” 

L  Z  J  ,a/3 

2/3,  0,  and  ip  can  be  solved  from  Eq.  (74)  in  conjunction  with  Eqs.  (72)  and  (73). 

Although  the  successful  prediction  of  y3,  </>,  and  ip  enables  us  to  obtain  an  magnetoelectric  enthalpy 
expression  asymptotically  corrected  up  to  the  order  of  0((h/l)4r]2),  such  an  enthalpy  expression  is  too 
complex  for  practical  uses.  We  will  still  use  the  Reissner-Mindlin  model  to  carry  out  the  2D  plate  analysis 
while  use  y3  for  the  second-order  prediction  of  the  3D  displacement /strain /stress  fields  and  use  <j>  and  ip 
for  the  second-order  predictions  of  electric  fields/displacements  and  magnetic  fields /inductions.  As  will  be 
shown  latter,  this  approach  can  achieve  a  good  accuracy  for  moderate  thick  plates  even  though  only  the 
equivalent  single-layer  Reissner-Mindlin  plate  model  is  used  for  the  2D  plate  analysis. 
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To  this  stage,  we  can  recover  the  3D  displacements,  electric  and  magnetic  potentials  up  to  the  second 
order  as 

—  u,  T  .C3 ( C3i  6:>yr  j  T  CjiWj  T  d‘siC'.>yi y3 . 

4>  =  0°  +  (75) 

l / )  =  if)0  +  1 i/>. 

The  second-order  estimation  of  elastic  strains  as  well  as  electric  and  magnetic  fields  then  becomes 

fe  =  e  +  x3k  +  Iav\ia,  2fs  =  t)[|  +  eaw3a,  ft  =  w°'  +  y'3: 

Ee  =  -4P\ ,,  Et  =  -(<j>°'+h  (76) 

Ha  =  ->!>%  Ht  =  -{1>0' +  $), 

Finally,  we  can  recover  the  3D  multiphysstress  field  up  to  the  second  order  as 


Validation  Examples 

We  have  derived  a  general  formulation  to  treat  smart  plates  made  of  piezoelectric  and  magnetostrictive 
materials  with  properties  as  functions  of  X3.  In  the  following,  we  will  use  several  examples  to  demonstrate 
the  performance  of  the  present  theory.  The  primary  focus  of  this  study  is  to  evaluate  the  capability  of  the 
present  asymptotic  plate  model  on  predicting  multi-physics  components  for  different  smart  plates  subjected 
to  various  boundary  and  load  (mechanical,  electric,  and  magnetic)  combinations. 

To  validate  of  the  present  model  initially,  results  are  compared  with  3D  exact  solutions.  3D  exact  solution 
approaches  are  developed  by  following  the  methodology  described  by  Pan  et.  al.  in  Refs.  [7,8].  However, 
some  modifications  have  been  made  to  enable  the  solution  procedure  suitable  for  more  general  eigenvalue 
problems  (complex,  real,  and  imaginary)  so  that  it  can  be  used  for  more  general  material  types.  Two  different 
materials  are  used  in  the  validation  examples.  The  first  is  the  magnetostrictive  material  CoFe20±  and  the 
second  is  the  much  studied  piezoelectric  material  PZT-4.  Material  properties  of  these  two  materials  are 
listed  in  Table  1.  For  all  validation  examples,  the  plate  is  infinitely  long  along  the  X\  direction  and  two  edges 
parallel  to  X2  are  subjected  to  simply  supported  boundary  conditions  (i.e.  u3  =  <f)  =  ip  =  cr33  =  D3  =  B3  =  0 
along  the  edge  length). 

Magnetostrictive  Plate  Under  Mechanical  Loading 

The  first  example  considered  is  a  magnetostrictive  ( )  plate  with  width  b  and  thickness  h  subjected 
to  a  sinusoidally  distributed  normal  traction  on  the  top  surface  of  the  plate:  t3(x 2)  =  <70  sm(7rx2/&).  All 
other  tractions  are  zero  on  top  and  bottom  surfaces.  Zero  electric  and  magnetic  potentials  are  specified  on 
the  bottom  surface  while  the  top  surface  is  maintained  to  be  electrically  and  magnetically  free  (zero  electric 
displacement  and  magnetic  flux). 

To  facilitate  our  comparison,  the  physical  quantities  for  this  example  are  nondimensionlized  by  the 


17  of  29 


American  Institute  of  Aeronautics  and  Astronautics 


Table  1.  Material  properties  for  two  materials  used  in  validation  examples  (so  =  8.8541  X  10  12C2 / (Nm2)  is  the 
dielectric  constant  of  vacuum) 


Material  properties  for  PZT  —  4 

Material  properties  for  CoFe204 

E1  =  E2  [Gpa] 

81.3 

E3  [Gpa] 

64.5 

Cn  —  C22  [Gpa] 

286.0 

C33  [Gpal 

269.5 

G 13  =  G 23  [Gpa]  25.6 

G12  [Gpa] 

30.6 

C13  =  C23  [Gpa] 

170.5 

C12  [Gpa] 

173 

^13  =  ^23 

0.432 

^12 

0.329 

C44  =  C55  [Gpa] 

45.3 

C6e  [Gpa] 

56.5 

631  =  632 

e33 

931  =  932 

933 

[C/m2] 

-5.2 

[C/m2] 

15.08 

[N /  (Am)] 

580.3 

[N/(Am)] 

699.7 

e24  =  ei5 

611/60  =  622/60 

924  =  915 

6 11  =  £22 

[C/m2] 

12.72 

(/) 

1475 

[N/  (Am)] 

550 

[C2  /  (Nm2)] 

8.0  x  ur11 

£33/20 

MU  =  M  22 

633 

Mu  =  M  22 

(/) 

1300 

[Ns2 /C2] 

5.0  x  HT6 

[C2 /(Nm2)] 

9.3  x  HT11 

[Ns2/C2] 

-5.9  x  10“4 

633 

633 

[Ns2/C2] 

10.0  x  10“6 

[Ns2/C2] 

1.57  x  10“4 

following  relations: 


Ui  = 


ip  = 


CnhHh 

Qob4 

931^ 

Qo  b  ’ 


aij 


aij 
Qo  ’ 


A  = 


CuDj 

^3190 


Bi  = 


CuB , 
Q31Q0 


(78) 


Figures  2,  3,  and  4  depict  the  through-the-thickness  variation  of  the  maximum  values  of  nondimensional 
displacements  (A),  stresses  (a y),  magnetic  potential  and  magnetic  fluxes  A:  for  two  moderate  thick 
magnetostrictive  plates  with  length  to  thickness  ratios  b/h  being  10  and  15.  Throughout  this  paper, 5  =  2:3 /h 
indicates  the  nondimensional  X3  coordinate.  As  there  is  no  magnetoelectric  coupling  (al:j  =  0),  electric 
components  are  all  zeros.  All  elastic  variables  (displacements  and  stresses)  matches  excellently  well  with  the 
3D  solutions  as  evidenced  by  the  override  of  the  two  solution  curves  for  all  these  components  except  for  <723, 
of  which  the  maximum  relative  errors  are  still  within  0.18%  and  0.41%  for  b/h  =  15  and  10  respectively.  In 
fact,  the  tendency  of  this  excellent  match  of  elastic  variables  are  maintained  for  a  wide  range  of  the  width  to 
thickness  ratio,  up  to  b/h  =  2.5  (see  Table  2).  For  this  example,  the  accuracy  of  present  model  is  majorally 
determined  by  the  passively  induced  magnetic  components,  i.e.  the  magnetic  potential  (f>  and  fluxes  A,  A- 
Out  of  all  9  components  compared,  the  maximum  relative  error  occurs  for  the  transverse  magnetic  flux 
A-  The  maximum  errors  of  4>  and  fluxes  A,  A  take  values  of  1.31%,  4.99%,  and  6.62%,  respectively  for 
the  moderate  aspect  ratio  of  15,  while  for  b/h  =  10  these  errors  become  relatively  large,  taking  values  of 
10.16%,  11.45%,  and  14.87%,  respectively. 

It  is  well  known  that  in  nearly  all  plate  theories  the  behavior  of  field  variables  changes  dramatically  as 
the  aspect  ratio  varies.  This  aspect  ratio  influence  is  illustrated  in  Table  2  where  the  maximum  value  of 
various  field  variables  evaluated  at  appropriate  {x2,X3)  locations  are  compared  with  their  3D  counterparts 
for  plates  with  different  b/hs.  Because  for  this  example  in-plane  displacement  and  stress  fields  can  always 
be  calculated  more  accurately  than  the  transverse  elastic  components,  they  are  not  listed  in  Table  2. 

It  can  be  observed  from  Table  2  that  the  present  plate  model  can  provide  an  excellent  prediction  of 
elastic  components  for  plates  varying  from  thin  to  extremely  thick  (up  to  b/h  =  2.5),  however,  the  accurate 
prediction  of  magnetic  components  (ip,  B2,  and  A)  can  only  be  achieved  for  thin  and  moderate  thick  plates 
(up  to  b/h  =  15).  These  passively  induced  magnetic  fields  demonstrate  stronger  3D  behavior  than  those 
elastic  components  which  exhibit  more  plate  like  behavior.  3D  exact  simulations  show  that  as  the  plate 
becomes  thicker  the  curves  of  these  passively  induced  variables  take  more  complicated  forms,  indicating 
the  accurate  3D  behavior  of  these  magnetic  fields  can  only  be  captured  by  higher  order  functions.  This 
phenomena  will  be  further  explained  in  example  3. 


Piezoelectric  Plate  Under  Mechanical  Loading 

The  second  example  is  related  to  a  piezoelectric  plate  subjected  to  the  same  sinusoidally  distributed  normal 
traction  on  the  top  surface  of  the  plate:  73(2:2)  =  qo  sin (77 x2/b).  The  major  difference  between  this  example 
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0.4 


U3 


(a)  transverse  deflection  C/3,  £2  =  6/2,  6/6,  =  15 


(c)  longitudinal  displacement  C/2,  #2  =  0,6/6,  =  15 


9 

(e)  magnetic  potential  xp,x 2  =  6/2,  b/h  =  15 


-  Exact  (3D) 
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U3 

(b)  transverse  deflection  U3,X2  =  6/2,  6/6,  =  10 


(d)  longitudinal  displacement  C/2, #2  =  0,6/6,  =  10 


9 

(f)  magnetic  potential  x^,X2  =  6/2,  6/6,  =  10 


Figure  2.  Variation  of  maximum  nondimensional  transverse  deflection,  longitudinal  displacement,  and  magnetic 
potential  along  the  thickness  direction  for  a  cylindrically  bent  magnetostrictive  ( CoFe20 4)  plate  subjected  to 
a  sinusoidal  pressure  on  the  top  surface  (moderate  thick  plates  with  b/h  =  10  and  15). 
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(a)  in-plane  normal  stress  crn,x 2  =  6/2, 6/h  =  15 


(b)  in-plane  normal  stress  cru,  ^2  =  b/2,b/h  =  10 


(c)  in-plane  normal  stress  <722,^2  —  b/2,b/h  =  15  (d)  in-plane  normal  stress  0-22, #2  =  b/2,b/h  =  10 


(e)  transverse  shear  stress  <723, #2  =  0 ,b/h  =  15 


(f)  transverse  shear  stress  <723,^2  =  0 ,b/h  =  10 


Figure  3.  Variation  of  maximum  nondimensional  in-plane  normal  and  transverse  shear  stresses  along  the 
thickness  direction  for  a  cylindrically  bent  magnetostrictive  ( CoFe204 )  plate  subjected  to  a  sinusoidal  pressure 
on  the  top  surface  (moderate  thick  plates  with  b/h  =  10  and  15). 
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(a)  transverse  normal  stress  <733,  £2  =  b/2,b/h  =  15  (b)  transverse  normal  stress  <733,  #2  —  b/2,b/h  =  10 


(c)  in-plane  magnetic  induction  £2, #2  =  b/2,b/h  =  15 


(d)  in-plane  magnetic  induction  B2,X2  =  b/2,b/h  =  10 


(e)  transverse  magnetic  induction  B^,X2  =  0,  b/h  =  15 


(f)  transverse  magnetic  induction  B$,X2  =  0,  b/h  =  10 


Figure  4.  Variation  of  maximum  nondimensional  transverse  normal  stress  and  magnetic  inductions  along  the 
thickness  direction  for  a  cylindrically  bent  magnetostrictive  ( CoFe20 4)  plate  subjected  to  a  sinusoidal  pressure 
on  the  top  surface  (moderate  thick  plates  with  b/h  =  10  and  15). 
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Table  2.  Influence  of  aspect  ratio  for  mechanically  loaded  magnetostrictive  plates  with  one  surface  subjected 
to  zero  electric  and  magnetic  potentials  and  the  other  being  electric  and  magnetic  free. 


b/h 

U3(b/ 2,0) 

^(6/2,0) 

ct23(0,0) 

<733(6/2,0) 

B2(0,0) 

B3(b/2 

•  ~h/2) 

present 

3D 

present 

3D 

present 

3D 

present 

3D 

present 

3D 

present 

3D 

20 

0.199 

0.199 

-7.848E-03 

-7.820E-03 

9.537 

9.547 

0.500 

0.500 

43.702 

44.955 

-4.575 

-4.752 

18 

0.200 

0.200 

-6.910E-03 

-6.870E-03 

8.581 

8.591 

0.500 

0.500 

39.313 

40.716 

-4.572 

-4.792 

15 

0.201 

0.201 

-5.464E-03 

-5.393E-03 

7.145 

7.158 

0.500 

0.500 

32.723 

34.441 

-4.566 

-4.889 

12 

0.202 

0.202 

-3.939E-03 

-3.795E-03 

5.709 

5.725 

0.500 

0.500 

26.123 

28.353 

-4.554 

-5.079 

10 

0.204 

0.204 

-2.845E-03 

-2.582E-03 

4.750 

4.769 

0.500 

0.500 

21.713 

24.520 

-4.540 

-5.333 

8 

0.208 

0.208 

-1.637E-03 

-1.072E-03 

3.789 

3.813 

0.500 

0.500 

17.288 

21.148 

-4.514 

-5.878 

5 

0.224 

0.224 

6.500E-04 

4.875E-03 

2.337 

2.377 

0.500 

0.500 

10.580 

21.809 

-4.403 

-10.751 

2.5 

0.303 

0.305 

3.778E-03 

-5.282E-03 

1.094 

1.172 

0.500 

0.497 

4.738 

-1.207 

-3.853 

2.888 

b/h 

Error  % 

Error  % 

Error  % 

Error  % 

Error  % 

Error  % 

20 

0.01 

0.37 

0.10 

0.00 

2.79 

3.72 

18 

0.01 

0.58 

0.13 

0.00 

3.45 

4.60 

15 

0.01 

1.31 

0.18 

0.00 

4.99 

6.62 

12 

0.02 

3.80 

0.29 

0.00 

7.86 

10.33 

10 

0.03 

10.16 

0.41 

0.00 

11.45 

14.87 

8 

0.04 

52.72 

0.64 

0.01 

18.26 

23.20 

5 

0.01 

86.67 

1.65 

0.05 

51.49 

59.05 

2.5 

0.72 

171.53 

6.68 

0.58 

492.62 

233.41 

and  the  previous  one  is  that  in  the  current  situation  all  electric  and  magnetic  potentials  are  specified  to  be 
zero  on  both  top  and  bottom  surfaces  of  the  plate.  All  other  boundary  conditions  are  the  same  as  example  1 
except  that  the  material  of  the  plate  is  now  changed  to  be  PZT-4.  Similar  to  example  1,  physical  quantities 
for  this  example  are  nondimensionlized  according  to  Eq.  (78). 

Figures  5  and  6  provide  a  complete  comparison  of  all  9  nonzero  multiphysics  fields  obtained  by  using 
present  plate  model  with  their  corresponding  3D  solutions  for  a  extremely  thick  plate  with  b/h  =  2.5. 
Through-thickness  variation  of  the  maximum  values  of  all  these  variables  are  plotted.  Because  no  magneto¬ 
electric  coupling  exists  for  the  PZT-4  material  (a,j  =  0),  all  magnetic  components  in  this  example  are  all 
identically  zeros.  Unlike  the  previous  example,  the  present  plate  model  provides  an  excellent  prediction  of 
all  9  multiphysics  field  variables  for  an  extremely  thick  piezoelectric  plate  with  ( b/h  =  2.5).  The  maximum 
relative  error  among  elastic  components  occurs  for  023  which  takes  the  value  of  5.04%,  while  the  maximum 
relative  error  among  electric  variables  is  1.89%,  corresponding  to  D3.  As  usual,  this  model  provides  a  better 
prediction  of  in-plane  multiphysics  components  than  the  transverse  components,  consisting  with  the  fact  that 
high  order  perturbation  and  recovery  procedures  are  required  for  obtaining  transverse  components  during 
the  theoretical  derivation. 

To  illustrate  the  influence  of  the  aspect  ratio  on  multiphysics  fields,  a  detailed  comparison  with  the 
3D  exact  solutions  is  given  in  Table  3.  As  expected,  the  accuracy  of  the  present  model  increases  as  b/h 
increases.  For  this  particular  example,  an  excellent  accuracy  of  5.04%  can  be  achieved  even  for  an  extremely 
thick  plate  {b/h  =  2.5).  This  example  also  pointed  out  an  important  fact,  i.e.,  a  systematical  comparison 
with  3D  solutions  for  carefully  selected  load  and  boundary  combinations  is  required  for  a  true  validation  and 
estimation  of  a  specific  plate  theory,  especially  for  problems  with  coupled  multiphysics  fields.  Comparisons 
made  only  on  some  specific  cases  may  not  be  enough  to  guarantee  the  accuracy  of  the  developed  theory. 

Piezoelectric  Plate  Subjected  to  Electric  Potentials 

To  complete  the  systematical  evaluation  of  the  present  plate  theory,  the  third  example  under  investigation 
is  a  PZT-4  piezoelectric  plate  subjected  to  sinusoidally  distributed  electric  potential  on  both  the  top  and 

bottom  surface  of  the  plate,  with  h/ 2)  =  A  sin(— — ^-),  (j>{x 2,  —h/ 2)  =  — ^  sin(— — ^-),  and  zero  magnetic 
potentials  ip{x 2,  h/2)  =  ip(x 2,  —h/ 2)  =  0.  In  addition,  on  both  of  these  boundary  surfaces  the  plate  is  traction 
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(a)  transverse  deflection  C/3,  X2  =  6/2,6//i  =  2.5 


(b)  longitudinal  deflection  C/2,  £2  —  0,b/h  =  2.5 


(c)  electric  potential  (j),x 2  =  6/2,  6/6.  =  2.5  (d)  in-plane  normal  stress  <711,0:2  =  6/2, 6/6  =  2.5 


(e)  in-plane  normal  stress  <722,  #2  =  6/2,  b/h  =  2.5 


(f)  transverse  shear  stress  <723, £2  —  0 ,6/6  =  2.5 


Figure  5.  Variation  of  maximum  nondimensional  elastic  displacements,  electric  potential,  in-plane  normal 
stresses,  and  transverse  shear  stress  along  the  thickness  direction  for  a  cylindrically  bent  piezoelectric  (PZT-4) 
plate  subjected  to  a  sinusoidal  pressure  on  the  top  surface,  <f>  =  ip  =  0  at  top  and  bottom  surfaces  (an  extremely 
thick  plate  with  b/h  =  2.5).  23  of  29 
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(c)  transverse  electric  displacement  D%,X2  =  0,  b/h  =  2.5 


Figure  6.  Variation  of  maximum  nondimensional  transverse  normal  stress  and  electric  displacements  along 
the  thickness  direction  for  a  cylindrically  bent  piezoelectric  (PZT-4)  plate  subjected  to  a  sinusoidal  pressure 
on  the  top  surface,  </>  =  ip  =  0  at  top  and  bottom  surfaces  (an  extremely  thick  plate  with  b/h  =  2.5). 
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Table  3.  Influence  of  aspect  ratio  for  mechanically  loaded  piezoelectric  plates  with  both  top  and  bottom  surface 
subjected  to  zero  electric  and  magnetic  potentials. 


b/h 

t/3  (6/2,  ft/2) 

ip(b/2,  0) 

<723(0, 0) 

£>2(0,0) 

£>3  (6/2,  ft/2) 

present 

3D 

present 

3D 

present 

3D 

present 

3D 

present 

3D 

20 

0.160 

0.160 

-0.162 

-0.162 

9.539 

9.547 

-75.945 

-75.955 

-7.130 

-7.132 

18 

0.160 

0.160 

-0.146 

-0.146 

8.583 

8.592 

-68.334 

-68.346 

-7.129 

-7.131 

15 

0.161 

0.161 

-0.122 

-0.122 

7.149 

7.159 

-56.913 

-56.927 

-7.127 

-7.130 

12 

0.161 

0.162 

-0.098 

-0.098 

5.713 

5.726 

-45.484 

-45.502 

-7.123 

-7.127 

10 

0.163 

0.163 

-0.081 

-0.081 

4.755 

4.770 

-37.855 

-37.877 

-7.118 

-7.124 

8 

0.165 

0.165 

-0.065 

-0.065 

3.795 

3.814 

-30.214 

-30.242 

-7.108 

-7.119 

5 

0.174 

0.175 

-0.041 

-0.041 

2.348 

2.378 

-18.694 

-18.744 

-7.069 

-7.096 

2.5 

0.230 

0.235 

-0.021 

-0.021 

1.115 

1.174 

-8.878 

-9.021 

-6.872 

-7.005 

b/h 

Error  % 

Error  % 

Error  % 

Error  % 

Error  % 

20 

0.04 

0.03 

0.08 

0.01 

0.02 

18 

0.04 

0.04 

0.10 

0.02 

0.03 

15 

0.06 

0.06 

0.14 

0.03 

0.04 

12 

0.10 

0.09 

0.22 

0.04 

0.06 

10 

0.14 

0.13 

0.31 

0.06 

0.09 

8 

0.22 

0.19 

0.49 

0.09 

0.15 

5 

0.53 

0.38 

1.26 

0.27 

0.39 

2.5 

1.76 

0.55 

5.04 

1.58 

1.89 

free.  Physical  quantities  in  this  example  are  normalized  as  follows: 


j-j  _  Cnh3Ui 

e3i63^0 


e3i</>o  ’ 


O’i'i  — 


CTijb 

e3i^o  ’ 


p  _  CuDib 
e3i0o 


B  —  CuBib 

q3i^3i4>o 


(79) 


Similar  to  previous  examples,  a  detailed  comparison  of  all  9  nonzero  electric  and  mechanical  components 
with  their  3D  counterparts  for  an  extremely  thick  PZT-4  piezoelectric  plate  ( b/h  =  2.5)  subjected  to  the 
action  of  a  sinusoidal  electric  potential  difference  prescribed  on  the  top  and  bottom  surfaces  is  shown  Figures 
7  and  8.  Again,  all  plots  reveal  the  through-thickness  variation  of  the  maximum  values  of  these  multiphysics 
variables.  On  the  country  to  example  1  where  mechanically  loaded  magnetostrictive  plates  with  the  fixed- free 
magnetic  and  electric  boundary  conditions  on  top  and  bottom  surfaces  are  analyzed,  in  this  example  (with 
fixed-fixed  electric  and  magnetic  boundaries),  all  electric  fields  (<j>  ,D2,  and  D$)  predicted  by  the  current 
plate  model  demonstrate  excellent  accuracies,  however,  some  mechanical  components  (023  and  <733)  exhibit 
a  strong  3D  behavior.  Among  3  electric  field  variables,  D2  has  the  maximum  relative  error  of  5.56%  which 
occurs  at  z  ss  0.3.  Among  the  remaining  4  elastic  components  (excluding  of  023  and  <733),  the  maximum 
relative  error  is  17.97%  and  occurs  for  <722-  In  Figure  7(a),  the  passively  induced  transverse  displacement  U3 
clearly  demonstrates  a  3D  movement  rather  than  the  regular  bending  movement  as  studied  in  many  elastic 
examples,  indicating  that  the  passively  induced  mechanical  components  demonstrate  strong  3D  behaviors. 
This  is  further  evidenced  by  the  curves  of  023  and  033  plotted  in  7(f)  and  8(a)),  where  the  shapes  of  the 
transverse  normal  and  shear  stresses  become  more  complicated  than  those  can  be  obtained  in  pure  elastic 
studies.  Figures  7(f)  and  8(a)  show  that  the  0-23  and  033  predicted  by  the  current  plate  model  are  identically 
zero.  And  these  results  are  also  identically  zeros  for  all  other  aspect  ratios.  A  Taylor  expansion  of  the  3D 
exact  solution  of  023  and  0-33  with  respect  to  x$  reveals  that  the  dominated  part  in  the  series  of  023  is  the 
£3  term  while  dominated  part  for  033  is  the  term  related  to  x3.  As  previously  indicated  in  the  theoretical 
derivation,  the  recovered  transverse  shear  stress  (023)  is  of  the  first-order  accuracy  (to  the  order  of  x3)  while 
the  transverse  normal  stress  (033)  is  asymptotically  correct  to  the  second  order  (to  order  of  x3).  For  this 
reason,  it  is  not  surprising  to  explain  why  the  present  plate  model  and  in  general  all  other  currently  available 
plate  theories  based  on  the  equivalent  single-layer  model  cannot  capture  023  and  033 .  From  above  analysis 
it  is  clear  that  it  is  necessary  to  push  the  recovery  procedure  one  step  further  to  obtain  a  better  prediction 
of  023  and  033 .  However,  this  is  beyond  the  scope  of  the  this  paper  and  will  be  studied  in  our  future  work. 
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(a)  transverse  deflection  Uz,X2  =  b/2,b/h  =  2.5  (b)  longitudinal  deflection  U2,  X2  =  0,b/h  =  2.5 


(e)  in-plane  normal  stress  <722 ,  #2  =  6/2,  b/h  =  2.5 


(f)  transverse  shear  stress  <723, £2  =  0,b/h  =  2.5 


Figure  7.  Variation  of  maximum  nondimensional  elastic  deflections,  electric  potential,  in-plane  normal  stresses, 
and  transverse  shear  stress  along  the  thickness  direction  for  a  cylindrically  bent  piezoelectric  (PZT-4)  plate 
subjected  to  sinusoidal  electric  potentials  on  top  and  bottom  surfaces,  </>  =  ^4>o  sin(^p-),  <j)  =  —  ^<po  sinf^2-)  (an 
extremely  thick  plate  with  b/h  =  2.5). 
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(a)  transverse  normal  stress  <733, #2  =  b/2,b/h  =  2.5  (b)  in-plane  electric  displacement  £>2,^2  —  b/2,b/h  =  2.5 


(c)  transverse  electric  displacement  D%,X2  =  0 ,b/h  =  2.5 

Figure  8.  Variation  of  maximum  nondimensional  transverse  normal  stress  and  electric  displacements  along 
the  thickness  direction  for  a  cylindrically  bent  piezoelectric  (PZT-4)  plate  subjected  to  sinusoidal  electric 
potentials  on  top  and  bottom  surfaces,  (ft  =  2  </>o  sin(^|p-),  (ft  =  —  ^  (fto  sin(^|p-)(an  extremely  plate  with  b/h  =  2.5). 
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Concluding  Remarks 


This  paper  provides  a  novel  asymptotically  correct  and  geometrically  nonlinear  plate  model  for  piezon- 
electric  and  magnetostrictive  smart  plates.  Unlike  most  prevailing  plate  theories  which  rely  on  a  priori 
assumptions  on  describing  the  3D  elastic,  electric,  and  magnetic  fields,  the  present  model  is  derived  based  on 
a  variational  asymptotical  approach  with  no  assumptions  invoked  for  any  multiphysics  fields.  The  simplified 
2D  plate  model  is  obtained  by  a  systematic  dimensional  reduction  approach  so  that  the  resulting  variational 
statement  is  asymptotically  correct  to  different  orders  of  h/l.  The  original  3D  magneto-electric-elastic  prob¬ 
lem  is  then  cast  in  an  intrinsic  form  so  that  the  theory  can  accommodate  arbitrary  large  deformation  and 
global  rotation  with  the  restriction  that  the  strains  are  small. 

The  accuracy  of  the  present  model  has  been  validated  by  comparing  results  with  3D  exact  solutions. 
Its  capability  and  limitation  have  also  been  systematically  investigated  by  analyzing  three  carefully  selected 
examples,  namely,  a  mechanically  loaded  magnetostrictive  plate  with  fix-free  electric  and  magnetic  boundary 
conditions,  a  mechanically  loaded  piezoelectric  plate  with  zero  electric  and  magnetic  potentials  specified  on 
top  and  bottom  surfaces,  and  a  piezoelectric  plate  subjected  to  the  prescribed  electric  potential  difference. 
As  the  development  of  this  asymptotical  plate  model  follows  a  mathematically  rigorous  derivation,  most 
conclusions  drawn  upon  here  are  applicable  for  other  plate  theories  developed  based  upon  the  equivalent 
single-layer  model. 

For  mechanical  loading  cases,  the  present  plate  model  can,  in  general,  provide  excellent  accuracy  for 
smart  plates  with  moderate  thickness.  Although  under  some  particular  situations  (e.g.  with  both  boundary 
surfaces  specified  with  zero  electric  and  magnetic  potentials)  this  plate  model  can  achieve  excellent  accuracy 
for  an  extremely  thick  plate  (b/h  =  2.5),  the  prediction  capability  is  limited  by  the  plate  subjected  to  the 
electric/magnetic  fix- free  boundary  condition,  for  which  good  accuracy  can  only  be  achieved  for  thin  and 
moderate  thick  plates. 

For  smart  plates  subjected  to  pure  electric  or  magnetic  potential  differences,  excellent  accuracy  can 
be  achieved  for  all  electric/magnetic  components  (electric  potential  and  displacements,  magnetic  potential 
and  fluxed)  as  well  all  elastic  displacements  and  in-plane  stresses  even  though  the  plate  becomes  extremely 
thick.  However,  because  the  transverse  shear  and  normal  stresses  demonstrate  strong  3D  behaviors  and  their 
behaviors  are  dominated  by  high  order  terms,  the  current  plate  model  with  the  second-order  stress  recovery 
cannot  capture  these  two  fields.  In  the  future,  we  plan  to  push  our  recovery  procedure  one  step  further  to 
improve  the  prediction  capability  of  the  current  plate  model. 
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The  variational  asymptotic  method  is  used  to  construct  a  new  model  for  composite 
plates  which  could  have  in-plane  heterogeneity  due  to  both  geometry  and  material.  We 
first  formulate  the  original  three-dimensional  problem  in  an  intrinsic  form  which  is  suitable 
for  geometrically  nonlinear  analysis.  Taking  advantage  of  smallness  of  the  plate  thickness 
and  heterogeneity,  we  use  the  variational  asymptotic  method  to  systematically  obtain  an 
effective  plate  model  unifying  a  homogenization  process  and  a  dimensional  reduction  pro¬ 
cess.  This  approach  is  implemented  in  the  computer  code  VAPAS  using  the  finite  element 
method  for  the  purpose  of  dealing  with  real  heterogeneous  plates  in  application.  A  few 
examples  are  used  to  demonstrate  the  capability  of  this  new  model. 

I.  Introduction 

Along  with  the  rapidly  increasing  popularity  of  composite  materials  and  structures,  research  on  accurate 
and  general  modeling  of  structures  made  of  them  has  remained  as  a  very  active  field  in  the  last  several 
decades.  Moreover  the  increased  knowledge  and  fabrication  techniques  of  them  are  possible  to  manufacture 
new  materials  and  structures  with  optimized  microstructures  to  achieve  the  ever-increasing  performance 
requirements.  Although  it  is  logically  sound  to  use  the  well-established  finite  element  method  (FEM)  to 
analyze  such  materials  and  structures  by  meshing  all  the  details  of  constituent  microstructures,  it  is  not  a 
practical  and  efficient  way,  which  requires  an  inordinate  number  of  degree  of  freedom  (i.e.,  computing  cost) 
to  capture  the  micro-scale  behavior. 

Fortunately,  most  composite  materials  exhibit  statistical  homogeneity1  so  that  we  can  define  a  represen¬ 
tative  volume  element  (RVE),  which  is  entirely  typical  of  the  whole  mixture  on  average  and  contains  a  suffi¬ 
cient  number  of  inclusions  for  the  apparent  overall  properties  to  be  effectively  independent  of  the  boundary 
conditions?  Although  different  definitions  are  given  for  an  RVE  in  the  literature?  we  give  a  practice-oriented 
definition  for  an  RVE  as  any  block  of  material  the  analyst  wants  to  use  for  the  micromechanical  analysis  to 
find  the  effective  properties  and  replace  it  with  an  equivalent  homogeneous  material.  The  term  unit  cell  (UC) 
is  also  used  extensively  in  the  literature  and  defined  as  the  building  block  of  the  heterogeneous  material.  In 
our  work,  we  define  UC  as  the  smallest  RVE.  In  other  words,  one  RVE  could  contain  several  UCs.  These 
definitions  essentially  imply  that  it  is  the  analyst’s  judgement  to  determine  what  should  be  contained  in  an 
RVE  or  UC.  To  be  consistent  with  statistical  homogeneity,  a  well-formulated  micromechanics  model  should 
not  depend  on  the  size  of  an  RVE,  which  means  the  effective  properties  obtained  from  an  RVE  containing 
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multiple  UCs  should  be  the  same  as  those  obtained  from  a  UC.  In  this  sense,  we  consider  the  heterogeneous 
structure  as  a  periodic  assembly  of  many  UCs. 

If  the  size  of  UC  (d)  is  much  smaller  than  the  size  of  the  structure  (L)  (i.e.  77  =  d/L  <C  1),  it  is  possible  to 
homogenize  the  heterogeneous  UC  with  a  set  of  effective  material  properties  through  a  micromechanical  anal¬ 
ysis  of  the  UC.  With  these  effective  properties,  the  analyst  can  replace  the  original  heterogeneous  structure 
with  a  homogeneous  one  and  carry  out  structural  analysis  for  global  behavior.  In  the  past  several  decades, 
numerous  micromechanical  approaches  have  been  suggested  in  the  literature,  such  as  the  self-consistent 
model?-6  the  variational  approach,'’8  the  method  of  cells?-12  recursive  cell  method?3  mathematical  homoge¬ 
nization  theories,14-16  finite  element  approaches  using  conventional  stress  analysis  of  a  representative  volume 
element,1'  variational  asymptotic  method  for  unit  cell  homogenization  (VAMUCH),18, 19  and  many  others 
(see  Ref.  [20-22]  for  reviews  of  the  field) . 

In  real  applications,  many  composite  structures  are  dimensionally  reducible  structures23  with  one  or  two 
dimensions  much  smaller  than  others.  For  example,  many  load  bearing  components  are  flat  panels  with  the 
thickness  h  much  smaller  than  the  in-plane  dimensions  (i.e.  e  =  h/L  <C  1)  and  they  can  be  effectively 
modeled  using  plate  models.  If  there  are  still  many  unit  cells  along  the  thickness  direction  (i.e.  77  <C  e), 
we  can  use  the  traditional  two-step  approach  that  performs  homogenization  using  micromechanics  first  to 
obtain  effective  properties  of  the  heterogeneous  material,  then  performs  a  dimensional  reduction  to  construct 
a  plate  model  for  structural  analysis.  Usually,  composite  plates  do  not  have  many  unit  cells  along  the 
thickness  direction.  For  example,  for  plates  made  of  textiles,  the  textile  microstructure  might  be  as  large  as 
the  plate  thickness.  That  is,  the  periodicity  is  exhibited  only  in-plane  and  we  have  either  e  <C  77  or  e  ~  77. 
As  pointed  out  by  Kohn  and  Vogelius?4  if  e  <C  77,  the  order  of  the  aforementioned  two-step  approach  should 
be  reversed.  That  is,  we  need  to  carry  out  the  dimensional  reduction  to  construct  plate  models  first,  then 
homogenize  the  heterogeneous  surface  with  periodically  varying  plate  properties.  If  e  ~  77,  the  two  steps  in 
the  two-step  approach  should  be  performed  at  the  same  time,  that  is,  both  small  parameters  (e  and  77)  should 
be  considered  during  modeling  of  such  structures.  And  several  studies  have  shown  that  models  considering 
e  and  77  simultaneously  also  give  accurate  results  for  the  case  e  <C  r 7?5, 26 

In  recent  years,  the  formal  asymptotic  method  has  been  used  to  study  this  problem?4, 25,2,-29  It  is  a 
modification  to  the  asymptotic  homogenization  method  which  is  a  direct  application  of  the  formalism  of  two 
scales  to  the  original  three-dimensional  (3D)  equations  governing  the  plate  structure.  However,  although 
these  models  are  mathematically  elegant  and  rigorous  without  introducing  ad  hoc  assumptions,  it  is  not  easy 
to  relate  the  equations  derived  using  this  method  with  simple  engineering  models  and  extend  this  approach 
to  geometrical  nonlinear  problems.  Sometimes,  the  displacement  field  predicted  using  this  approach  is  not 
compatible  with  the  stress  field.  For  example,  the  displacement  field  in  Eqs.  (1.3.5)  of  Ref.  [29]  implies 
zero  transverse  normal  strain  which  further  implies  nonzero  normal  stress  due  to  Poisson’s  effect,  which  is 
not  compatible  with  the  stress  field  given  in  Eq.  (1.3.6)  of  Ref.  [29].  Last  but  not  least,  it  is  difficult  to 
implement  these  theories  numerically. 

As  a  remedy  to  the  shortcomings  of  formal  asymptotic  method,  we  propose  to  use  the  variational  asymp¬ 
totic  method  (VAM)30  to  carry  out  simultaneous  homogenization  and  dimensional  reduction  to  construct  a 
model  suitable  for  plates  made  of  heterogeneous  materials.  First,  the  3D  anisotropic  elasticity  problem  is 
formulated  in  an  intrinsic  form  suitable  for  geometrically  nonlinear  analysis.  Then,  considering  both  e  and 
77,  we  use  VAM  to  rigorously  decouple  the  original  3D  anisotropic,  heterogeneous  problem  into  a  nonlinear 
two-dimensional  (2D)  surface  analysis  (i.e.  plate  analysis)  on  the  macroscopic  level  and  a  linear  microme¬ 
chanical  analysis.  The  micromechanical  analysis  can  be  easily  implemented  using  the  finite  element  method 
for  numerically  obtaining  the  effective  plate  constants  for  the  2D  plate  analysis  and  recovering  the  local 
displacement,  strain,  and  stress  fields  based  on  the  macroscopic  behavior.  Several  examples  are  used  to 
demonstrate  the  application  and  accuracy  of  this  new  model  and  the  companion  code  VAPAS. 

II.  Three-Dimensional  Formulation 

A  plate  may  be  considered  geometrically  as  a  smooth  2D  reference  plane  w  surrounded  by  a  layer  of 
matter  with  thickness  h  to  form  a  3D  body  with  one  dimension  much  smaller  than  the  other  two.  In  general, 
a  point  in  the  plate  can  be  represented  mathematically  by  its  Cartesian  coordinates  a;,,  where  xa  are  two 
orthogonal  lines  in  the  reference  plane  and  X3  is  the  normal  coordinates  (Here  and  throughout  the  paper, 
Greek  indices  assume  values  1  and  2  while  Latin  indices  assume  1,  2,  and  3.  Repeated  indices  are  summed 
over  their  range  except  where  explicitly  indicated).  Without  loss  of  generality,  we  choose  the  middle  of  the 
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plate  as  the  origin  of  X3.  Let  us  now  consider  a  heterogeneous  plate  formed  by  many  UCs  (f 2)  in  the  reference 
plane  (see  Fig.  1).  To  describe  the  rapid  change  in  the  material  characteristics  in  the  in-plane  directions,  we 
need  to  introduce  two  so-called  ‘fast’  coordinates  ya  parallel  to  xa.  These  two  sets  of  coordinates  are  related 
as  ya  =  xa/rj. 


Figure  1.  A  heterogeneous  plate  with  representative  periodicity  cell 


If  the  UC  is  a  cuboid  as  depicted  in  Fig.  1,  we  can  describe  the  domain  (fi)  occupied  by  the  UC  using 
ya  and  X3  as 

_  f,  .  di  d\  d2  d2  h  h.' ) 

“  =  i  (2/1, 2/2,  £3)  <  2/1  <  — <  2/2  <  -77,-77  <  X3  <  -  }  (1) 


As  our  goal  is  to  homogenize  the  heterogenous  material,  we  need  to  assume  that  the  exact  solution  of  the 
field  variables  have  volume  averages  over  Q.  For  example,  if  Ui(x  1,  x2 ,  £3;  2/1, 2/2)  are  the  exact  displacements 
within  the  UC,  there  exists  Vi(x  1,^2)  such  that 


Vi  n 


mUidyidy2dx3  =  vr  /  UidVL  =  (m) 

3  ^  an 


(2) 


Due  to  the  existence  of  a  distinct  scale  separation  between  two  types  of  spatial  variations  described  by 
ya  and  xai  the  derivative  of  a  function,  m,  defined  in  U  can  be  evaluated  as 


dui(xi,x2,  X3]  2/i;  2/2) 
dxa 


dUj  , 

dx  'y°L=cons^ 


1  dui 

V  dya 


Xi=const  —  ^ i,a 


1 

rj 


(3) 


Note  that  in  real  derivation,  y  is  not  a  number  but  denoting  the  order  of  the  term  it  is  associated  with. 

Letting  b,  denote  a  unit  vector  along  x,  for  the  undeformed  plate,  one  can  then  describe  the  position  of 
any  material  point  in  the  undeformed  configuration  by  its  position  vector  r  relative  to  a  point  O  fixed  in  an 
inertial  frame,  such  that 

r(x1,x2,x3)  =  r(xi,x2)  +x3b3  (4) 

where  r  is  the  position  vector  from  O  to  the  point  located  by  xa  on  the  reference  plane. 

When  the  plate  deforms,  the  particle  that  had  position  vector  r  in  the  undeformed  state  now  has  position 
vector  R  in  the  deformed  configuration.  The  latter  can  be  uniquely  determined  by  the  deformation  of  the 
3D  body.  To  this  end,  we  need  to  introduce  a  new  triad  EL  for  the  deformed  plate  as  unit  vectors  to  express 
vectors  and  tensors  in  their  component  form  during  the  derivation.  The  relation  between  B.;  and  b,  can  be 
specified  by  an  arbitrary  large  rotation  in  terms  of  the  matrix  of  direction  cosines  C(x i,x2)  so  that 


B,  =  Cijhj  with  Cij  =  B,  •  b( 


(5) 
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subject  to  the  requirement  that  B  j  is  coincident  with  bj  when  the  structure  is  undeformed.  Following  Hodges 
at  el.31  and  Yu  at  el.32  the  position  vector  R  can  be  represented  as 

R(xi;ya)  =  R  (aq,^)  +2:363(2;!,  a:2)  +  wi(£i,£2,£3;2/i,2/2)B.i(£1,£2)  (6) 

where  R  denotes  the  position  vector  describing  the  deformed  reference  surface  and  w j  denotes  the  warping 
functions  describing  the  deformation  not  captured  by  R  and  Bj.  Because  of  the  way  we  introduce  ‘fast’ 
coordinates,  Wj  are  periodic  functions  in  ya,  that  is 


tUi(£i,£2,£3;di/2,2/2)  =  Wi(x1,x2,x3-,-di/2,y2) 
«;*(£!,  £2,  £3;  2/1,  d2/2)  =  wi(x1,X2,x3;  y1,-d2/2) 


(7) 


Eq.  (6)  can  be  considered  as  a  change  of  variable  and  six  constraints  are  needed  to  ensure  a  one-to-one 
mapping  between  R  and  (R,  Bj,  wy).  If  we  define  R  =  ^R^,  then  we  have  the  following  three  constraints 

(Wi)  =  0  (8) 

The  other  three  constraints  can  be  obtained  by  a  proper  definition  of  Bj.  Two  constraints  can  be  specified 
by  defining  B3  as  the  normal  to  the  reference  surface  of  the  deformed  plate.  The  last  constraint  can  be 
specified  by  the  rotation  of  BQ  around  B3  such  that 


dR  dR 

1  8x2  2  dx\ 

Following  Ref.  [33],  the  plate  strains  can  be  defined  using  R  and  B  j  as 

<9R 


dxr 


—  Ba  +  £apRp 


and 


dB  ‘  _  t  R  « 

qx  ~  (  x  ^3 


^03^3)  x  Bj 


(9) 


(10) 


(11) 


It  can  be  shown  that  the  last  constraint  in  Eq.  (9)  actually  implies  that  symmetry  of  in-plane  strains 

(^a/3  =  £/3a)- 

Based  on  the  concept  of  decomposition  of  rotation  tensor?4  the  Jauman-Biot-Cauchy  strain  components 
for  small  local  rotation  are  given  by 

=  2  (^b'  +  Fji)  —  5ij  (12) 

where  Sij  is  the  Kronecker  symbol,  and  Fij  is  the  mixed-basis  component  of  the  deformation  gradient  tensor 


such  that 


F^  -  Bj  •  Gfegfe  •  b, 


(13) 


Here  g*  is  the  contravariant  base  vector  of  the  undeformed  configuration  and  in  a  plate  case,  g *  =  gj  =  bj, 
while  Gj  is  the  3D  covariant  basis  vectors  of  the  deformed  configuration,  which  can  be  obtained  in  the 
following  way: 

1. 


n  _  dR  _  n 

^0=  —  dxa  ~  >a 

p  _  dR  —  p 

^3  -  9^  =  R|3 


-Ri 

V 


|  a 


(14) 


With  the  assumption  that  the  plate  strains  are  small  compared  to  unity  which  is  sufficient  for  geometrical 
nonlinear  analysis,  we  can  neglect  all  the  terms  that  are  products  of  the  warping  and  the  generalized  strains 
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and  obtain  the  3D  strain  field  as 


Tn  =  Eh  +  x3kh  +  witi  +  -wm 

V 


1 


2Fi2  =  2Ei2  +  X3  («12  +  K21)  +  Wit2  +  ™2,1  +  ~  («h|2  +  «>2|1  ) 

r22  =  £22  +  *3^22  +  W2,2  4 - ^212  ,  . 

V  (15) 

2ri3  =  Wl!3  +  W  3>i  +  -W3\i 
2r23  =  W2|3  +  W32  +  ~w3\2 

r33  =  U!3\3 

Especially,  for  use  in  our  computational  procedure  later,  one  can  express  the  3D  strain  field  in  matrix  form 
from  Eq.  (15)  as: 

r  =  Thw  +  Tee  +  TLaw>a  (16) 

where  T  =  |Tn  2Ti2  T22  2Ti3  2r23  r33JT,  w  =  |ur  w2  w3\T ,  e  =  [en  2£i2  s22  «n  «i2  +  k2i  K22jT,  and 


r,,  = 


d 

dyi 

0 

0  " 

’1 

0 

0 

x3  0 

0’ 

’l 

0 

0’ 

’0 

0 

o’ 

d 

dyi 

d 

dyi 

0 

0 

1 

0 

0  x3 

0 

0 

1 

0 

1 

0 

0 

0 

d 

0X3 

d 

dyi 

0 

0 

d 

dyi 

r£  = 

0 

0 

0 

0 

1 

0 

0  0 

0  0 

x3 

0 

rio  = 

0 

0 

0 

0 

0 

1 

Tl2  = 

0 

0 

1 

0 

0 

0 

0 

d 

d 

0 

0 

0 

0  0 

0 

0 

0 

0 

0 

0 

1 

dx  3 

dyi 

0 

0 

d 

0 

0 

0 

0  0 

0 

0 

0 

0 

0 

0 

0 

dx3  . 

L 

L 

L 

The  strain  energy  stored  in  the  heterogeneous  plate  can  be  obtained  as: 

U  =  l-  [  [  (VTDV)dxidx2  =  \  [  ( TtDT )  du 

"  J  x-\  J  xo.  ^  J  uj 


(17) 

(18) 


where  D{ x3  \  y  1,1/2)  is  the  3D  6x6  material  matrix,  which  consists  of  elements  of  the  fourth-order  elasticity 
tensor  expressed  in  the  local  in-plane  coordinate  system  ya  and  the  thickness  coordinate  system  x3. 

To  deal  with  the  applied  loads,  we  follow  Yu  et  al .32  At  first,  we  will  leave  open  the  existence  of  a 
potential  energy  and  alternatively  develop  the  virtual  work  of  the  applied  loads.  The  virtual  displacement 
is  taken  as  the  Lagrangean  variation  of  the  displacement  field,  such  that 


(5R  =  5qB.Hi  +  x35il>B  x  B3  +  +  5ipB.Hi  x  WjBj 

where  the  virtual  displacement  of  the  reference  surface  is  given  by 

SqB.  =  (5u  •  B, 

and  the  virtual  rotation  of  the  reference  surface  is  defined  such  that 

TB  j  =  5iftB  .Fij  x  B, 


(19) 


(20) 


(21) 


Because  of  small  strain  assumption,  we  may  safely  ignore  products  of  the  warping  and  the  loading  in  the 
virtual  rotation  term.  Then,  the  work  done  through  a  virtual  displacement  due  to  the  applied  loads  TiB,  at 
the  top  surface  (A-1-)  and  /3,B,  at  the  bottom  surface  (S'-)  and  body  force  ^B,  is 


5W  =  (r*  +  Pi  +  (fa))  SqB.  +  6ipBa 
+  5  (jiwl  +  (3tw~  +  {<t>iWi)) 


2  (r«  “  Po)  +  {x3(j)a) 


(22) 
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with 

Ti  =  [  rtdS+  and  /3t  =  f  fadS' 

or  in  the  matrix  form 

5W  =  SqT  f  +  SipT m  +  6  (rTw+  +  pT w~  +  (0Tu>)^ 

with 

/  =  T  +  p  +  (fa 

|  (^1  -/?l)  +  (®3<M 

2  (^2  -  P2)  +  ( ) 

0 

where  r,;,  fa,  and  fa  are  taken  to  be  independent  of  the  deformation  and  ()+  = 

0  |  X3  —  —  /i/2  • 

Now,  the  complete  statement  of  the  problem  can  be  presented  in  terms  of  the  principle  of  virtual  work, 
such  that 

SU  -  IW  =  0  (26) 

In  spite  of  the  possibility  of  accounting  for  nonconservative  forces  in  Eq.  (26),  the  problem  that  governs  the 
3D  unknown  warping  functions  is  conservative.  Thus,  one  can  pose  the  problem  that  governs  the  warping 
as  the  minimization  of  a  total  potential  functional 


0  \x3=h/2  and  ()  = 


(23) 

(24) 


n  =  U  +  W  (27) 

so  that 

=  0  (28) 

in  which  only  the  warping  displacement  is  varied,  subject  to  the  constraints  in  Eqs.  (7)  and  (8).  This  implies 
that  the  potential  of  the  applied  loads  for  this  potion  of  the  problem  is  given  by 

W  =  —  ttw+  —  /3tw~  —  (29) 

Below,  for  simplicity  of  terminology,  we  will  refer  to  II  as  the  total  potential  energy,  or  the  total  energy. 

By  principle  of  minimum  total  potential  energy,  one  can  solve  the  unknown  warping  functions  by  mini¬ 
mizing  the  functional  in  Eq.  (27)  subject  to  the  constraints  of  Eq.  (8)  and  periodic  boundary  conditions  Eq. 
(7).  Up  to  this  point,  this  is  simply  an  alternative  formulation  of  the  original  3D  elasticity  problem.  If  we 
attempt  to  solve  this  problem  directly,  we  will  meet  the  same  or  even  more  difficulty  as  solving  any  full  3D 
nonlinear  elasticity  problem.  Fortunately,  as  shown  in  Refs.  [18,19,32],  VAM  can  be  used  to  calculate  the 
3D  unknown  functions  asymptotically.  Although,  the  minimization  problem  can  be  solved  analytically  as 
shown  in  Refs.  [18,32],  the  procedure  becomes  very  tedious,  even  with  the  help  of  the  power  of  present  day 
computers  and  very  sophisticated  software  packages  such  Mathematica™  and  Matlab™.  For  general  cases 
we  need  to  turn  to  numerical  techniques  such  as  FEM  for  approximate  solutions.  To  this  end,  we  need  to 
express  w  using  shape  functions  defined  over  f l  as 

w(x1,x2,x3-,y1,y2)  =  S{y\,y2,x3)V{x3,x2)  (30) 

where  S  represents  the  shape  functions  and  V  a  column  matrix  of  the  nodal  values  of  the  warping  functions. 
Substituting  Eq.  (30)  into  Eq.  (16),  one  can  express  the  total  energy  in  discretized  form  as 

2IIn  =  VtEV  +  2Ut  (Dhee  +  DhLa  Va)  +  sTDees 

+  VjDLaLpV0  +  2 VaTDLa£e  +  2 VtL  '  " '  ' 

where  L  contains  the  load  related  terms  such  that 

L  =  -S+Tt  -  S~TP  -  (ST^  (32) 
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The  new  matrix  variables  carry  the  properties  of  both  geometry  and  material: 


E=([ThS]T  D[ThS]) 

DhLa  =  ([rhs]T  n[rLas]) 
DLaL,  =  ([TLaS]T  D[TLpS]) 


Dhe  =  ([rhs]T  i>[re]) 
Dee  =  (TstDTe) 

DLae  =  ([riQ5]T  DTe) 


(33) 


The  discretized  forms  of  Eq.  (8)  is 


VTHip  =  0 


(34) 


where  H  =  (^ST and  if>  is  the  normalized  kernel  matrix  of  E  such  that  tpT Hip  =  I.  Now  our  problem  is 

transformed  to  minimize  Eq.  (31)  numerically,  subject  to  the  periodic  boundary  conditions  in  Eq.  (7)  and 
the  constraints  in  Eq.  (34). 


III.  Dimensional  Reduction 

To  rigorously  reduce  the  original  3D  problem  to  a  2D  plate  model,  one  must  attempt  to  reproduce  the 
energy  stored  in  the  3D  structure  in  a  2D  formulation.  The  best  one  can  do  is  to  accomplish  it  asymptotically 
taking  advantage  of  the  small  parameters  inherent  in  the  structure.  As  pointed  out  previously  we  have  two 
small  parameters  in  our  problem:  e  denoting  the  smallness  of  the  thickness  and  77  denoting  the  smallness  of 
heterogeneity.  Following  Ref.  [25,26],  we  also  assume  that  these  two  small  parameters  are  of  the  same  order 
as  models  constructed  this  way  also  give  accurate  results  when  e  <C  ??• 

In  this  paper,  VAM  will  be  used  to  mathematically  reduce  the  3D  problem  to  a  2D  plate  model.  To 
proceed  by  this  method,  first  one  has  to  assess  and  keep  track  of  the  orders  of  all  the  quantities  in  the 
formulation.  Following  Sutyrin,  the  quantities  of  interest  have  the  following  orders: 

£ap  ~  hnap  ~  i  f3~fi(h/L)2£  /a  ~  /i  (h/L)  i  ma  ~  ^ih(h/L)i  (35) 

where  e  is  the  order  of  the  plate  strains  and  [i  is  the  order  of  the  material  constants  (all  of  which  are  assumed 
to  be  of  the  same  order).  It  is  noted  that  m3  =  0. 

The  VAM  requires  one  to  find  the  leading  terms  of  the  functional  according  to  the  different  orders.  For 
the  zeroth-order  approximation,  these  leading  terms  of  Eq.  (31)  are 

211^  =  VtEV  +  2  VTDhee  +  £TDee£  (36) 

The  periodic  constraints  in  Eq.  (7)  and  the  average  constraints  in  Eq.  (34)  can  be  easily  handled  as 
normally  done  in  FEM  through  assembly  for  obtaining  the  functional  in  Eq.  (36).  Minimizing  IIq  in  Eq. 
(36),  gives  us  the  following  linear  system 

EV  =  -Dhe£  (37) 

It  is  clear  that  V  will  linearly  depend  on  the  2D  plate  strains  e,  which  means  it  is  unnecessary  to  assign 
values  to  £  (even  l’s  and  0’s  as  in  common  practice),  and  they  can  be  treated  as  symbols  without  entering 
the  computation.  The  solution  can  be  symbolically  written  as 

V  =  V0£  =  Vo  (38) 

Substituting  Eq.  (38)  back  into  Eq.  (36),  we  can  calculate  the  energy  functional  storing  in  the  UC,  asymp¬ 
totically  correct  through  the  order  of  ni2  as 

2U°n  =  £T  (Vo  Dhe  +  Dee)  £  =  £TA£  (39) 

where  A  is  the  effective  plate  stiffness  to  be  used  for  the  classical  plate  theory  (CPT).  However,  unlike  the 
standard  procedure  of  CPT,  the  effective  plate  stiffness  are  calculated  from  knowledge  of  complex  geometric 
and  material  characteristics  in  a  representative  UC  at  the  microscopic  level  considering  the  smallness  of  both 
thickness  and  heterogeneity. 

Here  we  notice  that  the  zeroth-order  warping  is  of  order  hi.  According  to  the  VAM,  to  accept  this  as 
the  zeroth-order  approximation,  one  needs  to  check  whether  or  not  the  order  of  the  next  approximation  is 
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higher  than  this  one.  To  obtain  the  first-order  approximation,  we  simply  perturb  the  zeroth-order  result, 
resulting  in  warping  functions  of  the  form 

V  =  Vo  +  Vx  (40) 

Substituting  Eq.  (40)  back  into  Eq.  (16)  and  then  into  Eq.  (31),  one  can  obtain  the  leading  terms  for  the 
first-order  approximation  as 

21#  =  V1tEV1  +  2V1TDae,a  +  2V1rL  (41) 

where 

Da=(DhLa-DlLa)V0-DLae  (42) 

Similarly  as  in  the  zeroth-order  approximation,  one  can  solve  the  first-order  warping  field  as 


Vi  =  VnE,!  +  Vi2£,2  +  Vi  L 


and  obtain  a  total  energy  that  is  asymptotically  correct  up  to  the  order  of  /j(h/L)  i2 

2IIq  =  eT Ae  +  £tiTBeti  +  2ejiTCl£j2  +  £,2TDe}2 
+  2  £TFea  +  2  £Tj£t2  +  2  £TM  +  N 


where 

A  =  Eg  Dhe  +  Dee 

b  =  vIdLiLiv0  +  v?1d1 

C  =  VT0DLlLJ0  +  0.5  (V^D2  +  D\v 12) 

d  =  vt0dL2LJ0  +  v?2d2 

F  =  VoDhLlV0  +  DlieV0 
J=VT0DhL2V0  +  DTL2eV0 

M  =  Vo  L  -  0.5  (DfV iLtl  +  V£L  i  +  D%V il,2  +  V£l,2) 
N  =  V?lL 


(43) 


(44) 


(45) 


It  is  noted  that  N  is  a  quadratic  term  involving  applied  loads  that  cannot  be  varied  in  the  2D  model.  When 
there  is  no  load,  this  term  vanishes.  It  comes  from  the  applied  load  and  the  warping  of  refined  approximations 
introduced  by  the  applied  load.  The  applied  loads  should  not  vary  rapidly  over  the  plate  surface;  otherwise, 
N  will  not  be  of  sufficiently  high  order  to  meet  the  requirement  of  asymptotical  correctness. 


IV.  Transforming  into  Reissner-Mindlin  Model 

Although  Eq.  (44)  is  asymptotically  correct  through  the  second-order  and  straightforward  use  of  this 
strain  energy  is  possible,  it  involves  more  complicated  boundary  conditions  than  necessary  since  it  contains 
derivatives  of  the  generalized  strain  measures.  To  obtain  an  energy  functional  that  is  of  practical  use,  one 
can  transform  the  present  approximation  into  a  Reissner-Mindlin  model. 

In  a  Reissner-Mindlin  model,  there  are  two  additional  degrees  of  freedom,  which  are  the  transverse  shear 
strains  incorporated  into  the  rotation  of  transverse  normal.  We  introduce  another  triad  B*  for  the  deformed 
plate,  so  that  the  definition  of  2D  strains  becomes 

R,a  =  B* +4^  +  27 a3B^  (46) 

and 

=  (-k^BJ  xB*  +  k*3B£)  x  B*  (47) 

where  the  transverse  shear  strains  are  7  =  [2713  2723) T .  Using  the  procedures  listed  in  Ref.  [32],  one  can 
express  the  classical  strain  measures  £  in  terms  of  the  strain  measures  1Z  and  the  transverse  shear  strains  7 
of  the  Reissner-Mindlin  plate  model: 

e  =  TZ-  2?a7,Q  (48) 
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where 


Z>i 

v2 


0  0  0  1  0  0 
0  0  0  0  1  0 

0  0  0  0  1  0 
0  0  0  0  0  1 


n  =  |£n  2 e*12  e*2 


(49) 


Now  one  can  express  the  strain  energy,  Eq.  (44),  asymptotically  correct  to  the  second  order,  in  terms  of 
strains  of  the  Reissner-Mindlin  model  as 


2n^  =  nTAn  -  2nTAva'ytCt  +  Biz^i  +  2n.iTcna  +  n,2TDiit2 

+  2KTFn.x  +  2nTjn,2  +  2  utm  +  n 


(50) 


The  generalized  Reissner-Mindlin  model  used  in  many  practical  2D  analysis  is  of  the  form 

2Un  =  nTXU  +  7TG7  +  2  KTFn  +  27tF7 


(51) 


To  find  an  equivalent  Reissner-Mindlin  model  Eq.  (51)  for  Eq.  (50),  one  has  to  eliminate  all  partial  derivatives 
of  the  strain  measure.  Here  equilibrium  equations  are  used  to  achieve  this  purpose.  From  the  two  equilibrium 
equations  balancing  bending  moments  with  applied  moments  raQ  which  is  calculated  from  Eq.  (25),  one  can 
obtain  the  following  formula 

[mil 


G7- 


Fr  =  vaAn,a 


m2 


Using  Eq.  (52),  one  can  rewrite  Eq.  (50)  as 

2ni  =  nTxn  +  7tG7  +  27 ztm  +  n  +  u* 


(52) 


(53) 


where 

(54) 

and 


u*  =  nTtimA  +  2tzt1ctz,2  +  nT2bna  +  2'rtfks  +  2  htjh,2 


X  =  A 

B  =  B  +  XVi  G_1X>f  (2 A  -  X) 

G  =  G  +  0.5  [(2A-X)  X>iG_1X>^X  + A'X>iG_1X>J  (2A-X)\ 
D  =  D  +  AV2G~xVl  (2 A  -  X) 


TV  =  N-  \ 

frail 

T 

\  g”H 

frai\ 

1 

[ra2J 

1  I 

[ra2J 

If  we  can  drive  U*  to  be  zero  for  any  1Z ,  then  we  have  found  an  asymptotically  correct  Reissner-Mindlin 
plate  model.  For  general  anisotropic  plates,  this  term  will  not  be  zero;  but  we  can  minimize  the  error  to 
obtain  a  Reissner-Mindlin  model  that  is  as  close  to  asymptotical  correctness  as  possible.  The  accuracy  of 
the  Reissner-Mindlin  model  depends  on  how  close  to  zero  one  can  drive  this  term  of  the  energy?2 

One  could  proceed  with  the  optimization  at  this  point,  but  the  problem  will  require  a  least  squares 
solution  for  3  unknowns  (the  shear  stiffness  matrix  G)  from  a  linear  system  of  78  equations  (12x12  and 
symmetric).  This  optimization  problem  is  too  rigid.  The  solution  will  be  better  if  we  can  bring  more 
unknowns  into  the  problem.  As  stated  in  Ref.  [35],  there  is  no  unique  plate  theory  of  a  given  order.  One  can 
relax  the  constraints  in  Eq.  (8)  to  be  (wi)  =  const  and  still  obtain  an  asymptotically  correct  strain  energy. 
Since  the  zeroth-order  approximation  gives  us  an  asymptotic  model  corresponding  to  classical  plate  theory, 
we  only  relax  the  constraints  for  the  first-order  approximation.  This  relaxation  will  modify  the  warping  field 
to  be 

V i  =  ViiEp  +  U| 2-, 2  +  Vil  T  L\£  \  +  L2s  2  (56) 
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where  L\,  L2  consist  of  24  constants.  The  remaining  energy  U*  will  also  be  modified  to  be 


U*  =  K^B'K,  1  +  2nTlC*na 


nT9D*n- 


2TZ  FK,1+2KI  JK.: 


(57) 


and 


B*  =B  +  2L{D1 

C*  =  C  +  (Ll  D2  +  Dl  L2)  (58) 

D*  =  D  +  2L^D2 

Since  now  we  have  27  unknowns,  the  optimization  is  much  more  flexible.  It  can  give  us  a  more  optimal 
solution  for  the  shear  stiffness  matrix  G  to  fit  the  second-order,  asymptotically-correct  energy  into  a  Reissner- 
Mindlin  model.  In  other  words,  here  we  have  found  the  Reissner-Mindlin  model  that  describes  as  closely  as 
possible  the  2D  energy  that  is  asymptotically  correct  through  the  second  order  in  h/ L.  Let  us  recall,  that  the 
Reissner-Mindlin  theory  that  has  been  constructed  only  ensures  a  good  fit  with  the  asymptotically  correct 
3D  strain  field  (thus  stress  field)  of  the  first  order  (while  energy  is  approximated  to  the  second  order) .  Thus, 
in  order  to  obtain  recovering  relations  that  are  valid  to  the  same  order  as  the  energy,  the  VAM  iteration 
needs  to  be  applied  one  more  time.  Using  the  same  procedure,  the  second-order  warping  can  be  obtained 
and  expressed  symbolically  as 

V2  =  V2l£,ll  +  V22eii2  +  V23£,22  (59) 

Here  Eq.  (59)  is  obtained  by  taking  the  original  first-order  warping  V\  to  be  the  result  of  the  first-order 
approximation.  It  is  clear  that  U2  is  one  order  higher  than  V\  which  confirms  that  V\  is  the  first-order 
approximation . 

Finally  after  minimizing  U* ,  the  total  energy  to  be  used  for  the  2D  plate  solver  can  be  expressed  as: 

2nK  =  TZtAU  +  7TG7  +  2  KtM  (60) 

The  quadratic  term  of  loads  N  is  dropped  from  Eq.  (53)  because  it  will  not  affect  the  2D  governing  equations. 
It  should  be  noted  that  the  load-related  terms  in  M  are  a  new  feature  in  the  present  development.  One  must 
slightly  modify  traditional  Reissner-Mindlin  plate  solvers  to  accommodate  these  terms. 


V.  Recovering  Relations 


If  the  local  fields  within  the  UC  are  of  interest,  we  can  recover  those  fields  based  on  the  2D  global 
displacements  u2d,  2D  global  strains  e,  and  the  3D  local  warping  functions  'uy .  From  Eqs.  (4)  and  (6),  we 
can  obtain  the  3D  displacement  field  through  the  second-order  as: 


U3d  =  R  —  r  =  R  —  r  +  x3(B3  -  b3)  +  Wi&i 


which  can  also  be  expressed  in  the  following  matrix  form  as 


U3d  =  u2d  +  x3 


C31 

C32 

G33  —  1 


+  CTS  (Vo  +  V 1  +  V2) 


(61) 


(62) 


where  U3d  is  the  column  matrix  containing  3D  displacement  components  in  the  b;  basis  and  u2d  is  the  column 
matrix  containing  the  2D  plate  displacements  in  the  b,  basis.  C  is  the  direction-cosine  matrix  relating  B, 
and  bj  ,  given  in  Eq.  (5). 

From  Eqs.  (16),  one  can  recover  the  3D  local  strain  field  T  through  the  second-order  as 

r  =  ThS  (Vo  +  Fi  +  V2)  +  Tee 
+  rLlS  (Vo,i  +  Vhl)  +TL2S  (Vo,2  +  Vh2) 

Finally,  the  local  3D  stress  field  cr  can  be  recovered  straightforwardly  using  the  original  3D  constitutive 
relations  as 

a=  DF  (64) 
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We  just  derived  the  model  for  heterogeneous  plates  with  the  UC  periodically  varying  along  both  x\  and 
x-2-  It  is  easy  to  deduce  that  it  is  also  applicable  to  degenerated  cases  such  as  the  UC  is  only  periodically 
varying  along  one  direction.  For  example  if  it  is  periodic  along  X\ ,  then  the  partial  derivative  with  respect 
to  y i  vanishes  in  operator  of  Eq.  (16).  That  is,  we  only  need  to  solve  a  2D  problem  in  y2  and  x'i-  If  the 
plate  is  uniform  in  plane,  then  the  partial  derivatives  with  respect  to  y\  and  y2  both  vanish  and  the  theory 
reduces  to  a  ID  through-the-thickness  as  that  of  the  classical  plate  theory  derived  using  VAM  as  in  Ref.  [32] . 
The  present  theory  is  implemented  in  the  computer  code  VAPAS  (Variational  Asymptotic  Plate  and  Shell 
Analysis).  In  the  following  section,  we  are  going  to  use  a  few  examples  to  assess  the  validity  of  the  present 
theory  and  the  companion  code  VAPAS. 

VI.  Validation  Examples 

First,  we  investigate  plates  made  of  binary  composites.  The  effective  plate  stiffness  obtained  by  the 
present  theory  and  VAPAS  is  compared  to  those  obtained  from  conventional  two-step  approach.  Second, 
heterogeneous  plates  having  more  complex  UCs  with  different  geometric  and  material  characteristics  at  the 
microscopic  level  are  used  to  demonstrate  the  accuracies  and  capabilities  of  the  new  theory  and  the  differences 
between  the  conventional  two-step  approach  and  the  present  approach. 

A.  Plates  made  of  binary  composites 

First,  let  us  consider  plates  made  of  N  binary  composites  each  of  which  is  formed  by  two  different  orthotropic 
layers  with  the  material  axes  the  same  as  the  global  coordinates  Xi.  Overall,  there  are  2 N  layers  in  the  plate. 
The  material  is  uniform  in  the  xa  plane  and  varies  along  X3  direction.  Let  ip  1  and  </?2  denote  the  volume 
fractions  of  the  bottom  layer  and  top  layer,  respectively,  and  we  have  ipi  +  ip2  =  1.  The  plate  structure  can 
be  considered  periodic  along  x\  and/or  x2  directions.  Using  the  present  theory,  we  can  either  model  it  using 
three  approaches:  (1)  as  a  one-dimensional  (ID)  UC  with  no  periodicity;  (2)  as  a  2D  UC  with  periodicity 
either  in  x\  or  a;2;  (3)  as  a  3D  unit  cell  with  periodicity  in  both  X\  and  x2.  Each  UC  will  have  N  same 
binary  composites  along  the  thickness.  We  have  verified  that  all  these  three  modeling  approaches  yield  the 
same  effective  plate  stiffness  which  can  be  written  in  the  following  matrix  form: 

d\\  0  <^13  di4  0  ^16 

0  d22  0  0  cZ2  5  0 

di3  0  J33  Ji6  0  J36 

di4  0  die  ^44  0  ^46 

0  d2s  0  0  (J55  0 

d  16  0  ^36  ^46  0  dee 

Particularly,  modeling  it  as  a  ID  UC  with  no  periodicity  can  be  carried  out  analytically  and  the  result 
is  the  same  as  classical  plate  model  derived  using  VAM  considering  the  plate  is  made  of  2 N  layers?2 

To  analyze  this  structure  using  the  two-step  approach  (TSA),  the  analyst  needs  to  first  homogenize  the 
binary  composites  to  obtain  effective  3D  material  properties  which  can  be  expressed  in  the  following  matrix 

cn  0  C13  0  0  Ci6 

0  c22  0  0  0  0 

£)3 D  _  C13  0  C33  0  0  C36 

0  0  0  C44  0  0 

0  0  0  0  C55  0 

C16  0  C36  0  0  C66 

Here  for  the  sake  of  saving  space,  the  expressions  for  c,j  are  not  listed  here.  Interested  users  can  refer  to 
Yu18  for  analytical  expressions  of  all  the  terms  in  Eq.  (66)  with  a  rearrangement  to  be  consistent  with  the 
ordering  of  3D  strains  used  in  this  paper.  Then,  the  analyst  needs  to  carry  out  a  dimensional  reduction  to 
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obtain  the  classical  plate  model,  of  which  the  corresponding  stiffness  terms  based  on  Eq.  (66)  are 


dn  =  (c*n)X3  di3  =  {c*3)X3  d-22  =  (c22)X3  d33  =  (c33) 

dii  =  {x3c*n)  die  =  {x3c*13)x 


33/ x3 


244 


=  (x3c* 


3°11 


J46  =  (^3^3  >X3 


c?25  =  ( x3c22)X3  d3e  =  {x3c*33)X3 

d55  =  {xic22)X3  dee  =  (x23c*33)xs 


with  (a)  X3  =  J^i2  adx3  and 


Gi  —  Cu 


°16 

C66 


c13  —  c13 


C16C36 

C66 


c33  =  c33 


°36 

C66 


(67) 


We  can  prove  that  the  present  theory  and  TSA  predict  the  same  extensional  stiffness,  Dij(i  =  1,  2, 3,  j  = 
1,2,3)  ( A  matrix  in  CPT).  The  present  theory  will  predict  different  coupling  stiffness  Dij{i  =  1,2, 3, ,7  = 
4,  5,  6)  ( B  matrix  in  CPT)  as  the  coupling  stiffness  according  to  TSA  always  remains  zero.  The  coupling 
stiffness  B  predicted  by  the  present  theory  is: 


with 


B  = 


(68) 


D*  = 


- 1 

£^0 

-c(1) 

C11 

0 

c(2) 

c13 

-c(1)l 

'-13 

0 

a(2)  Rl) 
c22  c22 

0 

1 - 

co  _to 

-c(1) 

c13 

0 

c(2) 

c33 

-C(1) 
c33  J 

where  the  subscripts  denote  which  layer  the  value  evaluated  for.  For  example  c\  -/  denotes  Cn  evaluated  for 
the  top  layer  of  the  binary  composite.  The  hatted  quantities  are  calculated  as 


Cn  —  c  11  — 


-16 

c66 


Cl3  =  C13  - 


C16C36 

c66 


C33  =  C33  — 


^36 

c66 


(69) 


where  Cj.j  are  the  stiffness  components  of  the  stiffness  matrix  arranged  from  the  fourth-order  elasticity  for 
each  constituent  material  of  the  binary  composite.  Only  if  these  hatted  quantities  are  the  same  for  both 
layers,  the  coupling  stiffness  B  in  Eq.  (68)  predicted  by  the  present  theory  will  vanish  as  that  predicted  by 
TSA. 

The  present  theory  will  also  predict  different  bending  stiffness  Dij(i  =  4,5,6 ,j  =  4,5,6)  ( D  matrix  in 
CPT).  If  we  use  D  and  Dtsa  to  denote  the  bending  stiffness  predicted  by  the  present  theory  and  TSA, 
respectively,  we  have 

h3 

D  -  Dtsa  = -  <p2)D*  (70) 

If  the  hatted  quantities  in  Eq.  (69)  are  the  same  for  both  layers,  the  present  theory  will  predict  the  same 
bending  stiffness  as  TSA.  Even  if  the  hatted  quantities  in  Eq.  (69)  are  different  for  each  layer,  the  present 
theory  will  predict  the  same  bending  stiffness  as  TSA  if  ip  1  =  ip2  (i.e.  the  two  layers  of  the  binary  composites 
are  of  equal  thickness) . 

From  Eqs.  (68)  and  (70),  we  observe  for  a  large  N,  the  differences  between  the  present  approach  and  TSA 
become  negligible  which  is  expected  as  TSA  is  only  valid  when  there  are  many  UCs  along  the  thickness.  In 
real  situations,  this  plate  can  only  be  made  of  a  finite  number  of  binary  composites.  For  a  finite  number  N, 
the  error  caused  by  TSA  for  bending  stiffness  decreases  proportionally  to  1/N2  which  is  much  faster  than 
the  coupling  stiffness  which  decreases  proportionally  to  1/iV. 


B.  Plates  made  of  unidirectional  composites 

The  second  example  is  a  plate  made  of  a  single  layer  of  unidirectional  composites  as  sketched  in  Figure  2 
with  di  =  h  =  10/im  studied  in  Ref.  [36].  The  unidirectional  composite  has  a  E-glass  fiber  ( Ef  =  70  GPa, 
Vf  =  0.2),  and  an  epoxy  matrix  ( Em  =  3.5  GPa,  vm  =  0.35).  The  volume  fraction  of  matrix  is  <f>m  =  0.4. 
The  fiber  direction  is  along  x2  and  the  plate  is  periodically  varying  along  aq.  The  effective  plate  stiffness 
predicted  by  different  approaches  are  listed  in  Table  1,  where  SAM,  FEM,  and  TSA  results  are  directly 
taken  from  Table  6  of  Ref.  [36]  with  SAM  denoting  the  results  obtained  by  a  selective  averaging  method, 
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Figure  2.  A  unit  cell  for  a  unidirectional  fiber  reinforced  composite 


Table  1.  Effective  plate  constants  of  unidirecitonal  composite  plates  predicted  by  different  methods 


SAM 

FEM 

TSA 

VAPAS 

G?n(106N/m) 

0.443 

0.452 

0.444 

0.443 

Ji3(106N/m) 

0.074 

0.062 

0.039 

0.035 

J22(106N/m) 

0.040 

0.114 

0.045 

0.047 

J33(106N/m) 

0.261 

0.285 

0.151 

0.145 

d44(10-6Nm) 

2.308 

2.256 

3.702 

2.246 

d46(10-6Nm) 

0.446 

0.224 

0.328 

0.176 

rf55(10-6Nm) 

0.195 

0.568 

0.371 

0.547 

J66(10-6Nm) 

1.799 

0.873 

1.262 

0.653 
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FEM  denoting  the  results  obtained  by  3D  FEA  with  periodic  displacement  and  traction  boundary  conditions 
imposed  on  opposite  surfaces  of  the  unit  cell,  and  TSA  denoting  the  results  obtained  a  the  two-step  approach 
with  elastic  constants  obtained  using  Halpin-Tsai  equations. 

Significant  differences  are  observed  among  the  results  predicted  by  different  approaches.  The  best  way 
to  tell  which  set  of  plate  constants  is  accurate  is  to  use  these  constants  to  carry  out  the  corresponding  plate 
analysis  and  compare  the  global  plate  behavior  with  those  predict  by  a  different  3D  finite  element  analysis 
of  the  original  plate  structure.  Suppose  a  square  plate  composed  of  20  UCs  is  under  a  uniform  pressure  and 
is  simply  supported  at  the  four  edges.  Because  of  symmetry,  only  1/4  of  the  structures  needs  to  be  analyzed; 
see  Figure  3  for  sketches  for  the  geometry  and  finite  element  model  of  this  structure.  We  found  out  that  the 
max  deflection  using  VAPAS  constants  is  only  0.5%  off  from  the  direct  3D  FEA  analysis,  while  that  using 
SAM  constants  is  5%  off,  and  by  FEM  is  7.0%  off,  and  TSA  is  23%.  Clearly  the  plate  analysis  based  on 
VAPAS  can  accurately  reproduce  the  original  3D  FEA  direct  analysis. 


Figure  3.  Direct  3D  FEA  model  of  plate  made  of  unidirectional  composites 


C.  Model  integrated  thermal  protection  system  as  a  heterogeneous  plate 

The  third  example  is  to  model  a  corrugated-core  sandwich  panel,  a  concept  used  for  Integrated  Thermal 
Protection  System  (ITPS)  studied  in  Ref.  [37].  The  ITPS  panel  along  with  the  details  of  the  unit  cell  is 
sketched  in  Figure  4.  The  geometry  parameters  are  tr  =  1.2  mm,  ts  =  7.49  mm,  tw  =  1-63  mm,  p  =  25 
mm,  d  =  70  mm,  and  9  =  85°.  Both  materials  are  isotropic  with  E\  =  109.36  GPa,  =  0.3,  E2  =  209.482 
GPa,  v 2  =  0.063.  Although  a  3D  UC  is  needed  for  the  study  in  Ref.  [37],  only  a  2D  UC  is  necessary  for 
VAPAS  as  it  is  uniform  along  one  of  the  in-plane  directions.  The  results  obtained  in  Ref.  [37]  are  compared 
with  VAPAS  in  Tables  2,  3  and  4.  VAPAS  predictions  agree  very  well  with  those  in  Ref.  [37]  with  the 
biggest  difference  (around  1%)  appearing  for  the  extension-bending  coupling  stiffness  (c?i4).  However,  the 
present  approach  is  much  more  efficient  than  that  in  Ref.  [37]  because  one  needs  to  carry  out  six  analyses  of 
a  3D  unit  cells  under  six  different  sets  of  boundary  conditions  and  load  conditions  and  postprocess  the  3D 
stresses  to  compute  the  plate  stress  resultants,  while  using  the  present  approach,  one  only  needs  to  carry 
out  one  analysis  of  a  2D  UC  and  postprocessing  computing  is  not  needed. 
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Figure  4.  Sketch  of  the  ITPS  panel  and  its  unit  cell 


Table  2.  Effective  extension  stiffness  (109N/m  )  of  ITPS 


da 

di3 

d’22 

^33 

Ref.  [37] 

2.83 

0.18 

1.07 

2.33 

VAPAS 

2.80 

0.18 

1.08 

2.33 

Table  3.  Effective  bending  stiffness  (106Nm)  of  ITPS 


dn 

diQ 

^55 

^66 

Ref.  [37] 

3.06 

0.22 

1.32 

2.85 

VAPAS 

3.03 

0.22 

1.32 

2.87 

Table  4.  Effective  coupling  stiffness  (106N)  of  ITPS 


da 

<^16 

<^25 

<^36 

Ref.  [37] 

-71.45 

-3.36 

-34.05 

-71.45 

VAPAS 

-70.67 

-3.31 

-34.06 

-71.42 
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We  also  analyzed  a  simply  supported  square  panel  under  uniform  pressure  with  the  ITPS  microstructure. 
We  find  out  that  with  20  UCs  along  the  width,  the  max  deflection  predicted  by  the  plate  analysis  using  the 
effective  plate  constants  is  about  55%  off  the  direct  3D  FEA  analysis.  The  difference  will  decreases  with 
increased  number  of  UCs;  for  example  if  the  plate  is  composed  of  30  UCs,  the  difference  is  48%  and  if  the 
plate  is  composed  of  40  UCs,  the  difference  is  42%.  The  fact  that  big  differences  exist  even  if  the  plate  is  very 
thin  (the  aspect  ratio  of  the  40  UC  plate  is  around  7:200)  is  because  transverse  shear  deformation  of  this  type 
of  structure,  which  is  neglected  in  CPT,  is  significant.  A  refined  plate  theory,  such  as  the  Reissner-Mindlin 
model,  which  is  capable  of  capturing  the  shear  deformation  should  be  used.  The  present  theory  and  the 
VAPAS  code  is  also  used  to  compute  the  Reissner-Mindlin  plate  model  with  the  effective  transverse  shear 
stiffness  listed  in  Table  5.  Using  a  shear-deformation  plate  theory  plus  the  plate  constants  given  in  Table  ?? 
and  Table  5,  we  found  out  that  the  max  deflection  using  the  refined  plate  theory  is  only  4.76%  off  the  direct 
3D  FEA  analysis. 


Table  5.  Effective  transverse  shear  stiffness  N/m  of  ITPS 


3ii(108N/m) 

5r22(105N/m) 

VAPAS 

1.97 

4.05 

VII.  Conclusions 

The  variational  asymptotic  method  is  used  to  construct  a  new  model  for  composite  plates  with  in-plane 
heterogeneity.  This  model  serves  as  a  rigorous  link  between  the  original  3D  problem  of  plate  structures  made 
of  materials  with  complex  microstructures  and  the  simple  engineering  plate  models  such  as  the  Kirchhoff 
plate  model  and  the  Reissner-Mindlin  plate  model.  This  model  not  only  computes  the  effective  plate  stiffness 
needed  for  the  engineering  plate  models  but  also  can  recover  the  local  displacement,  strain,  and  stress  fields 
based  on  the  global  behavior  obtained  from  the  plate  analysis.  The  resulting  plate  model  is  also  suitable  for 
geometrical  nonlinear  analysis  as  only  small  strain  assumption  is  used  for  obtaining  the  kinematics.  This  new 
model  is  implemented  in  the  computer  code  VAPAS  using  the  finite  element  method.  VAPAS  can  be  used  as 
an  alterative  of  the  3D  FEA  for  efficient  yet  accurate  analysis  of  composite  plates  with  or  without  in-plane 
heterogeneity.  The  validity  and  capability  of  this  new  model  are  demonstrated  using  a  few  examples. 

Acknowledgements 

The  present  work  is  supported,  in  part,  by  the  Air  Force  Office  of  Scientific  Research  under  Grant 
FA9550-08-1-0405  (the  program  manager  is  Dr.  David  Stargel)  and  AFRL/RB  Summer  Faculty  Research 
Program.  The  views  and  conclusions  contained  herein  are  those  of  the  authors  and  should  not  be  interpreted 
as  necessarily  representing  the  official  policies  or  endorsement,  either  expressed  or  implied,  of  the  funding 
agency. 


References 

1Hashin,  Z.,  “Analysis  of  Composite  Materials-A  Survey,”  Applied  Mechanics  Review,  Vol.  50,  1983,  pp.  481-505. 

2  Hill,  R.,  “Elastic  Properties  of  Reinforced  Solids:  Some  Theoretical  Principles,”  Journal  of  Mechanics  and  Physics  of 
Solids,  Vol.  11,  1963,  pp.  357-372. 

2 Ne mat- Nasser.  S.  and  Hori,  M.,  Micromechanics:  Overall  Properties  of  Heterogeneous  Materials,  North-Holland,  Ams¬ 
terdam,  1993. 

4Hill,  R.,  “Theory  of  Mechanical  Properties  of  Fibre-Strengthened  Materials-III.  Self-consistent  Model,”  Journal  of  Me¬ 
chanics  and  Physics  of  Solids,  Vol.  13,  1965,  pp.  189—198. 

5Dvorak,  G.  and  Bahei-El-Din,  Y.,  “Elastic-Plastic  Behavior  of  Fibrous  Composites,”  Journal  of  Mechanics  and  Physics 
of  Solids,  Vol.  27,  1979,  pp.  51-72. 

Accorsi.  M.  L.  and  Nemat-Nasser,  S.,  “Bounds  on  the  Overall  Elastic  and  Instantaneous  Elastoplastic  Moduli  of  Periodic 
Composites,”  Mechanics  of  Materials,  Vol.  5,  No.  3,  1986,  pp.  209-220. 

NTashin.  Z.  and  Shtrikman,  S.,  “A  Variational  Approach  to  the  Theory  of  the  Elastic  Behaviour  of  Polycrystals,”  Journal 
of  Mechanics  and  Physics  of  Solids,  Vol.  10,  1962,  pp.  343—352. 

8Milton,  G.,  Theory  of  Composites,  Cambridge  University  Press,  2001. 


16  of  17 


American  Institute  of  Aeronautics  and  Astronautics 


9Aboudi,  J.,  “A  Continuum  Theory  for  Fiber- Reinforced  Elastic-Visoplastic  Composites,”  International  Journal  of  Engi¬ 
neering  Science ,  Vol.  20,  No.  5,  1982,  pp.  605-621. 

10Aboudi,  J.,  “Micromechanical  Analysis  of  Composites  by  the  Method  of  Cells,”  Applied  Mechanics  Reviews,  Vol.  42, 
No.  7,  1989,  pp.  193-221. 

11Paley,  M.  and  Aboudi,  J.,  “Micromechanical  analysis  of  composites  by  the  generalized  cells  model,”  Mechanics  of  Mate¬ 
rials,  Vol.  14,  1992,  pp.  127-139. 

12  Williams,  T.,  “A  Two-dimensional,  Higher-oder,  Elasticity-based  Micromechanics  Model,”  International  Journal  of  Solids 
and  Structures,  Vol.  42,  2005,  pp.  1009-1038. 

13Banerjee,  B.  and  Adams,  D.,  “On  Predicting  the  Effective  Elastic  Properties  of  Polymer  Bonded  Explosive  using  the 
Recursive  Cell  Method,”  International  Journal  of  Solids  and  Structures,  Vol.  41,  No.  2,  2004,  pp.  481-509. 

14Bensoussan,  A.,  Lions,  J.,  and  Papanicolaou,  G.,  Asymptotic  Analysis  for  Periodic  Structures,  North-Holland,  Amster¬ 
dam,  1978. 

15Sanchez-Palencia,  E.,  N on-homogeneous  Media  and  Vibration  Theory,  Springer  Berlin,  1980. 

16 Murakami,  H.  and  Toledano,  A.,  “A  Higer-order  Mixture  Homogenization  of  Bi- laminated  Composites,”  Journal  of 
Applied  Mechanics,  Vol.  57,  1990,  pp.  388—396. 

17Sun,  C.  and  Vaidya,  R.,  “Prediction  of  composite  properties  from  a  representative  volume  element,”  Composites  Science 
and  Technology,  Vol.  56,  1996,  pp.  171-179. 

18 Yu,  W.,  “A  Variational- Asymptotic  Cell  Method  for  Periodically  Heterogeneous  Materials,”  Proceedings  of  the  2005 
AS  ME  International  Mechanical  Engineering  Congress  and  Exposition,  ASME,  Orlando,  Florida,  Nov.  5-11  2005. 

19 Yu,  W.  and  Tang,  T.,  “Variational  Asymptotic  Method  for  Unit  Cell  Homogenization  of  Periodically  Heterogeneous 
Materials,”  International  Journal  of  Solids  and  Structures,  Vol.  44,  2007,  pp.  3738-3755. 

20 Hollister,  S.  J.  and  Kikuchi,  N.,  “A  Comparison  of  Homogenization  and  Standard  Mechanics  Analyses  for  Periodic  Porous 
Composites,”  Computational  Mechanics,  1992. 

21Kalamkarov,  A.  L.,  Andrianov,  I.  V.,  and  Danishevs’kyy,  V.  V.,  “Asymptotic  Homogenization  of  Composite  Materials 
and  Structures,”  Applied  Mechanics  Reviews,  Vol.  62,  2009,  pp.  030802. 

22Kanoute,  P.,  Boso,  D.,  Chaboche,  J.  L.,  and  Schrefler,  B.,  “Multiscale  methods  for  composites:  A  review,”  Archives  of 
Computational  Methods  in  Engineering,  Vol.  16,  2009,  pp.  31-75. 

23Yu,  W.,  Variational  Asymptotic  Modeling  of  Composite  Dimensionally  Reducible  Structures,  Ph.D.  thesis,  Aerospace 
Engineering,  Georgia  Institute  of  Technology,  May  2002. 

24Kohn,  R.  and  Vogelius,  M.,  “A  new  model  for  thin  plates  with  rapidly  varying  thickness,”  International  Journal  of  Solids 
and  Structures,  Vol.  20,  No.  4,  1984,  pp.  333—350. 

25Lewiriski,  T.,  “Effective  models  of  composite  periodic  plates  -  part  I.  asymptotic  solution,”  International  Journal  of 
Solids  and  Structures,  Vol.  27,  No.  8,  1991,  pp.  1155-1172. 

26Buannic,  N.  and  Cartraud,  P.,  “Higher-order  effective  modeling  of  periodic  heterogeneous  beams.  I.  Asymptotic  expansion 
method,”  International  Journal  of  Solids  and  Structures,  Vol.  38,  2001,  pp.  7139-7161. 

27Caillerie,  D.,  “Thin  elastic  and  periodic  plates,”  Mathematical  Methods  in  the  Applied  Sciences,  Vol.  6,  1984,  pp.  159-191. 

28Kalamkarov,  A.,  Composite  and  Reinforced  Elements  of  Construction,  Wiley  Chichester,  1992. 

29Kalamkarov,  A.  and  Kolpakov,  A.,  Analysis,  Design  and  Optimization  of  Composite  Structures,  Wiley  Chichester,  1997. 

30 Berdichevsky,  V.,  “Variational-asymptotic  method  of  constructing  a  theory  of  shells,”  PMM ,  Vol.  43,  No.  4,  1979,  pp.  664 
-  687. 

31  Hodges,  D.,  Atilgan,  A.,  and  Danielson,  D.,  “A  geometrically  nonlinear  theory  of  elastic  plates,”  Journal  of  Applied 
Mechanics,  Vol.  60,  No.  1,  1993,  pp.  109-116. 

32  Yu,  W.,  Hodges,  D.,  and  Volovoi,  V.,  “Asymptotic  construction  of  Reissner-like  models  for  composite  plates  with  accurate 
strain  recovery,”  International  Journal  of  Solids  and  Structures,  Vol.  39,  No.  17,  2002,  pp.  5185-5203. 

33 Atilgan,  A.  and  Hodges,  D.,  “On  the  strain  energy  of  laminated  composite  plates,”  International  Journal  of  Solids  and 
Structures,  Vol.  29,  1992,  pp.  2527-2543. 

34Danielson,  D.  and  Hodges,  D.,  “Nonlinear  beam  kinematics  by  decomposition  of  the  rotation  tensor,”  Journal  of  Applied 
Mechanics,  Vol.  54,  1987,  pp.  258-262. 

35Sutyrin,  V.,  “Derivation  of  plate  theory  accounting  asymptotically  correct  shear  deformation,”  Journal  of  Applied  Me¬ 
chanics,  Vol.  64,  1997,  pp.  905-915. 

36Sankar,  B.  V.  and  Marrey,  R.  V.,  “Analytical  Method  for  Micromechanics  of  Textile  Composites,”  Composites  Science 
and  Technology ,  Vol.  57,  1997,  pp.  703-713. 

37Sharma,  A.,  Sankar,  B.  V.,  and  Haftka,  R.  T.,  “Homogenization  of  Plates  with  Microstructure  and  Application  to 
Corrugated  Core  Sandwich  Panels,”  Proceedings  of  the  51st  AIAA/ASME/ASCE  / AHS/ASC  Structures,  Structural  Dynamics, 
and  Materials  Conference,  AIAA,  Orlando,  Florida,  Apr.  12-15  2010. 


17  of  17 


American  Institute  of  Aeronautics  and  Astronautics 


Assess  the  Accuracy  of  the  Variational 
Asymptotic  Plate  and  Shell  Analysis  Using 
the  Generalized  Unified  Formulation 


Luciano  Demasi 1 

Department  of  Aerospace  Engineering  &  Engineering  Mechanics 
San  Diego  State  University,  San  diego,  CA  92182-1308  USA 

Wenbin  Yu 

Department  of  Mechanical  and  Aerospace  Engineering 
Utah  state  University,  Logan,  Utah  84322-4130  USA 


Abstract 

The  accuracy  of  the  Variational  Asymptotic  Plate  and  Shell  Analysis  (VAPAS)  is 
assessed  against  several  higher  order,  zig  zag  and  layerwise  theories  generated  by 
using  the  invariant  axiomatic  framework  denoted  as  Generalized  Unified  Formula¬ 
tion  (GUF).  All  the  axiomatic  and  asymptotic  theories  are  also  compared  against 
the  elasticity  solution  developed  for  the  case  of  a  sandwich  structure  with  high  Face 
to  Core  Stiffness  Ratio.  GUF  allows  to  use  an  infinite  number  of  axiomatic  theo¬ 
ries  (Equivalent  Single  Layer  theories  with  or  without  zig  zag  effects  and  Layerwise 
theories  as  well)  with  any  combination  of  orders  of  the  displacements  and  it  is  an 
ideal  tool  to  precisely  assess  the  range  of  applicability  of  the  Variational  Asymptotic 
Plate  and  Shell  Analysis  or  other  theories  in  general.  In  fact,  all  the  axiomatic  the¬ 
ories  generated  by  GUF  are  obtained  from  the  kernels  or  fundamental  nuclei  of  the 
Generalized  Unified  Formulation  and  changing  the  order  of  the  variables  is  “natu¬ 
rally”  and  systematically  done  with  GUF.  It  is  demonstrated  that  VAPAS  achieves 
accuracy  comparable  to  a  fourth  (or  higher)  order  zig-zag  theory  or  lower-order 
layerwise  theories  with  the  least  least  number  degrees  of  freedom.  The  differences 
between  the  axiomatic  Zig-zag  models  and  VAPAS  are  also  assessed.  Range  of  ap¬ 
plicability  of  VAPAS  will  be  discussed  in  detail  and  guidelines  for  new  developments 
based  on  GUF  and  VAPAS  are  provided. 
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1  Introduction 


1.1  Background  and  Motivation 


Most  of  the  aerospace  structures  can  be  analyzed  using  shell  and  plate  mod¬ 
els.  Accurate  theoretical  formulations  that  minimize  the  CPU  time  without 
penalties  on  the  quality  of  the  results  are  then  of  fundamental  importance. 

The  so-called  axiomatic  models  present  the  advantage  that  the  important 
physical  behaviors  of  the  structures  can  be  modeled  using  the  “intuition”  of 
eminent  scientists.  The  drawback  of  this  approach  is  that  some  cases  are  not 
adequately  modeled  because  the  starting  apriori  assumptions  might  fail.  Also, 
each  existing  approach  presents  a  range  of  applicability  and  when  the  hy¬ 
potheses  used  to  formulate  the  theory  are  no  longer  valid  the  approach  has 
to  be  replaced  with  another  one  usually  named  as  “refined  theory”  or  “im¬ 
proved  theory”.  In  the  framework  of  the  mechanical  case  the  Classical  Plate 
Theory  (CPT),  also  known  as  Kirchoff  theory [21],  has  the  advantage  of  being 
simple  and  reliable  for  thin  plates.  However,  if  there  is  strong  anisotropy  of 
the  mechanic  properties,  or  if  the  composite  plate  is  relatively  thick,  other 
advanced  models  such  as  First-order  Shear  Deformation  Theory  (FSDT)  are 
required[30,  25,  24].  Higher-order  Shear  Deformation  Theories  (HSDT)  have 
also  been  used[34,  20,  40],  giving  the  possibility  to  increase  the  accuracy  of  nu¬ 
merical  evaluations  for  moderately  thick  plates.  But  even  these  theories  are  not 
sufficient  if  local  effects  are  important  or  accuracy  in  the  calculation  of  trans¬ 
verse  stresses  is  sought.  Therefore,  more  advanced  plate  theories  have  been  de¬ 
veloped  to  include  zig-zag  effects  [26,  22,  4,  3,  1,  2,  31,  32,  13,  9,  23,  17].  In  some 
challenging  cases  the  previous  type  of  theories  are  not  sufficiently  accurate. 
Therefore,  the  so-called  Layerwise  theories[12,  27,  33,  29,  8,  6,  7,  35,  18,  28,  10] 
have  been  introduced.  In  these  theories  the  quantities  are  layer-dependent  and 
the  number  of  required  Degrees  of  Freedom  is  much  higher  than  the  case  of 
Equivalent  Single  Layer  Models. 

The  first  author  introduced  an  invariant  methodology  named  as  Generalized 
Unified  Formulation[15]  in  which  an  infinite  number  of  axiomatic  models  can 
be  included  in  just  one  formulation.  All  the  combinations  of  orders  (for  ex¬ 
ample  cubic  order  for  the  in-plane  displacements  and  parabolic  order  for  the 
out-of-plane  displacement)  are  possible.  Equivalent  Single  Layer  Models  (with 
or  without  zig-zag  effects)  and  layerwise  models  can  be  analyzed.  All  these 
formulations  derive  from  the  expansion  of  six  lxl  arrays  which  are  invariant 
with  respect  to  the  type  of  theory  (e.g.  Equivalent  Single  Layer  or  Layerwise) 
and  orders  adopted  for  the  displacement  variables.  This  fact  makes  the  Gen¬ 
eralized  Unified  Formulation  an  ideal  tool  to  test  and  compare  other  possible 
formulations.  In  particular,  this  paper  assesses  the  Variational  Asymptotic 
Plate  and  Shell  Analysis  (VAPAS)  introduced  by  the  second  author  and  com- 
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pares  it  with  some  of  the  infinite  theories  that  can  be  generated  from  the  six 
invariant  arrays  of  the  Generalized  Unified  Formulation.  All  the  results  are 
compared  against  the  elasticity  solution  developed  by  the  first  author.  A  sand¬ 
wich  plate  is  analyzed.  Different  aspect  ratios  are  considered.  Different  Face 
to  Core  Stiffness  ratios  (FCSRs)  are  adopted.  It  is  demonstrated  that  VAPAS 
gives  accurate  results  at  least  as  a  fourth-order  axiomatic  zig-zag  theory  but 
with  a  much  smaller  number  of  Degrees  of  Freedom.  The  range  of  applicability 
of  the  various  theories  generated  with  GUF  and  VAPAS  is  discussed. 


2  Considered  Asymptotic  Approach:  Variational  Asymptotic  Plate 
and  Shell  Analysis 


Mathematically,  the  approximation  in  the  process  of  constructing  a  plate  the¬ 
ory  stems  from  elimination  of  the  thickness  coordinate  as  an  independent 
variable  of  the  governing  equations,  a  dimensional  reduction  process.  This  sort 
of  approximation  is  inevitable  if  one  wants  to  take  advantage  of  the  relative 
smallness  of  the  thickness  to  simplify  the  analysis.  However,  other  approxima¬ 
tions  that  are  not  absolutely  necessary  should  be  avoided,  if  at  all  possible. 
For  example,  for  geometrically  nonlinear  analysis  of  plates,  it  is  reasonable 
to  assume  that  the  thickness,  h,  is  small  compared  to  the  wavelength  of  de¬ 
formation  of  the  reference  plane,  l.  However,  it  is  unnecessary  to  assume  a 
priori  some  displacement  field,  although  that  is  the  way  most  plate  theories 
are  constructed.  As  pointed  out  by  Ref.  [5],  the  attraction  of  a  priori  hypothe¬ 
ses  is  caused  by  our  inability  to  extract  the  necessary  information  from  the 
3D  energy  expression. 

According  to  this  line  of  logic,  Yu  and  his  co-workers  adopted  the  variational 
asymptotic  method  (VAM)[5],  to  develop  a  new  approach  to  modeling  com¬ 
posite  laminates[38,  39,  37,  36].  These  models  are  implemented  in  a  computer 
program  named  VAPAS.  In  this  approach,  the  original  3D  anisotropic  elastic¬ 
ity  problem  is  first  cast  in  an  intrinsic  form,  so  that  the  theory  can  accom¬ 
modate  arbitrarily  large  displacement  and  global  rotation  subject  only  to  the 
strain  being  small.  An  energy  functional  can  be  constructed  for  this  nonlinear 
3D  problem  in  terms  of  2D  generalized  strain  measures  and  warping  functions 
describing  the  deformation  of  the  transverse  normal: 


n  —  n(en,  Cl2,  ^22,  ftll,  K 12,  K-22,Wi,W2,  W3) 


(1) 


Here  611,612,622,^11,^12,^22  are  the  so-called  2D  generalized  strains  [19]  and 
Wi,  W2,  W3  are  unknown  3D  warping  functions,  which  characterize  the  differ¬ 
ence  between  the  deformation  represented  by  the  2D  variables  and  the  actual 
3D  deformation  for  every  material  point  within  the  plate.  It  is  emphasized 
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here  that  the  warping  functions  are  not  assumed  a  priori  but  are  unknown  3D 
functions  to  be  solved  using  VAM.  Then  we  can  employ  VAM  to  asymptoti¬ 
cally  expand  the  3D  energy  functional  into  a  series  of  2D  functionals  in  terms 
of  the  small  parameter  h/l ,  such  that 

h  h2  h2 

n  =  n0  +  iiiy  +  n2—  +  o(— )  (2) 

where  n0,  lb,  U2  are  governing  functionals  for  different  orders  of  approxima¬ 
tion  and  are  functions  of  2D  generalized  strains  and  unknown  warping  func¬ 
tions.  The  unknown  warping  functions  for  each  approximation  can  be  obtained 
in  terms  of  2D  generalized  strains  corresponding  to  the  stationary  points  of  the 
functionals,  which  are  one-dimensional  (ID)  analyses  through  the  thickness. 
Solutions  for  the  warping  functions  can  be  obtained  analytically  as  shown  in 
Ref.  [38]  and  Ref.  [36].  After  solving  for  the  unknown  warping  functions,  one 
can  substitute  them  back  into  the  energy  functionals  in  Eq.  1  to  obtain  2D 
energy  functionals  for  2D  plate  analysis.  For  example,  for  the  zeroth-order 
approximation,  the  2D  plate  model  of  VAPAS  is  of  the  form 

1^0  =  n0(en,  Ci2,  622,  K 11,  Ki 2,  6C22)  (3) 


It  should  be  noted  that  the  energy  functional  for  the  zeroth-order  approx¬ 
imation,  n0,  coincides  to  that  of  CLT  but  without  invoking  the  Kirchhoff 
hypothesis  and  the  transverse  normal  is  flexible  during  deformation. 

Higher-order  approximations  can  be  used  to  construct  refined  models.  For 
example,  the  approximation  through  second  order  ( h2 /l2 )  should  be  used  to 
handle  transverse  shear  effects.  However,  there  are  two  challenging  issues  as¬ 
sociated  with  the  second-order  approximation: 

•  The  energy  functional  asymptotically  correct  up  through  the  second  order 
is  in  terms  of  the  CLT  generalized  strains  and  their  derivatives.  This  form 
is  not  convenient  for  plate  analysis  because  the  boundary  conditions  cannot 
be  readily  associated  with  quantities  normally  specified  on  the  boundary  of 
plates. 

•  Only  part  of  the  second-order  energy  corresponds  to  transverse  shear  defor¬ 
mation,  and  no  physical  interpretation  is  known  for  the  remaining  terms. 

VAPAS  uses  exact  kinematical  relations  between  derivatives  of  the  general¬ 
ized  strains  of  CLT  and  the  transverse  shear  strains  along  with  equilibrium 
equations  to  meet  these  challenges.  Minimization  techniques  are  then  applied 
to  find  the  transverse  shear  energy  that  is  closest  to  the  asymptotically  cor¬ 
rect  second-order  energy.  In  other  words,  the  loss  of  accuracy  between  the 
asymptotically  correct  model  and  a  generalized  Reissner-Mindlin  model  is  min¬ 
imized  mathematically.  For  the  purpose  of  establishing  a  direct  connection  be- 
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tween  2D  Reissner-Mindlin  plate  finite  element  analysis,  the  through-thickness 
analysis  is  implemented  using  a  ID  finite  element  discretization  in  the  com¬ 
puter  program  VAPAS,  which  has  direct  connection  with  the  plate/shell  ele¬ 
ments  in  commercial  finite  element  packages  and  can  be  conveniently  used  by 
application-oriented  engineers. 

In  comparison  to  most  existing  composite  plate  modeling  approaches,  VAPAS 
has  several  unique  features: 

•  VAPAS  adopts  VAM  to  rigorously  split  the  original  geometrically-exact, 
nonlinear  3D  problem  into  a  linear,  ID,  through-the-thickness  analysis  and 
a  geometrically-exact,  nonlinear,  2D,  plate  analysis.  This  novel  feature  al¬ 
lows  the  global  plate  analysis  to  be  formulated  exactly  and  intrinsically  as 
a  generalized  2D  continuum  over  the  reference  plane  and  routes  all  the  ap¬ 
proximations  into  the  through-the-thickness  analysis,  the  accuracy  of  which 
is  guaranteed  to  be  the  best  by  use  of  the  VAM.  The  optimization  procedure 
minimizes  the  loss  of  information  in  recasting  the  model  to  the  generalized 
Reissner-Mindlin  form. 

•  No  kinematical  assumptions  are  invoked  in  the  derivation.  All  deformation 
of  the  normal  line  element  is  correctly  described  by  the  warping  functions 
within  the  accuracy  of  the  asymptotic  approximation. 

•  VAPAS  does  not  rely  on  integration  of  the  3D  equilibrium  equations  through 
the  thickness  to  obtain  accurate  distributions  of  transverse  normal  and  shear 
strains  and  stresses. 

•  VAPAS  exactly  satisfies  all  continuity  conditions,  including  those  on  both 
displacement  and  stress,  at  the  interfaces  as  well  as  traction  conditions  on 
the  top  and  bottom  surfaces. 

•  The  resulting  plate/shell  analysis  is  geometrically  exact,  far  beyond  von- 
Karman  type  nonlinearity  commonly  used  in  the  literature,  needed  for 
highly  flexible  applications. 


3  Considered  Axiomatic  Plate  Theories:  the  Generalized  Unified 
Formulation 


3. 1  Classification  of  the  Theories 


The  main  feature  of  the  Generalized  Unified  Formulation  (GUF)  is  that  the 
descriptions  of  Layerwise  Theories,  Higher-order  Shear  Deformation  Theories 
and  Zig-Zag  Theories  of  any  combination  of  orders  do  not  show  any  formal 
differences  and  can  all  be  obtained  from  six  invariant  kernels.  So,  with  just 
one  theoretical  model  an  infinite  number  of  different  approaches  can  be  consid¬ 
ered.  For  example,  in  the  case  of  moderately  thick  plates  a  higher  order  theory 
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could  be  sufficient  but  for  thick  plates  layerwise  models  may  be  required.  With 
GUF  the  two  approaches  are  formally  identical  because  the  kernels  are  invari¬ 
ant  with  respect  to  the  type  of  theory. 


In  the  present  work  the  concepts  of  type  of  theory  and  class  of  theories  are 
introduced.  The  following  types  of  displacement-based  theories  are  discussed. 
The  first  type  is  named  as  Advanced  Higher-order  Shear  Deformation  The¬ 
ories  (AHSDT).  These  theories  are  Equivalent  Single  Layer  models  because 
the  displacement  field  is  unique  and  independent  of  the  number  of  layers.  The 
effects  of  the  transverse  normal  strain  £zz  are  retained. 

The  second  type  of  theories  is  named  as  Advanced  Higher-order  Shear  Defor¬ 
mation  Theories  with  Zig-Zag  effects  included  (AHSDTZ).  These  theories  are 
Equivalent  Single  Layer  models  and  the  so  called  Zig-Zag  form  of  the  displace¬ 
ments  is  taken  into  account  by  using  Murakami’s  Zig-Zag  Function  (MZZF). 
The  effects  of  the  transverse  normal  strain  £zz  are  included.  The  third  type 
of  theories  is  named  Advanced  LayerWise  Theories  (ALWT).  These  theories 
are  the  most  accurate  ones  because  all  the  displacements  have  a  layerwise  de¬ 
scription.  The  effects  of  the  transverse  normal  strain  e2Z  are  included  as  well. 
These  models  are  necessary  when  local  effects  need  to  be  described.  The  price 
is  of  course  (in  FEM  applications)  in  higher  computational  time.  An  infinite 
number  of  theories  which  have  a  particular  logic  in  the  selection  of  the  used 
orders  of  expansion  is  defined  as  class  of  theories.  For  example,  the  infinite 
layerwise  theories  which  have  the  displacements  ux,  uy  and  uz  expanded  along 
the  thickness  with  a  polynomial  of  order  N  are  a  class  of  theories.  The  infinite 
theories  which  have  the  in-plane  displacements  ux  and  uy  expanded  along  the 
thickness  with  order  N,  the  out  of  plane  displacement  expanded  along  the 
thickness  with  order  N  —  1  are  another  class  of  theories. 


3.2  Basic  Idea  and  Theoretical  Formulation 


Both  layerwise  and  Equivalent  Single  Layer  models  are  axiomatic  approaches 
if  the  unknowns  are  expanded  along  the  thickness  by  using  a  chosen  series  of 
functions. 

When  the  Principal  of  Virtual  Displacements  is  used,  the  unknowns  are  the 
displacements  ux,  uy  and  uz .  When  other  variational  statements  are  used  the 
unknowns  may  also  be  all  or  some  of  the  stresses  and  other  quantities  as  well 
(multifield  case). 

The  Generalized  Unified  Formulation  is  introduced  here  considering  a  generic 
layer  k  of  a  multilayered  plate  structure.  This  is  the  most  general  approach 
and  the  Equivalent  Single  Layer  theories,  which  consider  the  displacement 
unknowns  to  be  layer- independent,  can  be  derived  from  this  formulation  with 
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J 

1  z 

J 

ztop^  Layer  k 

hk 

zboti-t 

x>y\ 

Middle  plane 
(reference  plane) 

Fig.  1.  Multilayered  plate:  notations  and  definitions. 


some  simple  formal  techniques [15].  Consider  a  theory  denoted  as  Theory  I,  in 
which  the  displacement  in  x  direction  uk  has  four  Degrees  of  Freedom.  Here 
by  Degrees  of  Freedom  it  is  intended  the  number  of  unknown  quantities  that 
are  used  to  expand  a  variable.  In  the  case  under  examination  four  Degrees  of 
Freedom  for  the  displacement  uk  means  that  four  unknowns  are  considered. 
Each  unknown  multiplies  a  known  function  of  the  thickness  coordinate  z. 
Where  the  origin  of  the  coordinate  z  is  measured  is  not  important.  However, 
from  a  practical  point  of  view  it  is  convenient  to  assume  that  the  middle  plane 
of  the  plate  is  also  the  plane  with  z  =  0.  This  assumption  does  not  imply 
that  there  is  a  symmetry  with  respect  to  the  plane  z  —  0.  The  formulation  is 
general. 

For  layer  k  the  following  relation  holds:  z^otk  <  z  <  ztopk.  Z\,otk  is  the  global 
coordinate  z  of  the  bottom  surface  of  layer  k  and  ztoPk  is  the  global  coordinate 
z  of  the  top  surface  of  layer  k  (see  Figure  1).  hk  =  ztQpk  —  Zbotfc  is  the  thickness 
of  layer  k  and  h  is  the  thickness  of  the  plate. 

In  the  case  of  Theory  I,  ukx  is  expressed  as  follows: 


known  unknown#  1  known  unknown#2 

ukx  (x,  y,  z)  =  fjf  (z)  ■  ukXl  (x,  y)  +  fk  (z)  ■  ukX2  {x,  y) 

+  /L/0  ■  *4  (x,y\  +  ftW  ■  ukx  4  (a;,  y\  zhotk  <z<  ztoPk  (4) 

known  unknown#3  known  unknown#4 


The  functions  fk  (z),  fk  (z),  fk  (z)  and  fk  (z)  are  known  functions  (axiomatic 
approach).  These  functions  could  be,  for  example,  a  series  of  trigonometric 
functions  of  the  thickness  coordinate  z.  Polynomials  (or  even  better  orthogonal 
polynomials)  could  be  selected.  In  the  most  general  case  each  layer  has  different 
functions.  For  example,  fk  (z)  7^  fk+1  (z).  The  next  formal  step  is  to  modify 
the  notation. 
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The  following  functions  are  defined: 


xFk  (z)  =  fk  (z)  xFk  (z)  =  fk  (z) 

XF£  (z)  =  fk  (z)  xFk  (z)  =  fk  (z) 


(5) 


The  logic  behind  these  definitions  is  the  following.  The  first  function  fk  (z) 
is  defined  as  xFk.  Notice  the  superscript  x.  It  was  added  to  clarify  that  the 
displacement  in  x  direction,  uxJ  is  under  investigation.  The  subscript  t  iden¬ 
tifies  the  quantities  at  the  “top”  of  the  plate  and,  therefore,  are  useful  in  the 
assembling  of  the  stiffness  matrices  in  the  thickness  direction  (see  Ref.  [15]). 
The  last  function  fk  (z)  is  defined  as  xFk.  Notice  again  the  superscript  x.  The 
subscript  b  means  “bottom”  and,  again,  its  utility  is  discussed  in  Ref.  [15]. 
The  intermediate  functions  fk  (z)  and  fk  (z)  are  defined  simply  as  xFk  and 
xFk.  To  be  consistent  with  the  definitions  of  equation  5,  the  following  unknown 
quantities  are  defined: 

ukxt  (x,  y )  =  ukXl  (x,  y )  ukXb  (x,  y)  =  ukX4  (x,  y)  (6) 


Using  the  definitions  reported  in  equations  5  and  6,  equation  4  can  be  rewritten 
as 


known  unknown#!  known  unknown#2 


known  unknown#.!  known  unknown#! 


^bot*.  —  Z  —  Uopfe  (f) 


It  is  supposed  that  each  function  of  z  is  a  polynomial.  The  order  of  the  ex¬ 
pansion  is  then  3  and  indicated  as  Nk  .  Each  layer  has  in  general  a  different 
order.  Thus,  in  general  Nk  IV*+1.  If  the  functions  of  z  are  not  polynomials 
(for  example,  this  is  the  case  if  trigonometric  functions  are  used)  then  Nk  is 
just  a  parameter  related  to  the  number  of  terms  or  Degrees  of  Freedom  used 
to  describe  the  displacement  ux  in  the  thickness  direction.  The  expression  rep¬ 
resenting  the  displacement  ux  (see  equation  7)  can  be  put  in  a  compact  form 
typical  of  the  Generalized  Unified  Formulation  presented  here.  In  particular 
it  is  possible  to  write: 


u. 


(x,  V,  z)  =  xFk  {z)  ■  uk  {x,  y) 


qg 


—  t,l,b;  l  =  2, 


(8) 


where,  in  the  example,  Nk  =  3.  The  thickness  primary  master  index  a  has 
the  subscript  ux.  This  subscript  from  now  on  will  be  called  slave  index.  It  is 
introduced  to  show  that  the  displacement  ux  is  considered.  An  infinite  number 


of  theories  can  be  included  in  equation  8.  It  is  in  fact  sufficient  to  change 
the  value  of  Nk  .  It  should  be  observed  that  formally  there  is  no  difference 
between  two  distinct  theories  (obtained  by  changing  Nk  ).  It  is  deduced  that 
oo1  theories  can  be  represented  by  equation  8. 

The  other  displacements  uk  and  ukz  can  be  treated  in  a  similar  fashion.  The 
Generalized  Unified  Formulation  for  all  the  displacements  is  the  following: 


ukx  =  xFtukXt  +  xFmkxl  +  xFbukXb 
uk  =  yFtukt  +  yFmukym  +  yFbukb 
uk  =  zFtukt  +  zFnukn  +  zFbukb 


xfp  q  A 

L  “lOu, 

yjr  iik 
auy  UyaUy 


1  olu,  uza 


aux 

=  t,l,b ; 

1  =  2,. 

■  ■  5  AIUa. 

O^Uy 

=  t,  m,  b\ 

m  =  2, .. 

;NUy  (9) 

(%UZ 

=  t,  n,  b ; 

n  =  2, .. 

;NUz 

In  equation  9,  for  simplicity  it  is  assumed  that  the  type  of  functions  is  the 
same  for  each  layer  and  that  the  same  number  of  terms  is  used  for  each  layer. 
This  assumption  will  make  it  possible  to  adopt  the  same  Generalized  Unified 
Formulation  for  all  types  of  theories,  and  layerwise  and  equivalent  single  layer 
theories  will  not  show  formal  differences.  This  concept  means,  for  example, 
that  if  displacement  uy  is  approximated  with  five  terms  in  a  particular  layer  k 
then  it  will  be  approximated  with  five  terms  in  all  layers  of  the  multilayered 
structure. 

Each  displacement  variable  can  be  expanded  in  oo1  combinations.  In  fact,  it  is 
sufficient  to  change  the  number  of  terms  used  for  each  variable.  Since  there  are 
three  variables  (the  displacements  ux,  uy  and  uz),  it  is  concluded  that  equation 
9  includes  oo3  different  theories.  In  equation  9  the  quantities  are  defined  in 
a  layerwise  sense  but  it  can  be  shown  that  the  same  concept  is  valid  for  the 
Equivalent  Single  Layer  cases  too  (see  Ref.  [15]). 

It  can  be  shown  that  when  a  theory  generated  by  using  GUF  has  the  orders 
of  the  expansions  of  all  the  displacements  equal  to  each  other,  the  results 
are  numerically  identical  to  the  ones  that  can  be  obtained  by  using  Carrera’s 
Unified  Formulation  (see  Ref.  [10]).  This  is  a  logical  consequence  of  the  fact 
that  GUF  can  be  considered  as  an  extension  and  generalization  of  GUF  (see 
more  details  in  Ref.  [16]). 


3.3  Acronyms  Used  to  Identify  a  Generic  Theory  Obtained  by  Using  GUF 


Three  types  of  displacement-based  theories  can  be  obtained.  As  stated  above, 
the  first  type  is  named  Advanced  Higher-order  Shear  Deformation  Theories 
(AHSDT).  A  AHSDT  theory  with  orders  of  expansion  NUx,  NUy  and  NUz  for 
the  displacements  ux,  uy  and  uz  respectively,  is  denoted  as  EDNux nu  nUz-  “E” 
stands  for  “Equivalent  Single  Layer”  and  “D”  stands  for  “Displacement-based” 
theory. 
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Fig.  2.  Test  Case  1.  Geometry  of  the  plate  sandwich  structure. 

With  similar  logic,  it  is  possible  to  define  acronyms  for  the  second  type  (Ad¬ 
vanced  Higher-order  Shear  Deformation  Theories  with  Zig-Zag  effects  included 
(AHSDTZ))  and  for  the  third  type  of  theories  (Advanced  LayerWise  Theories 
(ALWT)).  The  acronyms  are  EDZh jUxNuyNUz  and  LDNux NuyNuz  (more  details 
can  be  found  in  Ref.  [15]).  For  example,  a  AHSDTZ  theory  with  cubic  orders 
for  all  the  displacements  is  indicated  as  EDZ333  whereas  a  ALWT  theory  with 
parabolic  orders  for  all  the  displacements  is  indicated  as  LD2 22- 


4  Results 


Two  test  cases  are  analyzed  in  this  work. 


4-1  Description  of  Test  Case  1 

Test  case  1  is  a  sandwich  plate  (see  Figure  2)  made  of  two  skins  and  a  core 
[Slower skin  =  h/10]  huppev skin  =  2/i/10;  hcore  =  (7/10 )h].  It  is  also  = 

5/4.  The  plate  is  simply  supported  and  the  load  is  a  sinusoidal  pressure  applied 
at  the  top  surface  of  the  plate  (m  —  n  —  1).  Different  Face-to-Core  Stiffness 
Ratio  (FCSR)  are  proposed  here: 

•  Face-to-Core  Stiffness  Ratio  =  FCSR  =  El™ei  skin  =  101;  a/h  =  4, 10, 100 

•  Face-to-Core  Stiffness  Ratio  =  FCSR  =  Dower  skin  _  ^q5.  aj\l  =  4  iQO 

^core  ' 
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2  skin 


*skin 


P‘z(x,y )  =ZP‘  sin  JS^L  sin  |/- 


4^-  =  FCSR  (variable )  AMs _  =  J_ 

£iiot,  -  h  io 


a  =  b 
m  =  n  =  1 


■fi'skin 


Oilskin  —  £*22skin  —  -^33skin  —  -^skin 
Gl2skin  =  Gaskin  =  G23skin  —  Gskin  =  2(1  +u  ki,  ) 

l>12skin  =  Wl3skin  =  W23skin  =  l^skin  =  34/100 
Isotropic  Material 
Lavers  1  and  3 


Simply  Supported 
Boundary  conditions 
on  all  edges 


IS  -  7585  IS  =  7585 

Gl2core  —  Gl3core  =  G23  core  —  2250  •  E\  [core 
h>12core  t>13core  U23core  =  Vcore  1/100 

Orthotropic  Material 
Laver  2 


Fig.  3.  Test  Case  2  (see  also  [11]) 

As  far  as  Poisson’s  ratio  is  concerned,  the  following  values  are  used:  iWer  skin  = 
Supper  skin  =  ^core  =  v  =  0.34.  The  middle  plane  of  the  plate  is  a  rectangle  with 
b  =  3 a.  In  this  test  case  there  is  no  symmetry  with  respect  the  plane  z  —  0. 


4-2  Description  of  Test  Case  2 


This  test  case  is  represented  by  a  symmetric  sandwich  structure.  The  case  has 
been  taken  from  reference  [11]. 


4-3  Test  Case  1:  Numerical  Results  and  Discussion 


The  following  non-dimensional  quantities  are  introduced: 


U„  =  Ur 


zpth(f 


>3  ? 


Uy  Uy  ' 


,3  > 


Ur.  =  U, 


100  E, 


'core  • 


zpth(f 


v4  ’ 


_  rj  —  _ %±zy_ 

zpt{iV  zy 


&  T.ar. 


zpt{l) 


—  uyy 

°yy  ’ 


■pt(iy 

ayy 


&  zz  — 


zpt  } 


(10) 


_  Uxy 

zpt{l) 


axv  TCTC?1 


All  the  results  have  been  compared  with  the  solution  obtained  by  solving 
the  “exact”  problem[14].  The  exact  value  is  indicated  with  the  terminology 
“elasticity”  and  is  the  reference  value  corresponding  to  the  solution  of  the 
differential  equations  that  govern  the  problem.  The  details  of  this  elasticity 
solution  are  here  omitted  for  brevity.  The  relative  error  Err%  used  in  the 
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tables  is  defined  as  follows: 


„  ^  Result  current  theory  —  Result  elasticity  solution 

Err%  =  100 - - - ,  “ — — - — - - -  11 

Result  elasticity  solution 


Tables  1  and  2  compare  a  ALWT,  AHSDT,  AHSDTZ  and  VAPAS  with  VA- 
PASO  denotes  the  zeroth-order  approximation  of  VAPAS  according  to  Eq.  3. 
As  shown  in  Table  1,  VAPASO  has  a  similar  prediction  for  transverse  deflection 
as  ED m  for  a  thick  plate  (a/h  =  4)  for  both  FCSR  =  10  and  FCSR  =  105. 
It  is  noted  that  EDm  is  very  similar  to  CLT  with  a  flexible  transverse  normal. 
For  thin  plates  with  mild  modulus  contrast,  VAPASO  has  an  accuracy  similar 
to  higher-order  theories  without  zigzag  effects  (EDm,  ED555,  ED777).  For  thin 
plates  with  big  modulus  contrast  ( FCSR  =  105),  VAPASO  has  an  accuracy 
similar  to  EDm ■  VAPAS  results  for  the  deflection  prediction  are  generally 
better  than  VAPASO  and  has  an  accuracy  comparable  to  higher-order  theo¬ 
ries  with  zig-zag  effects  such  as  EDZm  and  higher.  The  only  anomaly  case 
is  that  for  thick  plates  with  the  big  modulus  contrast,  VAPAS  results  are  not 
meaningful.  This  could  be  explained  that  VAPAS  is  not  constructed  for  such 
an  extreme  case.  Note  in  Eq.  2,  only  the  geometrical  small  parameter  h/a  is 
used  for  the  asymptotical  expansion,  yet  for  this  extreme  case,  the  modulus 
contrast  is  a  much  smaller  parameter  than  h/a.  Hence,  it  is  suggested  that 
VAPAS  is  not  suitable  for  thick  sandwich  plates  with  huge  modulus  contrast. 
Note  for  the  sandwich  plate  with  a/h  =  100  and  FCSR  =  105,  VAPAS  pre¬ 
dicts  reasonably  well.  Later  we  will  use  more  examples  to  demonstrate  that  for 
moderate  modulus  contrast,  VAPAS  actually  has  a  very  good  prediction.  Sim¬ 
ilar  observations  can  be  made  about  the  stress  prediction  as  shown  in  Table  2. 
It  is  worthy  to  point  out  that  VAPAS  plate  model  only  uses  three  DOFs  for  its 
zeroth-order  approximation  and  five  DOFs  for  its  first-order  approximation. 
The  2D  plate  element  of  VAPAS  is  the  same  as  a  FOSDT  and  is  more  efficient 
than  all  other  theories  listed  in  the  tables.  In  other  words,  VAPAS  presents 
a  great  compromise  between  the  accuracy  of  the  results  and  the  number  of 
DOFs.  Tables  3-11  present  a  relatively  thick  sandwich  plate  with  FCSR  =  10. 
The  out-of-plane  stresses  are  not  unknowns  of  the  displaced-based  theories 
based  on  GUF  (this  is  not  the  case  if  a  mixed  variational  theorem  is  used). 
Therefore,  they  can  be  calculated  a  posteriori  by  using  Hooke’s  law  or  by 
integrating  the  equilibrium  equations.  The  first  approach  is  usually  not  satis¬ 
factory  for  ESL  theories.  Therefore,  all  the  axiomatic  results  presented  in  this 
work  report  the  transverse  stresses  calculated  by  integrating  the  equilibrium 
equations.  In  all  cases  it  is  possible  to  see  that  VAPAS  has  an  accuracy  compa¬ 
rable  or  superior  to  AHSDTZ.  For  this  particular  case  we  tested,  VAPAS  has 
a  similar  accuracy  as,  or  for  most  cases  better,  than  EDZ 555  for  displacement 
prediction  and  in-plane  stress  and  transverse  normal  stress  prediction  and  its 
accuracy  is  similar  to  LD2 22-  For  transverse  shear  stresses,  VAPAS  predicts 
similar  values  as  EDZ555.  However,  if  integration  through  the  thickness  is  not 
used  to  obtain  such  values,  EDZ555  will  be  expected  to  be  worse  than  VAPAS 
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a/h 

4 

100 

-Slower  skin 
Ecore 

=  FCSR  =  101 

Elasticity 

3.01123 

Err.% 

1.51021 

Err.%o 

DOF 

LDni 

2.98058 

(-1.02) 

1.47242 

(-2.50) 

12 

LD  222 

3.00982 

(-0.05) 

1.51021 

(0.00) 

21 

TD555 

3.01123 

(0.00) 

1.51021 

(0.00) 

48 

EDni 

1.58218 

(-47.5) 

1.10845 

(-26.6) 

6 

ED 444 

2.79960 

(-7.03) 

1.50989 

(-0.02) 

15 

ED$  55 

2.84978 

(-5.36) 

1.50996 

(-0.02) 

18 

ED  777 

2.86875 

(-4.73) 

1.50999 

(-0.01) 

24 

E  D  Z\n 

2.34412 

(-22.2) 

1.15866 

(-23.3) 

9 

EDZ444 

2.97886 

(-1.07) 

1.51017 

(0.00) 

18 

EDZ555 

2.98737 

(-0.79) 

1.51018 

(0.00) 

21 

EDZ-jyj 

2.99670 

(-0.48) 

1.51019 

(0.00) 

27 

VAPASo 

1.5136 

(-49.7) 

1.50788 

(-0.15) 

3 

VAPAS 

3.0198 

(0.28) 

1.5102 

(0.00) 

5 

Slower  skin 
Ecore 

=  FCSR  =  105 

Elasticity 

1.31593  •  10-02 

Err.% 

2.08948  •  10-03 

Err.%0 

LDni 

9.79008  •  10"03 

(-25.6) 

1.96509-  10"°3 

(-5.95) 

12 

LD  222 

1.31471  •  10-02 

(-0.09) 

2.08948  •  10-03 

(0.00) 

21 

T-D555 

1.31593  •  10-02 

(0.00) 

2.08949  •  10-03 

(0.00) 

48 

ED\  1 1 

1.79831  •  10~°4 

(-98.6) 

1.19941  •  10"°4 

(-94.3) 

6 

£/Z?444 

1.16851  •  10-03 

(-91.1) 

1.64835  •  10~°4 

(-92.1) 

15 

EDttz 

4.29224  •  10"°3 

(-67.4) 

1.73120-  10"04 

(-91.7) 

18 

EDm 

1.08119  •  10"°2 

(-17.8) 

2.96304  •  10"°4 

(-85.8) 

24 

ED  Z\\  4 

8.36735  •  10”°4 

(-93.6) 

1.63329-  10"04 

(-92.2) 

9 

EDZ444 

1.26288  •  10-02 

(-4.03) 

1.16305  •  10-03 

(-44.3) 

18 

EDZ^tt 

1.30409  •  10"°2 

(-0.90) 

1.78411  •  10"°3 

(-14.6) 

21 

EDZ777 

1.31363  •  10"°2 

(-0.17) 

2.02060  •  10~°3 

(-3.30) 

27 

VAPAS0 

1.6421  •  10~04 

(-98.7) 

1.6314  •  10-04 

(-92.2) 

3 

VAPAS 

1.49076 

(>  100) 

2.4667  •  10"03 

(18.0) 

5 

Table  1 

Test  Case  1 .  Comparison  of  various  theories  to  evaluate  the  transverse  displacements 
amplitude  (center  plate  deflection)  uz  =  uz  hi  z  =  2:^^rnJkin  =  -^h,  x  = 

a/2,  y  =  6/2. 


a/h 

4 

Err. 

100 

Err. 

Slower  skin  — 
Ecore 

FCSR  = 

101 

Elasticity 

0.32168 

Err.% 

0.33176 

Err.% 

DOF 

LDin 

0.31730 

(-1.36) 

0.32345 

(-2.50) 

12 

LD‘222 

0.32142 

(-0.08) 

0.33176 

(0.00) 

21 

0.32168 

(0.00) 

0.33176 

(0.00) 

48 

ED\ ii 

0.33178 

(+3.14) 

0.33178 

(+0.01) 

6 

ED  444 

0.33240 

(+3.33) 

0.33178 

(+0.01) 

15 

ED^z, 

0.32884 

(+2.23) 

0.33178 

(+0.01) 

18 

EDm 

0.32707 

(+1.68) 

0.33177 

(0.00) 

24 

EDZm 

0.34184 

(+6.27) 

0.34497 

(+3.98) 

9 

EDZ444 

0.32913 

(+2.32) 

0.33178 

(+0.01) 

18 

EDZ555 

0.32755 

(+1.82) 

0.33177 

(0.00) 

21 

EDZm 

0.32530 

(+1.12) 

0.33177 

(+0.00) 

27 

VAPAS0 

0.33178 

(+3.14) 

0.33178 

(+0.01) 

3 

VAPAS 

0.31037 

(-3.5) 

0.33175 

(+0.00) 

5 

Ei 

ower  skin  — 
Ecore 

FCSR  = 

105 

Elasticity 

5.40842  •  10-04 

Err.% 

0.27797 

Err.% 

LDin 

1.05700  •  10"04 

(-80.5) 

0.26143 

(-5.95) 

12 

LD222 

5.37740  •  10-04 

(-0.57) 

0.27797 

(0.00) 

21 

5.40842  •  10-04 

(0.00) 

0.27797 

(0.00) 

48 

EDm 

0.33242 

(>  100) 

0.33242 

(+19.6) 

6 

ED 444 

0.30529 

(>  100) 

0.33238 

(+16.6) 

15 

ED555 

0.21639 

(>  100) 

0.33214 

(+19.5) 

18 

ED  777 

3.96907  •  10"02 

(>  100) 

0.32865 

(+18.2) 

24 

EDZm 

0.30971 

(>  100) 

0.33077 

(+19.0) 

9 

EDZ444 

6.84336  •  10-03 

(>  100) 

0.30392 

(+9.34) 

18 

EDZstt 

1.87520  •  10"03 

(>  100) 

0.28655 

(+3.09) 

21 

ED  Z777 

8.02443  •  10"04 

(+48.4) 

0.27994 

(+0.71) 

27 

VAPASo 

0.33242 

(>  100) 

0.33242 

(+19.6) 

3 

VAPAS 

0.30592 

(>  100) 

0.33238 

(+16.6) 

5 

Table  2 

Test  Case  1.  Comparison  of  various  theories  to  evaluate  the  transverse  shear  stress 
oZx  =  zpt%\  in  z  =  -bottom1"111  =  Toh>  x  =  0,  y  =  6/2.  The  indefinite  equilibrium 
equations  have  been  integrated  along  th-Mthickness. 


results.  For  moderate  FCSR  values  and  thick  plates  (a/h  =  4,  see  Figures 
4-7,  VAPAS  presents  results  that  can  be  comparable  of  the  results  obtained 
by  using  the  axiomatic  zig-zag  theory  EDZ777.  This  is  particularly  evident  in 
Figure  7.  However,  the  VAPAS  plate  model  only  requires  five  DOFs,  which 
is  only  less  than  20%  of  the  computational  cost  one  would  need  for  EDZ777 
(27  DOFs),  ft  is  also  noted,  VAPAS  plate  model  remains  the  same  as  the 
well-known  Reissner-Mindlin  elements  universally  available  in  all  commercial 
finite  element  packages. 

The  Equivalent  Single  Layer  and  Layerwise  axiomatic  theories  presented  in 
this  paper  and  a  virtually  infinite  number  of  other  theories  can  be  imple¬ 
mented  in  a  single  FEM  code  based  on  the  Generalized  Unified  Formulation. 
Accuracy  and  CPU  time  requirements  can  be  easily  met  with  an  appropriate 
selection  of  the  type  of  theory  and  the  orders  used  in  the  expansions  of  the 
displacements. 


a/h 


10 


Slower  skin 
-Score 


=  FCSR  =  101 


Elasticity 

—0.11087  •  10-01 

Err.% 

DOF 

LD\n 

—0.10800  •  10-01 

(-2.59) 

12 

LD222 

-0.11085  •  10~01 

(-0.01) 

21 

TD333 

-0.11087-  10”01 

(-0.00) 

30 

7  D444 

-0.11087-  10~01 

(-0.00) 

39 

ED 

-0.08627  •  10-01 

(-22.2) 

6 

ED222 

—0.11736  •  10-01 

(+5.85) 

9 

UD333 

-0.11358-  10“01 

(+2.45) 

12 

AD444 

-0.11316-  10~01 

(+2.07) 

15 

UD555 

-0.11242  •  10“01 

(+1.40) 

18 

EDZ\  1 1 

-0.08696  •  10~01 

(-21.6) 

9 

EDZ222 

-0.11161  •  10-01 

(+0.67) 

12 

EDZ333 

—0.11166  •  10-01 

(+0.71) 

15 

ED  Z444 

-0.11164-  10"01 

(+0.69) 

18 

EDZ555 

-0.11146-  10"01 

(+0.53) 

21 

VAPAS 

-0.111009  •  10'01 

(+0.13) 

5 

Table  3 

Test  Case  1.  Comparison  of  various  theories 

ft  —  „  -Ecore  ~  _  upper  skin  _  _3_, 

Ux  —  Ux  /„X3  111  2  —  Zhnttom  —  1(1  +  d  ~ 


to  evaluate  the  in-plane  displacement 
0  ,y  =  6/2. 


15 


a/h  10 


Elo^er  skin  =  FCSR  =  101 


Encore 

Elasticity 

-0.36956  •  10"02 

Err.% 

DOF 

LDni 

-0.36000  •  10"02 

(-2.59) 

12 

LD  222 

-0.36952  ■  10"02 

(-0.01) 

21 

TH333 

-0.36956  •  10"02 

(-0.00) 

30 

TH444 

-0.36956  ■  10"02 

(-0.00) 

39 

EDiu 

-0.28757  ■  10"02 

(-22.2) 

6 

ED222 

-0.39120  •  10"02 

(+5.85) 

9 

ED333 

-0.37860  ■  10"02 

(+2.45) 

12 

ED  444 

-0.37721  ■  10"02 

(+2.07) 

15 

ED555 

-0.37473  •  10"02 

(+1.40) 

18 

EDZ\  1 1 

-0.28986  ■  10"02 

(-21.6) 

9 

EDZ222 

-0.37204  ■  10"02 

(+0.67) 

12 

EDZ333 

-0.37220  •  10"02 

(+0.71) 

15 

El)  Z444 

-0.37213  ■  10"02 

(+0.69) 

18 

EDZtts 

-0.37153  ■  10"02 

(+0.53) 

21 

VAPAS 

-0.37003  •  10-02 

(+0.13) 

5 

Table  4 

Test  Case  1.  Comparison  of  various  theories  to  evaluate  the  in-plane  displacement 


Uqi  -  Uqi 


zptKD 


111  z  =  z 


_  upper  skin _ 


bottom 


=  4jh,  X  =  a/2,  y  =  0. 


4-4  Test  Case  2:  Numerical  Results  and  Discussion 


The  dimensionless  displacements  used  for  this  study  are  defined  as 


T'ski 


^cr.  'U'cr 


skin 


V‘h  (f) 


3’ 


UZ  Uy 


100-Eskin 

‘p‘h  (f)“ 


(12) 


Notice  the  formal  difference  with  the  dimensionless  quantities  introduced  in 
test  case  1:  here  the  elastic  modulus  used  for  the  non-dimensional  quantities 
is  the  elastic  modulus  of  the  skin  and  not  the  one  of  the  core.  The  results 
are  compared  against  the  elasticity  solution  (see  [14]  and  [16]).  Tables  12,  13, 
14,  and  15  report  some  results  obtained  in  reference  [11]  for  thick,  moderately 
thick  and  thin  sandwich  structures.  The  available  results  have  been  enriched 
with  the  new  case  of  a/h  =  2  and  with  the  elasticity  solution.  The  findings 
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Fig.  4.  Test  Case  1.  Comparison  of  various  theories  to  evaluate  the  in-plane  normal 
stress  axx  =  ^  in  x  =  a/2,  y  =  6/2.  Note  that  this  stress  is  not  a  continuous 

function  on  the  thickness  direction.  Hooke’s  law  has  been  used. 


Fig.  5.  Test  Case  1.  Comparison  of  various  theories  to  evaluate  the  in-plane  normal 
stress  a xx  =  ,^xay  in  x  =  a/2,  y  =  6/2  (upper-skin).  Hooke’s  law  has  been  used. 
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a/h 

10 

-^lower  skin 

Ecore 

=  FCSR 

=  101 

Elasticity 

1.74265 

Err.% 

DOF 

LDi  ii 

1.70908 

(-1.93) 

12 

LD  222 

1.74247 

(-0.01) 

21 

LD333 

1.74265 

(-0.00) 

30 

LD  444 

1.74265 

(-0.00) 

39 

EDm 

1.18207 

(-32.2) 

6 

ED222 

1.58561 

(-9.01) 

9 

ED333 

1.70006 

(-2.44) 

12 

-E-D444 

1.71032 

(-1.85) 

15 

DD555 

1.71796 

(-1.42) 

18 

EDZ]  1 1 

1.34741 

(-22.7) 

9 

EDZ222 

1.73669 

(-0.34) 

12 

EDZ333 

1.73805 

(-0.26) 

15 

ED  Z444 

1.73836 

(-0.25) 

18 

EDZ^ 

1.73938 

(-0.19) 

21 

VAPAS 

1.74265 

(+0.00) 

5 

Table  5 

Test  Case  1 .  Comparison  of  various  theories  to  evaluate  the  transverse  displacements 


amplitude  (center  plate  deflection)  uz  =  uz 
a/ 2,  y  =  6/2. 


IOO-Eci 

zptK*Y 


m  z  =  z. 


_  upper  skin _ 


bottom 


=  x  = 


of  reference  [11]  have  been  confirmed:  the  equivalent  single  layer  theories  are 
not  indicated  to  analyze  very  challenging  sandwich  structures  especially  if  the 
face-to-core  stiffness  ratio  is  very  high  and  the  aspect  ratio  is  small  (thick 
plates).  This  result  is  also  confirmed  in  figures  8,  9,  and  10.  In  particular,  it  is 
clear  from  Figure  10  (which  presents  several  AHSDTZ  theories)  that  even  zig 
zag  theories  with  considerably  high  order  for  the  expansion  of  the  variables 
present  significant  error  especially  in  the  core  region.  As  previously  discussed 
for  Test  Case  1,  VAPAS  provides  excellent  results  for  low  values  of  FCSR. 
If  FCSR  is  increased,  the  error  becomes  larger.  This  suggests  that  VAPAS 
presents  superior  performances  with  respect  to  the  classical  equivalent  single 
layer  models  (including  zig  zag  effects)  only  if  FCSR  is  moderate. 


18 


a/h 

10 

-Slower  skin 
^core 

=  FCSR 

=  101 

Elasticity 

0.33146 

Err.% 

DOF 

LDin 

0.26290 

(-20.7) 

12 

LD  222 

0.33169 

(+0.07) 

21 

LD333 

0.33144 

(-0.00) 

30 

0.33146 

(+0.00) 

39 

EDm 

0.36049 

(+8.76) 

6 

ED-222 

0.35272 

(+6.41) 

9 

EE)  333 

0.34357 

(+3.65) 

12 

ED  444 

0.34649 

(+4.54) 

15 

ED555 

0.34260 

(+3.36) 

18 

EDZm 

0.35807 

(+8.03) 

9 

EDZ222 

0.32847 

(-0.90) 

12 

EDZ333 

0.33559 

(+1.25) 

15 

ED  Z444 

0.33753 

(+1.83) 

18 

EDZ555 

0.33678 

(+1.60) 

21 

VAPAS 

0.33364 

(+0.66) 

5 

Table  6 

Test  Case  1.  Comparison  of  various  theories  to  evaluate  the  in-plane  normal  stress 
oxx  =  zpt7<L\2  'm  z  =  ^bottom km  =  W^1’  x  =  a/2’  y  =  V2-  Note  tliat  this  stress  is 

ZP  \h) 

not  a  continuous  function  on  the  thickness  direction.  Hooke’s  law  has  been  used. 
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a/h 

10 

-Slower  skin 
^core 

=  FCSi? 

=  101 

Elasticity 

0.14662 

Err.% 

DOF 

LDin 

0.08285 

(-43.5) 

12 

LD  222 

0.14688 

(+0.17) 

21 

L  D333 

0.14660 

(-0.01) 

30 

TZ?444 

0.14662 

(+0.00) 

39 

ED  hi 

0.21666 

(+47.8) 

6 

ED-222 

0.15706 

(+7.12) 

9 

ed333 

0.15421 

(+5.18) 

12 

ED  444 

0.15783 

(+7.64) 

15 

-C-D555 

0.15518 

(+5.84) 

18 

EDZ\\  1 

0.21309 

(+45.3) 

9 

EDZ222 

0.14239 

(-2.88) 

12 

edz333 

0.14943 

(+1.92) 

15 

ED  Z444 

0.15141 

(+3.27) 

18 

EDZ555 

0.15095 

(+2.95) 

21 

VAPAS 

0.14758 

(+0.65) 

5 

Table  7 

Test  Case  1.  Comparison  of  various  theories  to  evaluate  the  in-plane  normal  stress 
dyy  =  ^  2  in  z  =  bottom*011  =  x  =  a /^)  V  =  b/2-  Note  that  this  stress  is 

not  a  continuous  function  on  the  thickness  direction.  Hooke’s  law  has  been  used. 
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a/h 


10 


El°ffer  skin  =  FCSR  =  101 

■C'core 


Elasticity 

-0.69314  •  10-01 

Err.% 

DOF 

LDiu 

-0.67520  •  10~01 

(-2.59) 

12 

LD222 

-0.69305  •  10"01 

(-0.01) 

21 

LD333 

-0.69314  •  10"01 

(-0.00) 

30 

/.  /  l;ll 

-0.69314  •  10-01 

(-0.00) 

39 

EDui 

-0.53936  •  10"01 

(-22.2) 

6 

ED222 

-0.73372  •  10-01 

(+5.85) 

9 

ED333 

-0.71010-  10~01 

(+2.45) 

12 

ED  444 

-0.70749  •  10"01 

(+2.07) 

15 

ED555 

-0.70283  •  10"01 

(+1.40) 

18 

EDZm 

-0.54366  •  IO-01 

(-21.6) 

9 

EDZ222 

-0.69779  •  IO"01 

(+0.67) 

12 

EDZ333 

-0.69808  •  IO"01 

(+0.71) 

15 

ED  Z444 

-0.69795  •  IO"01 

(+0.69) 

18 

EDZ555 

-0.69684  •  IO"01 

(+0.53) 

21 

VAPAS 

-0.69775  •  IO"01 

(+0.67) 

5 

Table  8 
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a/h 

10 

Slower  skin 
Ecore 

=  FCSR 

=  101 

Elasticity 

0.32998 

Err.% 

DOF 

LD\ n 

0.32242 

(-2.29) 

12 

LD  222 

0.32994 

(-0.01) 

21 

ld333 

0.32998 

(-0.00) 

30 

LD  444 

0.32998 

(-0.00) 

39 

EDiu 

0.33178 

(+0.55) 

6 

ED-222 

0.33210 

(+0.64) 

9 

ED333 

0.33081 

(+0.25) 

12 

E  /-J444 

0.33178 

(+0.54) 

15 

ED§tt 

0.33117 

(+0.36) 

18 

EDZ\\  \ 

0.34444 

(+4.38) 

9 

EDZ222 

0.33154 

(+0.47) 

12 

edz333 

0.33140 

(+0.43) 

15 

ED  ^444 

0.33124 

(+0.38) 

18 

EDZ555 

0.33096 

(+0.30) 

21 

VAPAS 

0.32836 

(-0.50) 

5 

Table  9 

Test  Case  1.  Comparison  of  various  theories  to  evaluate  the  transverse  shear  stress 
Vzx  =  zpt7«\  in  z  =  zbottomkm  =  Toh'  x  =  °-  v  =  V2-  The  indefinite  equilib¬ 
rium  equations  have  been  integrated  along  the  thickness  for  all  the  theories  except 
VAPAS. 
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a/h 

10 

Slower  skin 
Ecore 

=  FCSR 

=  101 

Elasticity 

0.10999 

Err.% 

DOF 

LDni 

0.10747 

(-2.29) 

12 

LD  222 

0.10998 

(-0.01) 

21 

LD333 

0.10999 

(-0.00) 

30 

LD  444 

0.10999 

(-0.00) 

39 

EDiu 

0.11059 

(+0.55) 

6 

ED-222 

0.11070 

(+0.64) 

9 

ED333 

0.11027 

(+0.25) 

12 

E  /-I444 

0.11059 

(+0.54) 

15 

ED§tt 

0.11039 

(+0.36) 

18 

EDZ\\  \ 

0.11481 

(+4.38) 

9 

EDZ222 

0.11051 

(+0.47) 

12 

edz333 

0.11047 

(+0.43) 

15 

EDZ444 

0.11041 

(+0.38) 

18 

EDZ555 

0.11032 

(+0.30) 

21 

VAPAS 

0.10945 

(-0.49) 

5 

Table  10 

Test  Case  1.  Comparison  of  various  theories  to  evaluate  the  transverse  shear  stress 
Vzy  =  zpt7a\  in  *  =  2bottomkm  =  wh>  x  =  a/2’  y  =  °-  The  indefinite  equilib¬ 
rium  equations  have  been  integrated  along  the  thickness  for  all  the  theories  except 
VAPAS. 
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a/h 

10 

-^lower  skin 
Ecore 

=  FCSR 

=  101 

Elasticity 

0.87231 

Err.% 

DOF 

LDni 

0.87081 

(-0.17) 

12 

LD  222 

0.87233 

(+0.00) 

21 

AH333 

0.87231 

(+0.00) 

30 

LD  444 

0.87231 

(-0.00) 

39 

EDiu 

0.51236 

(-41.3) 

6 

ED-222 

0.58831 

(-32.6) 

9 

ED333 

0.77221 

(-11.5) 

12 

E  /-I444 

0.78478 

(-10.0 

15 

A'A)555 

0.81517 

(-6.55) 

18 

EDZm 

0.51803 

(-40.6) 

9 

EDZ222 

0.83586 

(-4.18) 

12 

EDZ333 

0.83769 

(-3.97) 

15 

E I)  Z434 

0.83847 

(-3.88) 

18 

EDZ555 

0.84631 

(-2.98) 

21 

VAPAS 

0.87354 

(+0.14) 

5 

Table  11 

Test  Case  1.  Comparison  of  various  theories  to  evaluate  the  transverse  normal  stress 
azz  =  Zpt  hi  z  =  4Z::km  =  x  =  a/2,  V  =  6/2.  The  indefinite  equilibrium 
equations  have  been  integrated  along  the  thickness  for  all  the  theories  except  VA- 
PAS. 


24 


Fig.  6.  Test  Case  1.  Comparison  of  various  theories  to  evaluate  the  transverse  shear 
stress  azx  =  zZz7a  \  in  x  =  0,  y  =  b/2.  The  indefinite  equilibrium  equations  have 


zpt{l) 

been  integrated  along  the  thickness. 


Fig.  7.  Test  Case  1.  Comparison  of  various  theories  to  evaluate  the  transverse  dis¬ 


placements  amplitude  (center  plate  deflection)  uz  =  uz 


100  Eg 

zptK f) 


V  in  x  =  a/2,  y  =  b/2. 
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a/h 

2 

4 

10 

100 

-^11  skin 

-^11  core 

=  FCSR  =  7.3  x  101 

Elasticity 

0.227330 

Err% 

0.198251 

Err% 

0.190084 

Err% 

0.188542 

Err% 

LMA  [11] 

NA 

NA 

0.1982 

-0.03 

0.1901 

+0.01 

0.1885 

-0.02 

EDA  [11] 

NA 

NA 

NA 

1 1.61  |f 

NA 

[0.79^ 

NA 

|1.22|+ 

EMZC3[ll] 

NA 

NA 

NA 

11.66^ 

NA 

|0.74|t 

NA 

1 1. 17|+ 

LD1  [11] 

NA 

NA 

NA 

11.06^ 

NA 

[o+ei1- 

NA 

|0.05|+ 

LDA  [11] 

NA 

NA 

NA 

|0.00|t 

NA 

|0.00|t 

NA 

|0.00|t 

EDZ^ 

0.246804 

+8.57 

0.201527 

+1.65 

0.188663 

-0.75 

0.186228 

-1.23 

LD  222 

0.219334 

-3.52 

0.195992 

-1.14 

0.189710 

-0.20 

0.188538 

-0.00 

TT>555 

0.227331 

+0.00 

0.198251 

+0.00 

0.190084 

+0.00 

0.188542 

+0.00 

VAPAS 

0.191717 

-15.67 

0.192759 

-2.77 

0.189362 

-0.38 

0.188535 

-0.00 

Table  12 

Test  Case  2.  ^llskin  =  FCSR  =  7.3  x  101.  Comparison  of  various  theories  to  evaluate 

-C'll  core 

the  transverse  displacements  amplitude  (center  plate  deflection)  uz  =  uz  100£'2,2asl(i4 

\  h  ) 

in  x  =  a/2,  y  =  6/2,  z  =  0. 

fin  Reference  [11]  the  percentage  error  Err%  is  calculated  with  respect  to  the  LMA 
theory.  In  reference  [11]  it  was  not  specified  the  formula  used  for  the  percentage 
error.  Therefore,  in  this  table  the  absolute  value  is  used  for  the  errors  reported 
in  reference  [11].  The  present  error  evaluations  are  calculated  with  respect  to  the 
present  elasticity  solution  (see  equation  11). 


26 


a/h 

2 

4 

10 

100 

■^11  skin 

-^11  core 

=  FCSR  =  7.3  x  104 

Elasticity 

45.6531 

Err% 

15.4835 

Err% 

7.03601 

Err% 

5.44237 

Err% 

LMA  [11] 

NA 

NA 

15.483 

-0.00 

7.0360 

-0.00 

5.4424 

+0.00 

EDA  [11] 

NA 

NA 

NA 

|7.45|t 

NA 

[3.70^ 

NA 

11.581  + 

EMZC3[  11] 

NA 

NA 

NA 

|0.60|f 

NA 

4.06  ^ 

NA 

|5.56|  + 

LD1  [11] 

NA 

NA 

NA 

|0.91|t 

NA 

|0.23|t 

NA 

[0.14|+ 

LDA  [11] 

NA 

NA 

NA 

[O.OOI1- 

NA 

10.001+ 

NA 

|0.00|  + 

EDZ^ 

46.3445 

+1.51 

15.5229 

+0.25 

6.96904 

-0.95 

5.35853 

-1.54 

LD  222 

45.6580 

+0.01 

15.4824 

-0.01 

7.03572 

-0.00 

5.44237 

-0.00 

TT>555 

45.6531 

-0.00 

15.4835 

+0.00 

7.03601 

+0.00 

5.44237 

-0.00 

VAPAS 

46.0669 

+0.91 

15.4066 

-0.50 

7.01576 

-0.29 

5.44215 

-0.00 

Table  13 

Test  Case  2.  ^llskin  =  FCSR  =  7.3  x  104.  Comparison  of  various  theories  to  evaluate 

-C'll  core 

the  transverse  displacements  amplitude  (center  plate  deflection)  uz  =  uz  100£'2,2asl(i4 

\  h  ) 

in  x  =  a/2,  y  =  6/2,  z  =  0. 

fin  Reference  [11]  the  percentage  error  Err%  is  calculated  with  respect  to  the  LMA 
theory.  In  reference  [11]  it  was  not  specified  the  formula  used  for  the  percentage 
error.  Therefore,  in  this  table  the  absolute  value  is  used  for  the  errors  reported 
in  reference  [11].  The  present  error  evaluations  are  calculated  with  respect  to  the 
present  elasticity  solution  (see  equation  11). 
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a/h 

2 

4 

10 

100 

^11  skin 

-^11  core 

=  FCSR  =  7.3  x  106 

Elasticity 

1089.86 

Err% 

590.538 

Err% 

149.696 

Err% 

7.18809 

Err% 

LMA  [11] 

NA 

NA 

590.54 

+0.00 

149.70 

+0.00 

7.1881 

+0.00 

EDA  [11] 

NA 

NA 

NA 

82.8  f 

NA 

|85.2|t 

NA 

20.0  f 

EMZC3[ll] 

NA 

NA 

NA 

12.5  f 

NA 

|3.22|t 

NA 

|0.03|+ 

LD1  [11] 

NA 

NA 

NA 

14.3  f 

NA 

NA 

|0.19|+ 

LDA  [11] 

NA 

NA 

NA 

|0.00|t 

NA 

|0.00|t 

NA 

|0.00|t 

EDZ^ 

980.437 

-10.04 

581.360 

-1.55 

149.543 

-0.10 

7.19023 

+0.03 

LD  222 

1089.20 

-0.06 

590.446 

-0.02 

149.695 

-0.00 

7.18809 

+0.00 

TT>555 

1089.86 

-0.00 

590.538 

-0.00 

149.696 

-0.00 

7.18809 

+0.00 

VAPAS 

4125.04 

>  100% 

1017.25 

+72.26 

166.073 

+10.94 

7.18898 

+0.00 

Table  14 

Test  Case  2.  ^llskin  =  FCSR  =  7.3  x  106.  Comparison  of  various  theories  to  evaluate 

-C'll  core 

the  transverse  displacements  amplitude  (center  plate  deflection)  uz  =  uz  100£'2,2aslii4 

\  h  ) 

in  x  =  a/2,  y  =  6/2,  z  =  0. 

fin  Reference  [11]  the  percentage  error  Err%  is  calculated  with  respect  to  the  LMA 
theory.  In  reference  [11]  it  was  not  specified  the  formula  used  for  the  percentage 
error.  Therefore,  in  this  table  the  absolute  value  is  used  for  the  errors  reported 
in  reference  [11].  The  present  error  evaluations  are  calculated  with  respect  to  the 
present  elasticity  solution  (see  equation  11). 
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a/h 

2 

4 

10 

100 

Eu 

E11 

sidn  -  FCSR  =  7.3  x  108 

core 

Elasticity 

1469.50 

Err% 

1370.58 

Err% 

1260.31 

Err% 

149.506 

Err% 

LMA  [11] 

NA 

NA 

1370.6 

1260.3 

149.51 

EDA  [11] 

NA 

NA 

NA 

|91.8|t 

NA 

|98.1|t 

NA 

[ge.ii1- 

EMZC3[11] 

NA 

NA 

NA 

|24.7|t 

NA 

|22.5|t 

NA 

3.10  1 

LD1  [11] 

NA 

NA 

NA 

|27.4|t 

NA 

|25.2|t 

NA 

|3.82|t 

LDA  [11] 

NA 

NA 

NA 

|0.00|t 

NA 

|0.00|t 

NA 

[O.OOI1- 

EDZ^ 

1283.34 

-12.67 

1323.09 

-3.47 

1251.11 

-0.73 

149.464 

-0.03 

LD  222 

1468.29 

-0.08 

1370.09 

-0.04 

1260.23 

-0.01 

149.507 

+0.00 

TT>555 

1469.50 

-0.00 

1370.58 

-0.00 

1260.31 

+0.00 

149.507 

+0.00 

VAPAS 

412009 

>  100% 

101187 

>  100% 

16120.2 

>  100% 

166.591 

+11.43 

Table  15 

Test  Case  2.  ^llskin  =  FCSR  =  7.3  x  108.  Comparison  of  various  theories  to  evaluate 

-C'll  core 

the  transverse  displacements  amplitude  (center  plate  deflection)  uz  =  uz  100£'2,2aslii4 

\  h  ) 

in  x  =  a/2,  y  =  6/2,  z  =  0. 

fin  Reference  [11]  the  percentage  error  Err%  is  calculated  with  respect  to  the  LMA 
theory.  In  reference  [11]  it  was  not  specified  the  formula  used  for  the  percentage 
error.  Therefore,  in  this  table  the  absolute  value  is  used  for  the  errors  reported 
in  reference  [11].  The  present  error  evaluations  are  calculated  with  respect  to  the 
present  elasticity  solution  (see  equation  11). 
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Fig.  8.  Test  Case  2.  Dimension-less  displacement  ux  =  ux - 3 

\  h  ) 

£llsk'"  =  FCSR  =  7.3  x  104.  Comparison  between  AHSDT,  AHSDTZ,  VAPAS, 

-^ll  core 

and  the  elasticity  solution. 


Fig.  9.  Test  Case  2.  Dimension-less  displacement  ux  =  ux- — sl?”  3 

V  h  ) 

=  FCSR  =  7.3  x  108.  Comparison  between  AHSDT,  AHSDTZ,  ALWT, 
VAPAS,  and  the  elasticity  solution. 
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Fig.  10.  Test  Case  2.  Dimension- less  displacement  ux  = 


skin  — 

En 


-^skin 

zpthW 


=  FCSR  =  7.3  x  10s.  Comparison  between  various  zig-zag  theories  AHSDTZ 


and  the  elasticity  solution. 
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5  Conclusion 


The  accuracy  of  the  Variational  Asymptotic  Plate  and  Shell  Analysis  (VA- 
PAS)  is  assessed  against  several  higher-order,  zig-zag  and  layerwise  theories 
generated  by  using  the  invariant  axiomatic  framework  denoted  as  Generalized 
Unified  Formulation  (GUF).  Both  the  axiomatic  models  generated  by  GUF 
and  VAPAS  are  also  compared  against  the  elasticity  solution  developed  for 
the  case  of  a  sandwich  structure  with  high  Face  to  Core  Stiffness  Ratio.  It 
has  been  shown  that  the  fact  that  GUF  allows  to  use  an  infinite  number  of 
axiomatic  theories  (Equivalent  Single  Layer  theories  with  or  without  zig-zag 
effects  and  Layerwise  theories  as  well)  with  any  combination  of  orders  of  the 
displacements  provides  an  ideal  tool  to  precisely  assess  the  range  of  applica¬ 
bility  of  the  Variational  Asymptotic  Plate  and  Shell  Analysis  or  other  theories 
in  general.  It  is  demonstrated  that  VAPAS  achieves  accuracy  comparable  to  a 
fourth  (or  higher)  order  zig-zag  theory  or  lower-order  layerwise  theories,  while 
the  plate  model  uses  the  least  number  degrees  of  freedom.  Hence,  in  compar¬ 
ison  to  the  axiomatic  theories,  VAPAS  has  achieved  an  excellent  compromise 
between  accuracy  and  efficiency.  Except  for  extreme  cases  of  thick  sandwich 
with  huge  modulus  contrast,  VAPAS  can  be  used  as  an  effective  alternative  to 
avoid  expensive  3D  finite  element  analysis  for  design  and  analysis  of  compos¬ 
ite  laminated  plates.  This  assessment  also  points  out  the  need  that  material 
small  parameter  needs  to  be  considered  to  generalize  the  VAPAS  modeling 
approach  to  deal  with  realistic  sandwich  structures. 

GLTF  can  be  implemented  in  a  single  FEM  code  and  can  generate  a  virtu¬ 
ally  infinite  number  of  theories  with  accuracy  that  range  from  the  low-order 
equivalent  single-layer  to  the  high-order  layerwise  theories  and  is  the  ideal 
tool  for  comparisons  and  assessments  of  different  theories  or  for  the  creation 
of  adaptive  structural  codes  in  optimization  and  probabilistic  studies. 


Acknowledgements 


The  first  author  acknowledges  the  support  by  San  Diego  State  LIniversity 
(LIniversity  Grant  Program). 


The  second  author  acknowledges  the  support  by  the  Air  Force  Office  of  Scien¬ 
tific  Research  under  Grant  FA9550-08-1-0405.  The  program  managers  are  Dr. 
Victor  Giurgiutiu  and  Dr.  David  Stargel.  The  views  and  conclusions  contained 
herein  are  those  of  the  authors  and  should  not  be  interpreted  as  necessarily 
representing  the  official  policies  or  endorsement,  either  expressed  or  implied, 
of  the  funding  agencies. 


32 


References 


[1]  S.  A.  Ambartsumian.  Analysis  of  two-layer  orthotropic  shells,  nvestiia 
Akad  Nauk  SSSR,  Ot  Tekh  Nauk ,  7,  1957. 

[2]  S.  A.  Ambartsumian.  Two  analysis  method  for  two-layer  orthotropic 
shells.  Izv  An  Arm  SSR  Seiya  Fiz-Matem  nauk ,  X(2),  1957. 

[3]  S.  A.  Ambartsumian.  On  a  general  theory  of  anisotropic  shells.  Prikl. 
Mat.  Mekh.,  22(2):226-237,  1958. 

[4]  S.  A.  Ambartsumian.  On  a  theory  of  bending  of  anisotropic  plates.  In- 
vestiia  Akad  Nauk  SSSR,  Ot  Tekh  Nauk,  4,  1958. 

[5]  V.  L.  Berdichevsky.  Variational-asymptotic  method  of  constructing  a 
theory  of  shells.  PMM,  43(4) :664  -  687,  1979. 

[6]  E.  Carrera.  Evaluation  of  layer-wise  mixed  theories  for  laminated  plates 
analysis.  American  Institute  of  Aeronautics  and  Astronautics  Journal, 
26(5)  :830— 839,  1998. 

[7]  E.  Carrera.  Layer-wise  mixed  theories  for  accurate  vibration  analysis  of 
multilayered  plates.  Journal  of  Applied  Mechanics,  6(4):820-828,  1998. 

[8]  E.  Carrera.  Mixed  layer-wise  models  for  multilayered  plates  analysis. 
Composite  Structures,  43(1) :57  70,  1998. 

[9]  E.  Carrera.  Historical  review  of  zig-zag  theories  for  multilayered  plates 
and  shells.  App  Mech  Rev,  56(3),  2003. 

[10]  E.  Carrera.  Theories  and  finite  elements  for  multilayered  plates  and  shells: 
A  unified  compact  formulation  with  numerical  assessment  and  bench¬ 
marking.  Archives  of  Computational  Methods  in  Engineering,  10(3) :215- 
296,  2003. 

[11]  E.  Carrera  and  S.  Brischetto.  A  survey  with  numerical  assessment  of 
classical  and  refined  theories  for  the  analysis  of  sandwich  plates.  Applied 
Mechanics  Reviews,  62,  2009. 

[12]  KN  Clio,  CW  Bert,  and  AG.  Striz.  Free  vibrations  of  laminated  rectan¬ 
gular  plates  analyzed  by  higher  order  individual-layer  theory.  Journal  of 
Sound  and  Vibration,  145:429-442,  1991. 

[13]  L.  Demasi.  Refined  multilayered  plate  elements  based  on  murakami  zig- 
zag  functions.  Composite  Structures,  70:308-16,  2005. 

[14]  L.  Demasi.  2D,  quasi  3D  and  3D  exact  solutions  for  bending  of  thick 
and  thin  sandwich  plates.  Journal  of  Sandwich  Structures  &  MAterials, 
10(4):271-310,  2008. 

[15]  L.  Demasi.  Invariant  Finite  Element  Model  for  Composite  Structures:  the 
Generalized  Unified  Formulation.  AIAA  Journal,  48:1602-1619,  2010. 

[16]  L.  Demasi.  Three-dimensional  closed  form  solutions  and  oo3  theories 
for  orthotropic  plates.  Mechanics  of  Advanced  Materials  and  Structures, 
17:20-39,  2010. 

[17]  M.  E.  Fares  and  M.  Kh.  Elmarghany.  A  refined  zigzag  nonlinear  first- 
order  shear  deformation  theory  of  composite  laminated  plates.  Composite 
Structures,  2007.  doi:  10.1016/j.compstruct.2006.12.007. 

[18]  P.  Gaudenzi,  R.  Barboni,  and  A.  Mannini.  A  finite  element  evaluation  of 


33 


single-layer  and  multi-layer  theories  for  the  analysis  of  laminated  plates. 
Composite  Structures ,  30:427-440,  1995. 

[19]  D.  H.  Hodges,  A.  R.  Atilgan,  and  D.  A.  Danielson.  A  geometrically 
nonlinear  theory  of  elastic  plates.  Journal  of  Applied  Mechanics,  60(1)  :109 
-  116,  March  1993. 

[20]  T.  Kant  and  K.  Swaminathan.  Free  vibration  of  isotropic,  orthotropic, 
and  multilayer  plates  based  on  higher  order  refined  theories.  Journal  of 
Sound  and  Vibration ,  241(2):319-327,  2001. 

[21]  G.  Kirchhoff.  Uber  das  gleichgewicht  und  die  bewegung  einer  clastishen 
scheibe.  J.  Angew.  Math.,  40:51  -  88,  1850. 

[22]  S.  G.  Lekhnitskii.  Strength  calculation  of  composite  beams.  Vestnik 
inzhen  i  tekhnikov,  9,  1935. 

[23]  L.  Librescu.  Improved  linear  theory  of  elastic  anisotropic  multilayered 
shells,  part  i.  Polymer  Mechanics  (translated  from.  Russian),  11(6),  1975. 

[24]  L.  Karger,  A.  Wetzel,  R.  Rolfes,  and  K.  Rohwer.  A  three-layered  sandwich 
element  with  improved  transverse  shear  stiffness  and  stress  based  on  fsdt. 
Computers  and  Structures,  84(13-14) :843  -  854,  2006. 

[25]  R.  Mindlin.  Influence  of  rotatory  inertia  and  shear  in  flexural  motion  of 
isotropic  elastic  plates.  Journal  of  Applied  Mechanics,  18:1031  -  1036, 
1951. 

[26]  H.  Murakami.  Laminated  composite  plate  theory  with  improved  in-plane 
response.  Journal  of  Applied  Mechanics,  53:661-666,  1986. 

[27]  A.  Nosier,  RK  Kapania,  and  J.  N.  Reddy.  Free  vibration  analysis  of 
laminated  plates  using  a  layer-wise  theory.  AIAA  Journal,  pages  2335- 
2346,  1993. 

[28]  J.  N.  Reddy.  An  evaluation  of  equivalent  single  layer  and  layerwise  the¬ 
ories  of  composite  laminates.  Composite  Structures,  25:21-35,  1993. 

[29]  J.  N.  Reddy.  Mechanics  of  laminated  composite  plates,  theory  and  analy¬ 
sis.  (2nd  edn),  CRC  Press.:  Boca  Raton,  London,  New  York,  Washington, 

D.  C .,  2004. 

[30]  E.  Reissner.  The  effect  of  transverse  shear  deformation  on  the  bending 
of  clastic  plates.  Journal  of  Applied  Mechanics,  12:69  -  76,  1945. 

[31]  J.  G.  Ren.  A  new  theory  of  laminated  plates.  Compos.  Sci.  Technol. , 
26:225-239,  1986. 

[32]  J.G.  Ren.  Bending  theory  of  laminated  plates.  Compos.  Sci.  Technol ., 
27:225-248,  1986. 

[33]  D.H.  Robbins  and  J.  N.  Reddy.  Modelling  of  thick  composites  using  a 
layerwise  laminate  theory.  International  Journal  for  Numerical  Methods 
in  Engineering,  36(4):655-677,  1993. 

[34]  K.  Swaminathan  and  S.  S.  Patil.  Analytical  solutions  using  higher  order 
refined  computational  model  with  12  degrees  of  freedom  for  the  free  vi¬ 
bration  analysis  of  antisymmetric  angle-ply  plates.  Composite  Structures, 
2007.  doi:  10. 1016/j.compstruct. 2007.01. 001. 

[35]  M.  Tahani.  Analysis  of  laminated  composite  beams  using  layerwise  dis¬ 
placement  theories.  Composite  Structures,  79:535-547,  2007. 


34 


[36]  W.  Yu.  Mathematical  construction  of  a  reissner-mindlin  plate  theory 
for  composite  laminates.  International  Journal  of  Solids  and  Structures, 
42:6680-6699,  2005. 

[37]  W.  Yu  and  D.  H.  Hodges.  An  asymptotic  approach  for  thermoelastic  anal¬ 
ysis  of  laminated  composite  plates.  Journal  of  Enqineerinq  Mechanics, 
130(5) :531  -  540,  2004. 

[38]  W.  Yu,  D.  H.  Hodges,  and  V.  V.  Volovoi.  Asymptotic  construction  of 
Reissner-like  models  for  composite  plates  with  accurate  strain  recovery. 
International  Journal  of  Solids  and  Structures,  39(20):5185  -  5203,  2002. 

[39]  W.  Yu,  D.  H.  Hodges,  and  V.  V.  Volovoi.  Asymptotically  accurate  3-D 
recovery  from  Reissner-like  composite  plate  finite  elements.  Computers 
and  Structures,  81(7):439  -  454,  2003. 

[40]  Wu  Zhen,  Y.  K.  Cheung,  S.  H.  Lo,  and  Chen  Wanji.  Effects  of 
higher-order  global-local  shear  deformations  on  bending,  vibration  and 
buckling  of  multilayered  plates.  Composite  Strutures,  2007.  DOl: 
10.1016/j.compstruct.2007.01.017. 


35 


Provided  for  non-commercial  research  and  education  use. 
Not  for  reproduction,  distribution  or  commercial  use. 

V.  v 


Fi^FVIER 


INTERNATIONAL  JOURNAL  OF 


SOLIDS  AND 
STRUCTURES 


Editors: 

Stelios  Kyriakides  David  Hills 

The  University  of  Texas  at  Austin,  USA  University  of  Oxford,  UK 


ISSN  0020-7683 


This  article  appeared  in  a  journal  published  by  Elsevier.  The  attached 
copy  is  furnished  to  the  author  for  internal  non-commercial  research 
and  education  use,  including  for  instruction  at  the  authors  institution 
and  sharing  with  colleagues. 

Other  uses,  including  reproduction  and  distribution,  or  selling  or 
licensing  copies,  or  posting  to  personal,  institutional  or  third  party 

websites  are  prohibited. 

In  most  cases  authors  are  permitted  to  post  their  version  of  the 
article  (e.g.  in  Word  or  Tex  form)  to  their  personal  website  or 
institutional  repository.  Authors  requiring  further  information 
regarding  Elsevier’s  archiving  and  manuscript  policies  are 
encouraged  to  visit: 

http://www.elsevier.com/copyright 


International  Journal  of  Solids  and  Structures  48  (2011)  1474-1484 


ELSEVIER 


Contents  lists  available  at  ScienceDirect 

International  Journal  of  Solids  and  Structures 

journal  homepage:  www.elsevier.com/locate/ijsolstr 


50LI05  AND 

structures! 

-  mm 


Homogenization  and  dimensional  reduction  of  composite  plates 
with  in-plane  heterogeneity 

Chang-Yong  Lee,  Wenbin  Yu  * 

Department  of  Mechanical  and  Aerospace  Engineering,  Utah  State  University,  Logan,  UT  80322-4130,  USA 


ARTICLE  INFO 


ABSTRACT 


Article  history: 

Received  21  October  2010 

Received  in  revised  form  28  January  2011 

Available  online  18  February  2011 


Keywords: 

Plate 

Homogenization 
Dimensional  reduction 
Variational  asymptotic  method 
Heterogeneous  plates 


The  variational  asymptotic  method  is  used  to  construct  a  new  model  for  composite  plates  which  could 
have  in-plane  heterogeneity  due  to  both  geometry  and  material.  We  first  formulate  the  original  three- 
dimensional  problem  in  an  intrinsic  form  which  is  suitable  for  geometrically  nonlinear  analysis.  Taking 
advantage  of  smallness  of  the  plate  thickness  and  heterogeneity,  we  use  the  variational  asymptotic 
method  to  rigorously  construct  an  effective  plate  model  unifying  a  homogenization  process  and  a  dimen¬ 
sional  reduction  process.  This  approach  is  implemented  in  the  computer  code  VAPAS  using  the  finite  ele¬ 
ment  technique  for  the  purpose  of  dealing  with  realistic  heterogeneous  plates.  A  few  examples  are  used 
to  demonstrate  the  capability  of  this  new  model. 
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1.  Introduction 

Along  with  the  rapidly  increasing  popularity  of  composite 
materials  and  structures,  research  on  accurate  and  general  model¬ 
ing  of  structures  made  of  them  has  remained  as  a  very  active  field 
in  the  last  several  decades.  Moreover  the  increased  knowledge  and 
fabrication  techniques  of  them  are  possible  to  manufacture  new 
materials  and  structures  with  optimized  microstructures  to 
achieve  the  ever-increasing  performance  requirements.  Although 
it  is  logically  sound  to  use  the  well-established  finite  element  anal¬ 
ysis  (FEA)  to  analyze  such  materials  and  structures  by  meshing  all 
the  details  of  constituent  microstructures,  it  is  not  a  practical  and 
efficient  way,  which  requires  an  inordinate  number  of  degrees  of 
freedom  (i.e.,  computing  cost)  to  capture  the  micro-scale  behavior. 

Fortunately,  most  composite  materials  exhibit  statistical  homo¬ 
geneity  (Hashin,  1983)  so  that  we  can  define  a  representative  vol¬ 
ume  element  (RVE),  which  is  entirely  typical  of  the  whole  mixture 
on  average  and  contains  a  sufficient  number  of  inclusions  for  the 
apparent  overall  properties  to  be  effectively  independent  of  the 
boundary  conditions  (Hill,  1963).  Although  different  definitions 
are  given  for  an  RVE  in  the  literature  (Nemat-Nasser  and  Hori, 
1993),  we  give  a  practice-oriented  definition  for  an  RVE  as  any 
block  of  material  the  analyst  wants  to  use  for  the  micromechanical 
analysis  to  find  the  effective  properties  and  replace  it  with  an 
equivalent  homogeneous  material.  The  term  unit  cell  (UC)  is  also 
used  extensively  in  the  literature  and  defined  as  the  building  block 
of  the  heterogeneous  material.  In  our  work,  we  define  UC  as  the 
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smallest  RVE.  In  other  words,  one  RVE  could  contain  several  UCs. 
These  definitions  essentially  imply  that  it  is  the  analyst’s  judge¬ 
ment  to  determine  what  should  be  contained  in  an  RVE  or  UC.  To 
be  consistent  with  statistical  homogeneity,  a  well-formulated 
micromechanics  model  should  not  depend  on  the  size  of  an  RVE, 
which  means  the  effective  properties  obtained  from  an  RVE  con¬ 
taining  multiple  UCs  should  be  the  same  as  those  obtained  from 
a  UC.  In  this  sense,  we  consider  the  heterogeneous  structure  as  a 
periodic  assembly  of  many  UCs. 

If  the  size  of  UC  (d)  is  much  smaller  than  the  size  of  the  struc¬ 
ture  (I)  (i.e.,  ;/  =  d/Lc  1),  it  is  possible  to  homogenize  the  heter¬ 
ogeneous  UC  with  a  set  of  effective  material  properties  through 
a  micromechanical  analysis  of  the  UC.  With  these  effective  prop¬ 
erties,  the  analyst  can  replace  the  original  heterogeneous  struc¬ 
ture  with  a  homogeneous  one  and  carry  out  structural  analysis 
for  global  behavior.  In  the  past  several  decades,  numerous  micro¬ 
mechanical  approaches  have  been  suggested  in  the  literature, 
such  as  the  self-consistent  model  (Hill,  1965;  Dvorak  and  Bahei- 
El-Din,  1979;  Accorsi  and  Nemat-Nasser,  1986),  the  variational 
approach  (Hashin  and  Shtrikman,  1962;  Milton,  2001),  the  meth¬ 
od  of  cells  (Aboudi,  1982,  1989;  Paley  and  Aboudi,  1992;  Wil¬ 
liams,  2005),  recursive  cell  method  (Banerjee  and  Adams,  2004), 
mathematical  homogenization  theories  (Bensoussan  et  ah,  1978; 
Sanchez-Palencia,  1980;  Murakami  and  Toledano,  1990),  finite 
element  approaches  using  conventional  stress  analysis  of  a  repre¬ 
sentative  volume  element  (Sun  and  Vaidya,  1996),  variational 
asymptotic  method  for  unit  cell  homogenization  (VAMUCH)  (Yu, 
2005;  Yu  and  Tang,  2007),  and  many  others  (see,  e.g.  Hollister 
and  Kikuchi  (1992),  Kalamkarov  et  al.  (2009),  Kanoute  et  al. 
(2009)  for  a  review). 
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In  real  applications,  many  composite  structures  are  dimension- 
ally  reducible  structures  (Yu,  2002)  with  one  or  two  dimensions 
much  smaller  than  others.  For  example,  many  load  bearing  compo¬ 
nents  are  flat  panels  with  the  thickness  h  much  smaller  than  the  in¬ 
plane  dimensions  (i.e„  e  =  fi/L<g  1)  and  they  can  be  effectively 
modeled  using  plate  models.  If  there  are  still  many  unit  cells  along 
the  thickness  direction  (i.e.,  t]  -c  e),  we  can  use  the  traditional  two- 
step  approach  that  performs  homogenization  using  micromechan¬ 
ics  first  to  obtain  effective  properties  of  the  heterogeneous  mate¬ 
rial,  then  performs  a  dimensional  reduction  to  construct  a  plate 
model  for  structural  analysis.  Usually,  composite  plates  do  not 
have  many  unit  cells  along  the  thickness  direction.  For  example, 
for  plates  made  of  textiles,  the  textile  microstructure  might  be  as 
large  as  the  plate  thickness.  That  is,  the  periodicity  is  exhibited 
only  in-plane  and  we  have  either  e  <g  r/  or  e  ~ )/.  As  pointed  out 
by  Kohn  and  Vogelius  (1984),  if  e  <c  tj,  the  order  of  the  aforemen¬ 
tioned  two-step  approach  should  be  reversed.  That  is,  we  need  to 
carry  out  the  dimensional  reduction  to  construct  plate  models  first, 
then  homogenize  the  heterogeneous  surface  with  periodically 
varying  plate  properties.  If  e  ~  r\,  the  two  steps  in  the  two-step  ap¬ 
proach  should  be  performed  at  the  same  time,  that  is,  both  small 
parameters  (e  and  r\)  should  be  considered  during  modeling  of 
such  structures.  And  several  studies  have  shown  that  models  con¬ 
sidering  e  and  17  simultaneously  also  give  accurate  results  for  the 
case  e«ij  (Lewinski,  1991;  Buannic  and  Cartraud,  2001). 

In  recent  years,  the  formal  asymptotic  method  has  been  used  to 
study  this  problem  (Caillerie,  1984;  Kohn  and  Vogelius,  1984;  Le¬ 
winski,  1991;  Kalamkarov,  1992;  Kalamkarov  and  Kolpakov, 
1997).  It  is  a  modification  to  the  asymptotic  homogenization  meth¬ 
od  which  is  a  direct  application  of  the  formalism  of  two  scales  to 
the  original  three-dimensional  (3D)  equations  governing  the  plate 
structure.  However,  although  these  models  are  mathematically 
elegant  and  rigorous  without  introducing  ad  hoc  assumptions,  it 
is  not  easy  to  relate  the  equations  derived  using  this  method  with 
simple  engineering  models  and  extend  this  approach  to  geometri¬ 
cal  nonlinear  problems.  Sometimes,  the  displacement  field  pre¬ 
dicted  using  this  approach  is  not  compatible  with  the  stress  field. 
For  example,  the  displacement  field  in  Eqs.  (1.3.5)  of  Kalamkarov 
and  Kolpakov  (1997)  implies  zero  transverse  normal  strain  which 
further  implies  nonzero  normal  stress  due  to  Poisson’s  effect, 
which  is  not  compatible  with  the  stress  field  given  in  Eq.  (1.3.6) 
of  Kalamkarov  and  Kolpakov  (1997).  Last  but  not  least,  it  is  difficult 
to  implement  these  theories  numerically. 

As  a  remedy  to  the  shortcomings  of  formal  asymptotic  method, 
we  propose  to  use  the  variational  asymptotic  method  (VAM) 
(Berdichevsky,  1979)  to  cany  out  simultaneous  homogenization 
and  dimensional  reduction  to  construct  a  model  suitable  for  plates 


made  of  heterogeneous  materials.  First,  the  3D  anisotropic  elastic¬ 
ity  problem  is  formulated  in  an  intrinsic  form  suitable  for  geomet¬ 
rically  nonlinear  analysis.  Then,  considering  both  e  and  i),  we  use 
VAM  to  rigorously  decouple  the  original  3D  anisotropic,  heteroge¬ 
neous  problem  into  a  nonlinear  two-dimensional  (2D)  surface 
analysis  (i.e.,  plate  analysis)  on  the  macroscopic  level  and  a  linear 
micromechanical  analysis.  The  micromechanical  analysis  is  imple¬ 
mented  in  the  computer  code  VAPAS  (Variational  Asymptotic  Plate 
and  Shell  analysis)  using  the  finite  element  technique  for  numeri¬ 
cally  obtaining  the  effective  plate  constants  for  the  2D  plate  anal¬ 
ysis  and  recovering  the  local  displacement,  strain,  and  stress 
fields  based  on  the  macroscopic  behavior.  Several  examples  are 
used  to  demonstrate  the  application  and  accuracy  of  this  new 
model  and  the  companion  code  VAPAS. 


2.  Three-dimensional  formulation 


A  plate  may  be  considered  geometrically  as  a  smooth  2D  ref¬ 
erence  plane  to  surrounded  by  a  layer  of  matter  with  thickness 
h  to  form  a  3D  body  with  one  dimension  much  smaller  than 
the  other  two.  In  general,  a  point  in  the  plate  can  be  represented 
mathematically  by  its  Cartesian  coordinates  x„  where  xa  are  two 
orthogonal  lines  in  the  reference  plane  and  x3  is  the  normal  coor¬ 
dinates.  (Here  and  throughout  the  paper,  Greek  indices  assume 
values  1  and  2  while  Latin  indices  assume  1,  2,  and  3.  Repeated 
indices  are  summed  over  their  range  except  where  explicitly  indi¬ 
cated.)  Without  loss  of  generality,  we  choose  the  middle  of  the 
plate  as  the  origin  of  x3.  Let  us  now  consider  an  heterogeneous 
plate  formed  by  many  UCs  (£2)  in  the  reference  plane  (see 
Fig.  1).  To  describe  the  rapid  change  in  the  material  characteris¬ 
tics  in  the  in-plane  directions,  we  need  to  introduce  two  so-called 
‘fast’  coordinates  ya  parallel  to  xa.  These  two  sets  of  coordinates 
are  related  as  ya  =  xjij. 

If  the  UC  is  a  cuboid  as  depicted  in  Fig.  1,  we  can  describe  the 
domain  (£2)  occupied  by  the  UC  using  ya  and  x3  as 


=  <  (yi,y2,x3) 


d, 

2 


<Yi  < 


d, 

2 


d2 

2 


<y2  < 


d2 

2 


h 

2 


<  x3  < 


(1) 


As  our  goal  is  to  homogenize  the  heterogenous  material,  we  need  to 
assume  that  the  exact  solution  of  the  field  variables  have  volume 
averages  over  £2.  For  example,  if  u,(x1,X2,x3;y1,y2)  are  the  exact  dis¬ 
placements  within  the  UC,  there  exists  p,{xi,x2)  such  that 

V‘  =  ^  jy  Jy  J  u‘  dJh  dy2  dx3  =  -  ^  Ui  d£ 2  =  (u,)  (2) 


Fig.  1.  A  heterogeneous  plate  with  representative  periodicity  cell. 
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Due  to  the  existence  of  a  distinct  scale  separation  between  two 
types  of  spatial  variations  described  by  yx  and  xa,  the  derivative 
of  a  function,  u,-,  defined  in  Q  can  be  evaluated  as 

riti,-(x1,X2,X3;y1,y2)  =  dut 

dXj  dXj 

Note  that  in  real  calculation,  r)  is  not  a  number  but  denoting  the  or¬ 
der  of  the  term  it  is  associated  with. 

Letting  b,  denote  a  unit  vector  along  x,  for  the  undeformed  plate, 
one  can  then  describe  the  position  of  any  material  point  in  the 
undeformed  configuration  by  its  position  vector  r  relative  to  a 
point  0  fixed  in  an  inertial  frame,  such  that 

^Xj.Xs.Xs)  =  r(xi,x2)  +  x3b3  (4) 


Based  on  the  concept  of  decomposition  of  rotation  tensor  (Dan¬ 
ielson  and  Hodges,  1987),  the  Jauman-Biot-Cauchy  strain  compo¬ 
nents  for  small  local  rotation  are  given  by 

/'#-  2 (*•'(/  I  f-'fi)-  h  (12) 

where  <5y  is  the  Kronecker  symbol,  and  Fy  the  mixed-basis  compo¬ 
nent  of  the  deformation  gradient  tensor  such  that 

Fij  =  Bj  •  G/jgk  •  bj  (13) 

Here  g1  are  the  contravariant  base  vector  of  the  undeformed  config¬ 
uration  and  in  a  plate  case,  g'  =  g;  =  b„  while  G,  are  the  3D  covariant 
basis  vectors  of  the  deformed  configuration,  which  can  be  obtained 
in  the  following  way: 


1  riUi 

* i  <9y« 


(3) 


where  r  is  the  position  vector  from  0  to  the  point  located  by  xa  on 
the  reference  plane. 

When  the  plate  deforms,  the  particle  that  had  position  vector  r 
in  the  undeformed  state  now  has  position  vector  R  in  the  deformed 
configuration.  The  latter  can  be  uniquely  determined  by  the  defor¬ 
mation  of  the  3D  body.  To  this  end,  we  need  to  introduce  a  new 
triad  B,  for  the  deformed  plate  as  unit  vectors  to  express  vectors 
and  tensors  in  their  component  form  during  the  derivation.  The 
relation  between  B,  and  b,  can  be  specified  by  an  arbitrary  large 
rotation  in  terms  of  the  matrix  of  direction  cosines  C(x3,x2)  so  that 

B,  =  C,jbj  with  C,j  =  B,  ■  b,  (5) 

subject  to  the  requirement  that  B,  is  coincident  with  b,  when  the 
structure  is  undeformed.  Following  Hodges  et  al.  (1993)  and  Yu 
et  al.  (2002),  the  position  vector  R  can  be  represented  as 

R(x,;ya)  =  R(xi,x2)  +x3B3(x,,x2) 

+  w,'(x, ,  x2 ,  x3  ;y,  ,y2)B,(x, ,  x2)  (6) 

where  R  denotes  the  position  vector  describing  the  deformed  refer¬ 
ence  surface  and  w,  denotes  the  warping  functions  describing  the 
deformation  not  captured  by  R  and  B,.  Because  of  the  way  we  intro¬ 
duce  ‘fast’  coordinates,  w,  are  periodic  functions  in  y^,  that  is 


r  _9R_r  1r 

Ga"rix;-R'ot  +  ),R|ot 


r  -0R-r 

g3_  — =r,3 


(14) 


With  the  assumption  that  the  plate  strains  are  small  compared  to 
unity  which  is  sufficient  for  geometrical  nonlinear  analysis,  we 
can  neglect  all  the  terms  that  are  products  of  the  warping  and  the 
generalized  strains  and  obtain  the  3D  strain  field  as 


Ai  =  Ell  +X3Ki,  +w,.,  +-W,|, 

11 

2A2  =  2£32  +  x3(k12  +  k2])  +  wi,2  +  w2il  +^(wi|2  +  w2|i) 


r 22  =  £22  +  X3  K22  +  w2  2  -| - W2i2 

11 

2  r  13  =  Wij3  +  W3,1  +  —  W3|1 


(15) 


2  A3  =  W2j3  +  W32  +  —  W3 12 
As  =  W3|3 


wi(x1,x2,x3;d1/2,y2)  =  Wi(x1,x2,x3;-d1/2,y2) 
Wj(x1,x2,x3;y1,d2/2)  =  Wi(x1,x2,x3;y1,-d2/2) 

Eq.  (6)  can  be  considered  as  a  change  of  variable  and  six  constraints 
are  needed  to  ensure  a  one-to-one  mapping  between  R  and 
(R,B„w,).  If  we  define  R=  (R),  then  we  have  the  following  three 
constraints 


(Wj)  =  0 


(8) 


The  other  three  constraints  can  be  obtained  by  a  proper  definition  of 
B,.  Two  constraints  can  be  specified  by  defining  B3  as  the  normal  to 
the  reference  surface  of  the  deformed  plate.  The  last  constraint  can 
be  specified  by  the  rotation  of  Ba  around  B3  such  that 


B, 


0R  <9R 

9x2 —  2'ax7 


(9) 


The  strain  energy  stored  in  the  heterogeneous  plates  can  be  ob¬ 
tained  as: 

U  =  L  L  {rT°r)dx'dx2  =/  (rJDr^<ko  (16) 

where  r  =  LAi2A2A22A32A3A3jT  anc*  D(x3;y1,y2)  is  the  3D 
6x6  material  matrix,  which  consists  of  elements  of  the  fourth-or¬ 
der  elasticity  tensor  expressed  in  the  local  in-plane  coordinate  sys¬ 
tem  yx  and  the  thickness  coordinate  system  x3. 

To  deal  with  the  applied  loads,  we  follow  Yu  et  al.  (2002).  At 
first,  we  will  leave  open  the  existence  of  a  potential  energy  and 
alternatively  develop  the  virtual  work  of  the  applied  loads.  The  vir¬ 
tual  displacement  is  taken  as  the  Lagrangian  variation  of  the  dis¬ 
placement  field,  such  that 

5R  =  (5qBjB,  +x3c>iA,Bi  x  B3  +  i>w,Bi  +  di/^.B,-  x  w,Bj  (17) 


Following  Atilgan  and  Hodges  (1992),  the  plate  strains  can  be  de¬ 
fined  using  R  and  B,  as 

<9R 

—  =  B,  +  expBp  (10) 

and 

QR. 

7T  =  (  —  KoipBp  X  B3  +  KK3B3)  X  Bj  (11) 

tIXy 

It  can  be  shown  that  the  last  constraint  in  Eq.  (9)  actually  implies 
that  symmetry  of  in-plane  strains  (exp  =  Epx). 


where  the  virtual  displacement  of  the  reference  surface  is  given  by 

SqB,  =  <5u  ■  B,  (18) 

and  the  virtual  rotation  of  the  reference  surface  is  defined  such  that 

<5B,  =  Sil/BjBj  x  B,  (19) 

Because  of  small  strain  assumption,  we  may  safely  ignore  products 
of  the  warping  and  the  loading  in  the  virtual  rotation  term.  Then, 
the  work  done  through  a  virtual  displacement  due  to  the  applied 
loads  Tj  B,  at  the  top  surface  (S+)  and  /i,Bj  at  the  bottom  surface 
(S~)  and  body  force  </>,Bj  is 
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—  (t,-  +  pi  + 

+  5{TiWf  +  ftwr  +  (<ftWj)) 

with 


^  (ta  -  ft()  +  (X3<£a) 


(20) 


T  =  ^  f+  TidS+  and  /'<  =  ^  j 


Ms 


Eq.  (20)  can  also  be  written  in  a  matrix  form  as: 

5VV  =  SqTf  +  hj/rm  +  d(rTw+  +  /?Tw~  +  (< fiTw )) 

with 

f  =  T  +  P+  {<t>) 

I"  |(?i  -  h)  +  (*3<M  "I 

m=  |  &(t2  -h)  +  (x^2)  j 


(21) 


(22) 


where  Tf,  ft,  and  fa  are  taken  to  be  independent  of  the  deformation 
and  ()+  =  ()|X3=ft/2  and  ()“  =  ()|X3=_h/2. 

Now,  the  complete  statement  of  the  problem  can  be  presented 
in  terms  of  the  principle  of  virtual  work,  such  that 


5U-SW  =  0 


(23) 


In  spite  of  the  possibility  of  accounting  for  nonconservative  forces  in 
Eq.  (23),  the  problem  that  governs  the  3D  unknown  warping  func¬ 
tions  is  conservative.  Thus,  one  can  pose  the  problem  that  governs 
the  warping  as  the  minimization  of  a  total  potential  functional 


n  =  u+w 

so  that 

sn  =  o 


(24) 


(25) 


in  which  only  the  warping  displacement  is  varied,  subject  to  the 
constraints  in  Eqs.  (7)  and  (8).  This  implies  that  the  potential  of 
the  applied  loads  for  this  portion  of  the  problem  is  given  by 


W  =  —i Tw+  -  pTw~  -  (faw) 


(26) 


Below,  for  simplicity  of  terminology,  we  will  refer  to  77  as  the  total 
potential  energy,  or  the  total  energy. 

By  principle  of  minimum  total  potential  energy,  one  can  solve 
the  unknown  warping  functions  by  minimizing  the  functional  in 
Eq.  (24)  subject  to  the  constraints  of  Eq.  (8)  and  periodic  boundary 
conditions  Eq.  (7).  Up  to  this  point,  this  is  simply  an  alternative  for¬ 
mulation  of  the  original  3D  elasticity  problem.  If  we  attempt  to 
solve  this  problem  directly,  we  will  meet  the  same  or  even  more 
difficulty  as  solving  any  full  3D  nonlinear  elasticity  problem.  Fortu¬ 
nately,  as  shown  in  Yu  et  al.  (2002),  Yu  (2005),  Yu  and  Tang  (2007), 
VAM  can  be  used  to  calculate  the  3D  unknown  functions 
asymptotically. 

3.  Effective  plate  model 

To  rigorously  reduce  the  original  3D  problem  to  a  2D  plate  mod¬ 
el,  one  must  attempt  to  reproduce  the  energy  stored  in  the  3D 
structure  in  a  2D  formulation.  The  best  one  can  do  is  to  accomplish 
it  asymptotically  taking  advantage  of  the  small  parameters  inher¬ 
ent  in  the  structure.  As  pointed  out  previously  we  have  two  small 
parameters  in  our  problem:  e  denoting  the  smallness  of  the  thick¬ 
ness  and  >]  denoting  the  smallness  of  heterogeneity.  Following  Le- 
winski  (1991)  and  Buannic  and  Cartraud  (2001),  we  also  assume 
that  two  small  parameters  are  of  the  same  order  as  models  con¬ 
structed  based  on  this  assumptions  also  give  accurate  results  when 
e<  r\. 


In  this  paper,  VAM  will  be  used  to  mathematically  reduce  the 
3D  problem  to  a  2D  plate  model.  To  proceed  by  this  method,  first 
one  has  to  assess  and  keep  track  of  the  orders  of  all  the  quantities 
in  the  formulation.  Following  Sutyrin  (1997),  the  quantities  of 
interest  have  the  following  orders: 


0X0 


-  hfc. 


a/J  ' 


'  e  f3  ~  fjL(h/L)2e  fx  ~  fi(h/L)e  ma  ~  /ih(h/L)e 


(27) 


where  e  is  the  order  of  the  plate  strains  and  /(  is  the  order  of  the 
material  constants  (all  of  which  are  assumed  to  be  of  the  same 
order). 

According  to  the  order  analysis  in  Eq.  (27),  the  applied  loads  are 
of  higher  order,  and  the  work  done  by  the  external  forces  is  negli¬ 
gible  in  the  zeroth-order  approximation  of  energy.  Thus,  the  total 
potential  functional  can  be  expressed  as: 


(577  =  0  with  SU  =  0 


(28) 


The  VAM  requires  one  to  find  the  leading  terms  of  the  functional 
according  to  the  different  orders.  For  the  zeroth-order  approxima¬ 
tion,  the  corresponding  3D  strain  field  can  be  expressed  in  the  fol¬ 
lowing  matrix  in  view  of  Eq.  (15) 

r  =  rhw+rEs  (29) 

where  w=  |v\q  w2  w3jr,  e  =  [£n  2e12  e22  k,,  jc12  +  k21  x22Jt,  and 


rh  = 


B 

By, 

a 

By 2 

0 

a 

dx3 

0 

0 


0 

g 

ay i 
9 

ay2 

0 

a 

dx3 

0 


0 

0 

0 

9 

ay  i 
a 

ay2 

a 

ax 3  _ 


r,= 


o 

*3 

o 

o 

o 

o 


(30) 


For  general  cases  we  need  to  turn  to  numerical  techniques  such  as 
FEM  for  approximate  solutions.  To  this  end,  we  need  to  express  w 
using  shape  functions  defined  over  Q  as 


w(xj ,  x2 ,  x3 ;  y , ,  y2 )  =  S(y , ,  y2 ,  x3 )  V(x, ,  x2 ) 


(31) 


where  S  represents  the  shape  functions  and  V  a  column  matrix  of 
the  nodal  values  of  the  warping  functions. 

Substituting  Eq.  (31)  into  Eq.  (29)  then  into  Eq.  (28),  we  obtain 
the  leading  terms  for  the  zeroth-order  approximation  in  the  fol¬ 
lowing  discretized  form  as 


HQ  =  ^  ( VtEV  +  2  VTDh£e  +  £TDEee) 


(32) 


where 


E  = 


[ (rhs)TD(rhs)dQ  Dhe=  [ {rhs)TDr£dQ 

Jq  Jq 

I 

JQ 


Dee=  rlDr.do 


(33) 


The  periodic  constraints  in  Eq.  (7)  and  the  average  constraints  in  Eq. 
(8)  can  be  easily  handled  as  normally  done  in  FEM  through  assem¬ 
bly  for  obtaining  the  functional  in  Eq.  (32).  Minimizing  77^  in  Eq. 
(32),  gives  us  the  following  linear  system 

EV  =  -Dh££  (34) 

It  is  clear  that  V  will  linearly  depend  on  the  2D  plate  strains  e,  which 
means  it  is  unnecessary  to  assign  values  to  e  (even  l’s  and  0’s  as  in 
common  practice),  and  they  can  be  treated  as  symbols  without 
entering  the  computation.  The  solution  can  be  symbolically  written 
as 

V  =  V0E 


(35) 
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Substituting  Eq.  (35)  back  into  Eq.  (32),  we  can  calculate  the  energy 
functional  storing  in  the  UC,  asymptotically  correct  through  the  or¬ 
der  of  flit2  as 

nQ  =  ^sT(VT0Dhs  +  DeE)e  =  ^8TDs  (36) 

D  is  the  effective  plate  stiffness  to  be  used  for  the  classical  plate  the¬ 
ory  (CPT).  However,  unlike  the  standard  procedure  of  CPT,  the  effec¬ 
tive  plate  stiffness  are  calculated  from  knowledge  of  complex 
geometric  and  material  characteristics  in  a  representative  UC  at 
the  microscopic  level  considering  the  smallness  of  both  thickness 
and  heterogeneity.  This  microstructurally  informed  D  can  be  used 
in  CPT  to  predict  the  global  structural  behavior.  If  the  local  fields 
within  the  UC  are  of  interest,  we  can  recover  those  fields  based 
on  the  2D  global  displacements  u2ci,  2D  global  strains  e,  and  the 
3D  local  warping  functions  w,. 

From  Eqs.  (4)  and  (6),  we  can  obtain  the  3D  displacement  field 
as: 


U3d  =  R  -  r  =  R  -  r  +  x3(B3  -  b3)  +  w,B, 


(37) 


which  can  also  be  expressed  in  the  following  matrix  form  as 


^3i  =  U2d  +  *3 


C3i 

C32 


c33-  1 


+  CTSV0e 


(38) 


where  U3d  is  the  column  matrix  containing  3D  displacement  com¬ 
ponents  in  the  b,  basis  and  u2d  is  the  column  matrix  containing 
the  2D  plate  displacements  in  the  b,  basis.  C  is  the  direction-cosine 
matrix  relating  B,  and  b„  given  in  Eq.  (5). 

From  Eq.  (29),  one  can  recover  the  3D  local  strain  field  r 
through  the  zeroth  order  as 

r  =  rEe  +  rhSV0e  (39) 

Finally,  the  local  3D  stress  field  a  can  be  recovered  straightfor¬ 
wardly  using  the  original  3D  constitutive  relations  as 

a  =  DT  (40) 


We  just  derived  the  model  for  heterogeneous  plates  with  the  UC 
periodically  varying  along  both  x3  and  x2.  It  is  easy  to  deduce  that 
it  is  also  applicable  to  degenerated  cases  such  as  the  UC  is  only  peri¬ 
odically  varying  along  one  direction.  For  example  if  it  is  periodic 
along  Xi,  then  the  partial  derivative  with  respect  to  vanishes  in 
r h  operator  of  Eq.  (29).  That  is,  we  only  need  to  solve  a  2D  problem 
in  y2  and  x3.  If  the  plate  is  uniform  in  plane,  then  the  partial  deriv¬ 
atives  with  respect  to  and  y2  both  vanish  and  the  theory  reduces 
to  a  1 D  through-the-thickness  as  that  of  the  classical  plate  theory 
derived  using  VAM  as  in  Yu  et  al.  (2002).  The  present  theory  is 
implemented  in  the  computer  code  VAPAS  (Variational  Asymptotic 
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Plate  and  Shell  Analysis).  In  the  following  section,  we  are  going  to 
use  a  few  examples  to  assess  the  validity  of  the  present  theory 
and  the  companion  code  VAPAS. 


4.  Validation  examples 

First,  we  investigate  plates  made  of  binary  composites.  The 
effective  plate  stiffness  obtained  by  the  present  theory  is  compared 
to  that  obtained  from  conventional  two-step  approach.  Second, 
heterogeneous  plates  having  more  complex  UCs  with  different 
geometric  and  material  characteristics  at  the  microscopic  level 
are  used  to  demonstrate  the  accuracies  and  capabilities  of  the 
new  theory  and  the  differences  between  the  conventional  two-step 
approach  and  the  present  approach. 


4.1.  Plates  made  of  binary  composites 

First,  let  us  consider  a  plate  made  of  N  binary  composites  each 
of  which  is  formed  by  two  different  orthotropic  layers  with  the 
material  axes  the  same  as  the  global  coordinates  xf.  Overall,  there 
are  2 N  layers  in  the  plate.  The  material  is  uniform  in  the  xa  plane 
and  varies  along  x3  direction.  Let  (p3and  tp2  denote  the  volume  frac¬ 
tions  of  the  bottom  layer  and  top  layer,  respectively,  and  we  have 
cpi  +  (p2  —  1 .  The  plate  structure  can  be  considered  periodic  along  x3 
and/or  x2  directions.  Using  the  present  theoiy,  we  can  model  it 
using  three  approaches:  (1)  as  a  one-dimensional  (ID)  UC  with 
no  periodicity;  (2)  as  a  2D  UC  with  periodicity  either  in  x3  or  x2; 
(3)  as  a  3D  unit  cell  with  periodicity  in  both  x3  and  x2.  Each  UC  will 
have  N  binary  composites  along  the  thickness.  We  have  verified 
that  all  these  three  modeling  approaches  yield  the  same  effective 
plate  stiffness  which  can  be  written  in  the  following  matrix  form: 


d„ 
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di3 

di4 
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d2  s 
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d  i3 
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d55 
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_di6 
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^36 

^46 
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Particularly,  modeling  it  as  a  ID  UC  with  no  periodicity  can  be  car¬ 
ried  out  analytically  and  the  result  is  the  same  as  classical  plate 
model  derived  using  VAM  considering  the  plate  is  made  of  2 N  layers 
(Yu  et  al.,  2002). 

To  analyze  this  structure  using  the  two-step  approach  (TSA),  the 
analyst  needs  to  first  homogenize  the  binary  composites  to  obtain 
effective  3D  material  properties  which  can  be  expressed  in  the  fol¬ 
lowing  matrix 


Table  1 

Effective  plate  constants  of  unidirecitonal  composite  plates  predicted  by  different 
methods. 


SAM 

FEM 

TSA 

VAPAS 

dll 

0.443 

0.452 

0.444 

0.443 

Cfl3 

0.074 

0.062 

0.039 

0.035 

&22 

0.040 

0.114 

0.045 

0.047 

^33 

0.261 

0.285 

0.151 

0.145 

C/44 

2.308 

2.256 

3.702 

2.246 

^46 

0.446 

0.224 

0.328 

0.176 

d55 

0.195 

0.568 

0.371 

0.547 

^66 

1.799 

0.873 

1.262 

0.653 

Fig.  2.  Effective  bending  stiffness  versus  number  of  UCs. 
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Cn 
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C36 
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^66. 

Here  for  the  sake  of  saving  space,  the  expressions  for  c,j  are  not 
listed  here.  Interested  users  can  refer  to  Yu  (2005)  for  analytical 
expressions  of  all  the  terms  in  Eq.  (42)  with  a  rearrangement  to 
be  consistent  with  the  ordering  of  3D  strains  used  in  this  paper. 
Then,  the  analyst  needs  to  carry  out  a  dimensional  reduction  to  ob¬ 
tain  the  classical  plate  model,  of  which  the  corresponding  stiffness 
terms  based  on  Eq.  (42)  are 


dii 

—  (Cll)x3 

dl3  =  (c 

'  1 3  )  x3 
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=  (c22>x3  d33  = 

:  (C33 

)*3 

di4 

=  (xsc;, 

>x3  die  = 

<X3C;3: 

)x3 
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(XIC13. 
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d55  =  (x|C22)x3 

^66 
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>*3 

(43) 

with  (a)X3  = 

3 

and 

We  can  prove  that  the  present  theory  and  TSA  predict  the  same 
extensional  stiffness,  D,j(i  =  1,2,3, j  =  1,2,3)  (A  matrix  in  CPT). 
The  present  theory  will  predict  different  coupling  stiffness 
Djj(i  =  1,2,3 ,j  =  4,5,6)  ( B  matrix  in  CPT)  as  the  coupling  stiffness 
according  to  TSA  always  remains  zero.  The  coupling  stiffness  B  pre¬ 
dicted  by  the  present  theory  is: 


B  =  ^(Pt(P2D" 

with 
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where  the  subscripts  denote  which  layer  the  value  evaluated  for. 
For  example  c'j2,’  denotes  cu  evaluated  for  the  top  layer  of  the  binary 
composite.  The  hatted  quantities  are  calculated  as 


Cn  =  c„  — 


r2 

M6 

Q>6 


&13  =  C]3  - 


C16C36 

CS6 


C33  =  C33  - 


r2 

l36 
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(45) 


where  Cy  are  the  stiffness  components  of  the  stiffness  matrix  ar¬ 
ranged  from  the  fourth-order  elasticity  for  each  constituent  mate¬ 
rial  of  the  binary  composite.  Only  if  these  hatted  quantities  are 
the  same  for  both  layers,  the  coupling  stiffness  B  in  Eq.  (44)  pre¬ 
dicted  by  the  present  theory  will  vanish  as  that  predicted  by  TSA. 

The  present  theory  will  also  predict  different  bending  stiffness 
D,j(i  =  4, 5, 6  J  =  4, 5, 6)  (D  matrix  in  CPT).  If  we  use  D  and  DTSA  to 
denote  the  bending  stiffness  predicted  by  the  present  theory  and 
TSA,  respectively,  we  have 

D-D™  =  ^(Pt(P2{(Pt-(P2)Dt  (46) 

6  N 

If  the  hatted  quantities  in  Eq.  (45)  are  the  same  for  both  layers,  the 
present  theory  will  predict  the  same  bending  stiffness  as  TSA.  Even 
if  the  hatted  quantities  in  Eq.  (45)  are  different  for  each  layer,  the 
present  theory  will  predict  the  same  bending  stiffness  as  TSA  if 
(Pt  =  <P 2  (i.e.,  the  two  layers  of  the  binary  composites  are  of  equal 
thickness). 

From  Eqs.  (44)  and  (46),  we  observe  for  a  large  N,  the  differences 
between  the  present  approach  and  TSA  become  negligible  which  is 


expected  as  TSA  is  only  valid  when  there  are  many  UCs  along  the 
thickness.  In  real  situations,  this  plate  can  only  be  made  of  a  finite 
number  of  binary  composites.  For  a  finite  number  N,  the  error 
caused  by  TSA  for  bending  stiffness  decreases  proportional  to  1  / 
N2  which  is  much  faster  than  the  coupling  stiffness  which  de¬ 
creases  proportional  to  1  /N.  For  example,  let  us  study  the  binary 
composite  case  that  Poisson’s  ratios  of  both  materials  are  the  same, 
say  0.3,  and  the  second  material  is  10  times  stiffer  than  the  first 
material.  For  purposes  of  comparison  between  TSA  and  VAPAS 
(or  CPT),  we  plot  the  effective  coupling  stiffnesses  (d14)  with  re¬ 
spect  to  the  number  of  unit  cells  along  the  thickness.  As  one  can 
observe  from  Fig.  2  for  this  particular  case,  there  should  be  at  least 
six  UCs  along  the  thickness  for  the  difference  between  TSA  and  VA¬ 
PAS  (or  CPT)  to  be  below  10%  considering  each  individual  layers  for 
plates  made  of  binary  composites. 


4.2.  Plates  made  of  unidirectional  composites 

The  second  example  is  a  plate  made  of  a  single  layer  of  unidirec¬ 
tional  composites  as  sketched  in  Fig.  3  with  d1=h  =  10  pm  studied 
in  Sankar  and  Marrey  (1997).  The  unidirectional  composite  has  a 
E-glass  fiber  (E/=70GPa,  v/=0.2),  and  an  epoxy  matrix  (£m  =  3.5 
GPa,  vm  =  0.35).  The  volume  fraction  of  matrix  is  4 =  0.4.  The  fiber 
direction  is  along  x2  and  the  plate  is  periodically  varying  along  Xi. 
The  effective  plate  stiffness  predicted  by  different  approaches  are 
listed  in  Table  1,  where  SAM,  FEM,  and  TSA  results  are  directly  ta¬ 
ken  from  Table  6  of  Sankar  and  Marrey  (1997)  with  SAM  denoting 
the  results  obtained  by  a  selective  averaging  method,  FEM  denot¬ 
ing  the  results  obtained  by  3D  FEA  with  periodic  displacement 
and  traction  boundary  conditions  imposed  on  opposite  surfaces 
of  the  unit  cell,  and  TSA  denoting  the  results  obtained  by 
the  two-step  approach  with  elastic  constants  obtained  using 
Halpin-Tsai  equations. 

Significant  differences  are  observed  among  the  results  predicted 
by  different  approaches.  The  best  way  to  tell  which  set  of  plate 
constants  is  accurate  is  to  use  these  constants  to  carry  out  the  cor¬ 
responding  plate  analysis  and  compare  the  global  plate  behavior 
with  those  predict  by  a  direct  3D  finite  element  analysis  of  the  ori¬ 
ginal  plate  structure.  Suppose  a  square  plate  composed  of  20  UCs  is 
under  a  uniform  pressure  and  is  simply  supported  at  the  four 
edges.  Because  of  symmetry,  only  1/4  of  the  structures  needs  to 
be  analyzed:  see  Fig.  4  for  sketches  for  the  geometry  and  finite  ele- 


Fig.  3.  A  unit  cell  for  a  unidirectional  fiber  reinforced  composite. 


1480 


C.-Y.  Lee,  W.  Yu  /  International  Journal  of  Solids  and  Structures  48  (20 II)  1474-1484 


Fig.  4.  Direct  3D  FEA  model  of  plate  made  of  unidirectional  composites. 


ment  model  of  this  structure.  We  found  out  that  the  max  deflection 
using  VAPAS  constants  is  only  0.5%  off  from  the  direct  3D  FEA  anal¬ 
ysis,  while  that  using  SAM  constants  is  5%  off,  and  by  FEM  is  7.0% 
off,  and  TSA  is  23%.  Clearly  the  plate  analysis  based  on  VAPAS  can 
accurately  reproduce  the  original  3D  FEA  direct  analysis. 


4.3.  A  three-layer  laminated  plate 

On  the  macroscopic  level,  a  laminate  is  a  collection  of  laminae 
stacked  in  the  same  or  different  fiber  directions  to  achieve  the  de¬ 
sired  stiffness  and  thickness.  Typically,  the  fundamental  building 
block  on  the  mesoscopic  scale  is  a  lamina  or  layer,  which  represents 
a  typical  sheet  of  a  composite  material.  For  example,  a  fiber- 
reinforced  layer  commonly  consists  of  many  fibers  embedded  in 
a  matrix  material  on  the  microscale  level. 

This  structure  is  commonly  analyzed  using  TSA.  The  analyst 
firsts  homogenize  a  generic  layer  with  specific  fiber/matrix  config¬ 
uration  to  obtain  effective  3D  material  properties  using  a  2D  UC 
(left)  as  sketched  in  Fig.  5  with  d  =  1  m  and  (i=lm.  We  consider 
a  fiber-reinforced  layer  made  of  a  transversely  isotropic  fiber 
(El  =  58.61  GPa,  Er=14.49GPa,  GLT=  5.38  GPa,  vLT  =  0.250,  Vtt  = 
0.247)  and  an  isotropic  matrix  material  (E  =  3.54  GPa,  v  =  0.37). 
The  volume  fraction  of  matrix  is  tj>m  =  0.4.  The  effective  3D  material 
properties  were  referred  to  a  coordinate  system  that  coincides 
with  the  principal  material  coordinate  system.  Since  composite 
laminates  have  several  layers,  each  with  different  orientation  of 
their  material  (local)  coordinates  with  respect  to  the  laminate  (glo¬ 
bal)  coordinates,  we  need  to  transfer  the  3D  materials  properties 
with  different  fiber  directions  (lay-up  angles)  along  the  laminate 
thickness  into  the  global  coordinate  system.  In  our  problem,  a  lam¬ 
inate  has  three  layers  with  different  fibers  oriented  at  0°,  45°  and 
90°  (top-to-bottom).  Then,  the  analyst  carry  out  a  dimensional 


Xg 


3 h 


Fiber  (9ft  “) 


d 


Fig.  5.  Unit  cells  for  the  two-step  and  the  present  approaches. 
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Fig.  6.  3D  fiber  microstructural  configuration  with  different  lay-up  angles. 


Table  2 

Effective  extension  stiffness  of  a  three-layer  composite  laminate. 


dn 

di2 

di3 

d22 

^23 

^33 

TSA  4.117 

0.438 

1.086 

1.059 

0.438 

4.117 

VAPAS  4.101 

0.069 

0.693 

0.641 

0.046 

2.175 

Table  3 

Effective  bending  stiffness  of  a  three-layer  composite  laminate. 


^44 

^45 

^46 

d55 

^56 

^66 

TSA 

3.392 

0.004 

0.510 

0.490 

0.004 

3.392 

VAPAS 

3.377 

0.004 

0.433 

0.446 

0.003 

1.585 

Table  4 


Effective  coupling  stiffness  of  a  three-layer  composite  laminate. 

di4 

di6 

^34 

^36 

TSA  1.751 

0.0 

0.0 

-1.751 

VAPAS  1.608 

0.018 

0.020 

-0.194 

reduction  to  obtain  the  effective  plate  stiffness  of  the  composite 
laminate  based  on  the  transformed  3D  effective  material  proper¬ 
ties  for  each  layer.  However,  as  pointed  out  previously,  such  a 
two-step  approach  (homogenization  then  dimensional  reduction) 
provides  an  accurate  prediction  only  if  there  are  many  UCs  along 
the  thickness.  In  this  three-layer  laminated  plate,  there  are  three 
UCs  along  the  thickness  and  all  the  UCs  are  different  due  to  differ¬ 


Fig.  7.  Direct  3D  FEA  model  of  plate  made  of  three-layer  with  different  lay-up 
angles. 


ent  layup  orientations.  We  will  expect  this  TSA  approach  com¬ 
monly  used  in  analysis  of  laminated  plates  will  introduce 
significant  errors  comparing  to  a  direct  3D  FEA  of  the  same  struc¬ 
ture  by  meshing  details  including  the  microstructural  features  of 
the  fiber  reinforced  composites  (Fig.  6).  Specifically,  10-noded  tet¬ 
rahedral  SOLID92  elements  are  used  to  mesh  the  fibers  with  a  total 
of  120,074  elements  and  the  matrix  with  a  total  of  992,695  ele¬ 
ments.  AESIZE  =  0.33  is  used  to  control  the  element  size  inside 
any  area  or  on  the  face(s)  of  a  volume.  To  avoid  the  loss  of  accuracy 
of  the  common  two-step  approach,  we  instead  can  use  the  present 
approach  to  construct  an  effective  plate  model  using  a  2D  UC 
including  all  the  three  layers  with  different  layup  orientations 
(see  Fig.  5(right)). 

The  effective  plate  stiffness  predicted  by  TSA  and  the  present 
theory  implemented  in  VAPAS  are  listed  in  Tables  2-4.  Unlike 
the  binary  composite  case,  the  present  approach  and  TSA  predict 
significantly  different  extension,  bending,  and  coupling  stiffness. 
To  assess  the  loss  of  accuracy  of  these  two  modeling  approaches, 
we  consider  a  square  plate  with  L  =  40  m  under  a  uniform  pressure 
and  simply  supported  at  the  four  edges;  see  Fig.  7  for  sketches  for 
the  geometry  and  finite  element  model  of  this  structure.  We  found 
out  that  the  max  deflection  using  the  present  approach  is  only  0.6% 
off  from  the  direct  3D  FEA  analysis,  while  that  using  TSA  is  14%  off 


Yarn 


Matrix 


Fig.  8.  Unit  cell  of  yarn  and  matrix  for  a  plain-weave  textile  composite. 


1482 


C.-Y.  Lee,  W.  Yu  /  International  Journal  of  Solids  and  Structures  48  (20 II)  1474-1484 


Table  5 

Effective  plate  stiffness  of  textile  composite  plate  predicted  by  different  methods. 


SAM 

FEM 

LTCC 

VAPAS 

5n 

2.667 

2.681 

2.783 

2.171 

c/13 

0.446 

0.565 

0.503 

0.627 

^22 

0.379 

0.489 

0.490 

0.500 

d33 

2.667 

2.681 

2.783 

2.201 

C/44 

6.017 

5.687 

12.054 

5.131 

^46 

1.590 

1.518 

2.177 

1.679 

d55 

1.360 

1.577 

2.124 

1.478 

^66 

6.017 

5.687 

12.054 

5.223 

because  of  unrealistic  underlying  assumption  of  periodicity 
(needed  for  homogenization)  along  the  thickness  coordinate  in 
the  TSA  approach.  This  example  demonstrates  that  the  plate  model 
constructed  using  the  present  approach  can  accurately  reproduce 
the  original  3D  FEA  direct  analysis.  To  the  best  knowledge  of  the 
authors,  such  loss  of  accuracy  using  the  common  two-step  ap¬ 
proach  in  analyzing  composite  laminates  has  not  be  disclosed  in 
the  literature  to  date. 

4.4.  Plates  made  of  plain-weave  textile  composites 

The  fourth  example  is  a  plate  made  of  plain-weave  textile  com¬ 
posites.  The  plate  along  with  the  details  of  the  unit  cell  made  of  a 


Fig.  9.  Direct  3D  FEA  model  of  plate  made  of  plain-weave  composites. 


glass/expoxy  yarn  (left)  and  epoxy  matrix  (right)  is  sketched  in 
Fig.  8  with  d  =  I  =  1.680  mm  and  h  =  0.228  mm  studied  in  Sankar 
and  Marrey  (1997).  For  the  textile  composite  example  the  yarn 
was  assumed  to  be  transversely  isotropic  (£t  =  58.61  GPa, 
Et=  14.49  GPa,  GLT=  5.38  GPa,  vLT=  0.250,  Vrr=  0.247)  and  the  ma¬ 
trix  material  is  isotropic  (£  =  3.54  GPa,  v  =  0.37).  The  volume  frac¬ 
tion  of  yarn  is  <j>Y=  0.26.  The  effective  plate  stiffness  predicted  by 
different  approaches  are  listed  in  Table  5  with  LTCC  denoting  the 


Y 


Fig.  10.  Sketch  of  the  1TPS  panel  and  its  unit  cell. 


C.-Y.  Lee,  W.  Yu  / International  Journal  of  Solids  and  Structures  48  (2011)  1474-1484 


1483 


results  obtained  by  the  lamination  theory  using  continuum  elastic 
constants  (Sankar  and  Marrey,  1997). 

It  is  clear  that  there  are  significant  differences  among  the  results 
predicted  by  different  approaches.  Again  to  assess  the  loss  of  accu¬ 
racy  of  different  approaches,  we  carry  out  a  direct  3D  finite  element 
analysis  of  the  plate  structure  by  meshing  all  the  details  of  the  yarn 
and  matrix.  Let  us  consider  a  square  plate  composed  of  10  UCs  with 
simply  supported  and  symmetric  boundaries  and  a  uniform  pres¬ 
sure  is  applied  on  the  top  surface;  see  Fig.  9  for  sketches  for  the 
geometry  and  finite  element  model  of  this  structure.  We  found 
out  that  the  max  deflection  using  VAPAS  constants  is  only  1.3%  off 
from  the  direct  3D  FEA  analysis,  while  that  using  SAM  constants 
is  3.7%  off,  and  by  FEM  is  4.0%  off,  and  LTCC  is  46%.  Clearly,  the  pres¬ 
ent  approach  has  a  more  accurate  prediction  than  other  approaches 
in  comparison  to  the  results  obtained  by  the  direct  3D  FEA. 

4.5.  Integrated  thermal  protection  system 

The  last  example  is  to  model  a  corrugated-core  sandwich  panel, 
a  concept  used  for  Integrated  Thermal  Protection  System  (1TPS) 
studied  in  Sharma  et  al.  (2010).  The  1TPS  panel  along  with  the  de¬ 
tails  of  the  unit  cell  is  sketched  in  Fig.  10.  The  geometry  parameters 
are  tT=1.2mm,  tB  =  7.49  mm,  tw=1.63mm,  p  =  25  mm,  d  = 
70  mm,  and  0  =  85°.  Both  materials  are  isotropic  with  £]  = 
109.36  CPa,  v,  =  0.3,  £2  =  209.482  GPa,  v2  =  0.063.  Although  a  3D 
UC  is  needed  for  the  study  in  Sharma  et  al.  (2010),  only  a  2D  UC 
is  necessary  for  VAPAS  as  it  is  uniform  along  one  of  the  in-plane 
directions.  The  results  obtained  in  Sharma  et  al.  (2010)  are  com¬ 
pared  with  VAPAS  in  Tables  6-8.  VAPAS  predictions  agree  very  well 
with  those  in  Sharma  et  al.  (2010)  with  the  biggest  difference 
(around  1%)  appearing  for  the  extension-bending  coupling  stiffness 
(di4).  However,  the  present  approach  is  much  more  efficient  be¬ 
cause  using  the  approach  in  Sharma  et  al.  (2010)  one  needs  to  carry 
out  six  analyses  of  a  3D  unit  cells  under  six  different  sets  of  bound¬ 
ary  conditions  and  load  conditions  and  postprocess  the  3D  stresses 
to  compute  the  plate  stress  resultants,  while  using  the  present  ap¬ 
proach,  one  only  needs  to  carry  out  one  analysis  of  a  2D  UC  without 
any  postprocessing. 


We  also  analyzed  a  simply  supported  square  panel  under  uni¬ 
form  pressure  with  the  1TPS  microstructure.  We  find  out  that  with 
20  UCs  along  the  width,  the  max  deflection  predicted  by  the  plate 
analysis  using  the  effective  plate  stiffness  is  about  55%  off  the  di¬ 
rect  3D  FEA  analysis.  The  difference  will  decreases  with  increased 
number  of  UCs;  for  example  if  the  plate  is  composed  of  30  UCs, 

Table  6 

Effective  extension  stiffness  of  UPS. 

dit 

di3 

d22 

^33 

Sharma  et  al.  (2010)  2.83 

0.18 

1.07 

2.33 

VAPAS  2.80 

0.18 

1.08 

2.33 

Table  7 

Effective  bending  stiffness  of  ITPS. 

d< 14 

^46 

d55 

^66 

Sharma  et  al.  (2010)  3.06 

0.22 

1.32 

2.85 

VAPAS  3.03 

0.22 

1.32 

2.87 

Table  8 

Effective  coupling  stiffness  of  ITPS. 

du 

d\6 

^25 

d36 

Sharma  et  al.  (2010) 

-71.45 

-3.36 

-34.05 

-71.45 

VAPAS 

-70.67 

-3.31 

-34.06 

-71.42 

the  difference  is  48%  and  if  the  plate  is  composed  of  40  UCs,  the  dif¬ 
ference  is  42%.  The  fact  that  big  differences  exist  even  if  the  plate  is 
very  thin  (the  aspect  ratio  of  the  40  UC  plate  is  around  7:200)  is  be¬ 
cause  transverse  shear  deformation  of  this  type  of  structure,  which 
is  neglected  in  CPT,  is  significant.  A  refined  plate  theory,  such  as  the 
Reissner-Mindlin  model,  which  is  capable  of  capturing  the  shear 
deformation  should  be  used.  Development  of  such  a  model  is  be¬ 
yond  the  scope  of  the  present  paper  and  will  be  presented  in  a  dif¬ 
ferent  paper. 

5.  Conclusions 

The  variational  asymptotic  method  is  used  to  construct  a  new 
model  for  composite  plates  with  in-plane  heterogeneity.  This  mod¬ 
el  serves  as  a  rigorous  link  between  the  original  3D  problem  of 
plate  structures  made  of  materials  with  complex  microstructures 
and  the  simple  classical  plate  theory.  This  model  not  only  com¬ 
putes  the  effective  plate  stiffness  needed  for  the  classical  plate  the¬ 
ory  but  also  can  recover  the  local  displacement,  strain,  and  stress 
fields  based  on  the  global  behavior  obtained  from  the  plate  analy¬ 
sis.  The  resulting  plate  model  is  also  suitable  for  geometrical  non¬ 
linear  analysis  as  only  small  strain  assumption  is  used  for 
obtaining  the  kinematics.  This  new  model  is  implemented  in  the 
computer  code  VAPAS  using  the  finite  element  technique.  VAPAS 
can  be  used  as  an  alterative  of  the  3D  FEA  for  efficient  yet  accurate 
analysis  of  composite  plates  with  or  without  in-plane  heterogene¬ 
ity.  The  validity  and  capability  of  this  new  model  are  demonstrated 
using  a  few  examples. 
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1  Introduction 

Plates  are  flat  structures  with  one  dimension  much  smaller  than  the  other  two  and  are  widely  used  in  modeling 
structures  like  aircraft  wings.  A  fully  intrinsic  formulation,  i.e.  devoid  of  displacement  and  rotation  variables, 
for  the  dynamics  of  a  moving  composite  plate  has  been  presented  by  Hodges  et  al.  (2009).  A  variable-order 
finite  element  technique  is  presented  and  applied  to  beams  by  Patil  and  Hodges  (2011).  In  this  paper,  the 
idea  from  the  finite  element  paper  is  used  to  develop  a  solution  methodology  for  the  dynamics  of  moving 
plate. 

2  Nonlinear,  Intrinsic  Beam  Equations 

The  nonlinear,  fully  intrinsic  governing  equations  for  the  dynamics  of  a  moving  plate  are  given  as 
Ahi,i  +  (Aha  +  91),  2  —  K\z(N\2  —  91)  —  K23N22  +  QiKu  +  Q2K21  +  fi  =  Pi  +  SI1P3  —  I23P2 
N22,l  +  {N12  +  91),  1  —  K23{N\2  —  91)  —  K13N11  +  QlA'12  +  Q2K22  +  f2  =  P2  +  fHPl  —  Q2P3 
Qi,i  +  Q2,2  —  —  K22N22  —  (K12  +  K2i)N12  +  (A  12  —  A'2i)91  +  /3  =  P3  +  SI2P2  —  fiiPi 

Mll,l  +  Ml2,2  —  Ql(l  +  £ll)  —  <?2£l2  +  2713W11  +  2723(^12  +  91)  —  Mi2A'i3  —  M22K23  +  Tni  =  H\  —  &.3H2  —  V1P3  —  V3P1 

M127  +  M22,2  ~  Ql^l2  ~  Q2O-  +  £ 22 )  +  2713(^12  —  91)  +  2723A22  +  M\\K\3  +  M12K23  +  ™2  =  H2  +  SI3P1  —  V2P3  —  V3P2 

(1) 

where 

(2  +  en  +  C22)V  =  (N22  —  Vn)ei2  +  Vi2(en  —  e 22 )  +  M22K21  —  M11K12 

+m12(ku  -  k22)  -  fii h2  +  e2ffi  -  ViP2  +  v2Pi 

(  )<a  denotes  the  partial  derivative  with  respect  to  the  two  coordinates,  which  describe  the  reference  plane 
of  the  plate  according  to  2D  plate  theory.  (Here  and  throughout  the  paper  Latin  indices  assume  1,2,3;  and 
Greek  indices  assume  values  1,2).  (’)  denotes  the  partial  derivative  with  respect  to  time.  Vi  and  0;  are 
the  velocity  and  angular  velocity  measures.  eag  are  the  in-plane  generalized  strains,  ya 3  are  the  transverse 
shear  generalized  strains,  and  Kaj  are  the  curvatures  of  the  deformed  surface.  Nap  are  generalized  in-plane 
forces,  Qa  are  generalized  shear  forces,  Map  are  generalized  moments,  Pa  and  Ha  are  the  linear  and  angular 
momenta  respectively,  fi  and  ma  are  the  external  forces  and  moments.  91  is  a  Lagrange  multiplier  to  enforce 
symmetry  of  in-plane  generalized  strains. 

While  solving  the  above  equation,  the  constitutive  equations  may  be  used  to  replace  some  of  the  variables 
in  terms  of  others.  The  stress  resultants  are  written  in  terms  of  the  strains  measures  and  the  generalized 
momenta  in  terms  of  the  six  generalized  velocities  (i.e.  the  three  velocities  and  three  angular  velocities).  Thus, 
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we  can  write  the  complete  formulation  in  terms  of  only  18  unknowns  (11  generalized  strains,  three  velocities, 
three  angular  velocities  and  01),  which  would  be  solved  using  18  equations.  Such  a  set  of  equations  are  formed 
using  six  of  the  generalized  strainvelocity  equations  complemented  by  the  six  compatibility  equations,  the 
five  equations  of  motion  and  the  constraint  equation  involving  01. 

As  the  first  step,  the  plate  is  assumed  to  be  homogeneous  and  isotropic,  thus  eliminating  Ka 3,  01,  </>  and 
H3.  This  would  result  in  the  linear  dynamic  equations. 

2.1  Linear  dynamic  equations 

The  linear  dynamic  equations  model  is  derived  by  removing  terms  involving  Ka 3,  01,  </>  and  £23  from  equations 
[1  —  5].  There  are  five  equations  of  motion  which  are 


Aipi  +  TV 12,2  +  fi  =  /uV 1 

-/Vi2,l  +  N 22,2  +  /2  =  1N1 

Ql,l  +  (?2,2  +  /3  =  t*V 3 

Mnp  +  A/32,2  +  mi  = 
A/12, 1  +  A/22,2  +  tti  2  = 

Further,  we  have  the  strain-velocity  relations 


0 

II 

^12 

—  14,1  +  ^3 

£22  _  ^2,2  —  0 

^21 

—  Vi, 2  —  ^3 

713  —  L3,l  —  fi!  =  0 

723 

—  V3,2  —  O2 

n2ll  -  K12  =  0 

^2,2  —  A'22 

fii,i  —  Ad  1  =  0 

fill  —  A'21 

n3,i  -  K13  =  0 

f^3,2  A'23 

K12  +  K21  =  n2,i  +  ^1,2 

The  linear  and  angular  momenta  are  expressed  in  terms  of  velocities  and  angular  velocities  as 


/j,r2cui 

Hr2ui2 


(3) 


(4) 


P 

H 


fiA  -ni  1  f  V  1 

i4  1  \  l  «  / 


(5) 


/i,  £,  /  are,  respectively,  the  mass  per  unit  length,  mass  center  offset  (a  vector  in  the  cross-section  from  the 
beam  reference  axis  to  the  cross-sectional  mass  center),  and  the  cross-sectional  inertia  matrix  consisting  of 
mass  moments  of  inertia  per  unit  length  on  the  diagonals. 

The  sectional  constitutive  law  relates  the  generalized  forces  (in-plane,  shear  and  moments)  are  related  to 
generalized  strains  using  the  cross-sectional  stiffnesses  or  flexibilities. 


N  ) 
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s 

0  ' 

f  e  ) 

M  \  = 

ST 

T 

0 

1  K  f 

Q  J 

0 

0 

u 

1  27  | 

(6) 


R,  S,  T  and  U  are  the  stiffness  parameters  governed  by  the  material  properties  and  the  geometry  of  the 
section. 
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Usually,  the  constitutive  laws  are  used  to  replace  some  variables  in  terms  of  others.  Here  it  was  decided 
to  express  the  generalized  strains  in  terms  of  the  cross-section  stress  resultants,  allowing  easy  specification 
of  zero  flexibility,  and  the  generalized  momenta  in  terms  of  generalized  velocities,  allowing  easy  specification 
of  zero  inertia.  Thus,  the  primary  variables  of  interest  are  Nap,  Map,  Qai  V)  and  fla. 

Finally  the  boundary  conditions  need  to  be  specified.  For  the  rectangular  plate,  there  will  be  five 
boundary  conditions  along  each  edge.  For  the  sake  of  simplicity,  the  plate  is  considered  to  be  clamped  along 
one  of  the  edges  (xi=0  edge  in  this  case)  and  free  along  the  other  three  edges.  Thus,  the  assumed  boundary 
conditions  are 


Xi 

=  0  : 

V=  0, 

=  0 

Xi 

=  a  : 

Nia  =  0, 

Mloi  =  0, 

Qi 

=  0 

X2 

=  0  : 

£ 

to 

II 

0 

Ma  2  =  0, 

Q 1 

=  0 

X2 

=  b  : 

Na2  —  0, 

Ma  2  =  0, 

Qi 

=  0 

(7) 

3  Finite  Element  Formulation 


The  finite  element  formulation  is  based  on  discretizing  the  plate  into  nr  elements  along  Xi  direction  and  into 
n  elements  X2  direction  respectively  so  that  there  is  a  totally  ofmxn  elements.  For  any  element  (ith  element 
along  x\  and  jth  element  along  x%,  denoted  by  ij),  the  solution  is  given  by  V£3 ,  fi%,  M^,  Q In 

addition  to  satisfying  the  equations  of  motion,  the  kinematic  equations  and  the  boundary  conditions  given 
above,  the  solution  must  also  satisfy  the  continuity  equations  between  adjacent  elements  along  all  its  edges. 
Thus, 


Vi1(Li,X2,t)  =  V1i+1(0,x2,t) 
V2i(Li,x2,t)  =  V2i+1(0,x2,t) 
V3i(Li,x2,t)  =  V3i+1(0,x2,t) 
n\(Li,x2,t)  =  n\+1(o,x2,t) 
fl2(Li,X2,t)  =  ttl2i~1(0,X2,t) 


N[1(Li,X2,t)  =  Ni+1(0,x2,t) 
Nia(Li,X2,t)  =  Ni+1(0,x2,t) 
M{1(Li,x2,t)  =Mit1(0,x2,t) 
M[2(Li,x2,t)  =  Ml21(0,x2,t) 
Q[(Li,X2,t)  =  Q\+1(0,x2,t) 


(8) 


V({x  i,Lj,t)  =Vjl+1(xi,0,t) 
V2{xuLj,t)  =U2J+1(a;i,0  ,t) 
Vi  (x! ,  Lj ,  t)  =  Vi+1(x  r ,  0,  t ) 
fl{(xi,  Lj,t)  =  f2j+1(a;i,  0,  f) 
nJ2(xi,Lj,t)  =  flJ2+1  (xi,0,t) 


Nj12  (xi  ,  Lj ,  t)  =  N&1  (xi ,  0  ,t) 
N322  (xi  ,  Lj ,  t)  =  Ng1  (x! ,  0,  t) 
M312  (xi  ,  Lj ,  t)  =  M{  2hl  (x! ,  0,  t) 

M22  (xi  ,  Lj ,  t)  =  A4+1  (a:i ,  0,  t) 

Qi(x  1 ,  lj  .  t)  =  Qi+1  (xi  ,  0,  t) 


(9) 


The  weighting  functions  are  then  introduced  into  the  equations  of  motion,  kinematic  equations  and  the 
boundary  conditions  in  a  way  similar  to  Patil  and  Hodges  (2011): 


// 


[<5Ui(-/Vnii  +  Ah2,2  +  fi 


—  /r  Vi)  +  SV2{N12,i  +  N22}2  +  f2  —  nV2)  +  5V3(Qi,i  +  <?2,2  +  /3  —  /UV3) 


+  (5Hi(Mii,i  +  A/12, 2  —  Q 1  +  mi  —  1)  -(-  i5H2(Mi2,i  +  A/22,2  —  Q 2  +  m2  —  /j,r2fi2)  +  <5fVii(en  —  ki,i) 

+  5N22  (e22  —  V2,2)  +  5A/"i2(ei2  —  Vi, 2  —  V2,i)  +  SMu(Ku  —  f2i,i)  +  8M22(K22  —  02,2) 

+  <5Mi2(A'i2  —  Hi, 2  —  VU.i)  +  5Qi(27i3  —  V/3,1  —  Hi)  +  8Q2(2'y22,  —  1/3,2  —  H2)]  dx 2  dx  1  (10) 

Finally,  each  of  the  13  variables  in  the  equations  is  expanded  in  terms  of  a  trial  function.  The  values  of 
the  variables  are  assumed  to  be  a  function  of  the  nodal  values.  Let  there  be  to  x  n  elements  (i  =  1,  2,. . . , 
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to;  j  =  1,2,...,  ?i)  and  p  nodes  (fc  =  1,  2,  . . . ,  p)  within  each  element  and  5  be  a  shape  function.  The 
variables  now  take  the  form 


V{  ( xl ,  x3 ,  t)  =  $k  ( xl ,  x 3  )v\'1  (t) 
f 1\(xl  ,x\t)  =  $k  (xz ,  x3 )  (t ) 

Ni1(xi,xj,t)=$k(xi,xj)nk1’j(t) 
x3 ,  t)  =  $k(x\  x3)mk’i(t) 
Q\(xl,xj,t)  =  $k(xl,xj)qk,l(t) 


Vi ( xl ,  x3 ,  t)  =  $k (xl ,  x3 )vk’1  ( t )  Vg  (a:* ,x3,t)  =$k (xl ,  x3 )vk’x (t) 

£l\(xl,x3 ,  t)  =  ^k{xl  ,x3)ujk’l{t) 

N[2 (xl ,  x3 ,  t)  =  3k ( xl ,  x3 )n\i ( t )  N22 {xl ,x3,t)  =$k (xl ,  x3 )n2£ ( t ) 

M{ 2 (a;* ,  a;-7  ,t)  =  $k (xl ,  x3)m\ 2  (t)  M\2 [xl ,  a;-7 ,  t)  =  (a;* ,  x3)mk£ ( t ) 

Q*2(a7,a;V)  =$k{x\x3)qk’\t)  (11) 


Thus,  the  problem  reduces  to  a  set  of  linear  algebraic  equations  of  the  form 


[  A]„,A  x  b,  =  [  BW  *  b,  (12> 

7T-  o  0  0  0  0  0  0  0  0  0  01 
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0000^-^-0  -1  00000 
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00000000-^-0000 
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OX 2  OXi 

0000000000-^-10 
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0000  OR  SO 

000  0  0  ST  T  0 

0000  0  0  0/7 

{  x  }  =  {  Vi  V2  E3  fti  fi2  Nu  N22  N12  Mu  M22  M12  Qx  Q2  }T  (13) 
[A],  [B]  and  {71}  are  applied  to  every  element  ranging  from  i=l,2...m  and  j=l,2...n. 

4  Results 

The  equations  were  solved  using  the  variable-order  FEM  for  a  simple  cantilevered  plate,  fixed  along  the 
x2  —  0  edge  with  the  other  edges  free. 
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Table  1:  Plate  Properties 


Dimensions 

1x1x0.01  m 

Young’s  Modulus 

70  GPa 

Material  density 

2700  kg/m3 

Poisson’s  ratio 

0.3 

The  equations  help  us  to  study  the  bending,  stretching  and  twisting  frequencies  of  a  plate.  The  properties 
of  the  plate  are  given  in  Table  1,  and  the  results  in  Table  2.  The  results  for  the  bending  frequencies  are 
compared  with  those  from  ABAQUS. 


Table  2:  Plate  Structural  Frequencies 


Mode 

ABAQUS 

lxl  elements 

2x2  elements 

3x3  elements 

Bending 

Twisting 

Stretching 

8.5209 

14.087 

695.6117 

5091.7507 

13.6618 

664.4739 

5525.2714 

13.6375 

613.1459 

5663.2779 

Because  of  the  differences  in  the  results,  work  is  being  carried  out  in  identifying  the  reasons  and  also  checking 
out  the  alternate  Galerkin  approach. 


5  Conclusions 

A  finite  element  solution  technique, based  on  a  geometrically-exact,  fully  intrinsic  equations  is  presented  and 
applied  to  an  homogeneous,  isotropic  cantilevered  plate.  Right  now,  the  reasons  for  the  deviation  of  the 
results  compared  to  the  exact  solution  are  being  investigated.  Future  work  would  involve  including  the 
non-linearities  and  aeroelastic  effects  and  extending  the  equations  to  study  the  dynamics  of  a  flapping  wing. 
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